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Introduction

When a physical quantity is not directly accessible for measurement, it is common
to proceed by observing other quantities that are connected with it by physical laws.
The notion of an inverse problem corresponds to the idea of inverting these physical
laws to gain indirect access to the quantity we are interested in.

For example, in electromagnetism, calculating the electric field induced by a
known distribution of electric charges is a direct problem, i.e., a problem posed in
“the natural direction” of physics as we are used to practising and controlling it. De-
ducing the distribution of the electric charges from measurements of the field is, on
the other hand, an inverse problem.

Similarly, in signal processing, modeling a transmission channel that introduces
distortion, interference and parasitic signals corresponds to solving a direct problem.
Reconstructing the shape of a signal input to the channel from measurements made at
the output is an inverse problem.

The situation where the quantity of interest is directly accessible for measurement
is obviously more favorable. Nevertheless, direct measurement does not signify per-
fect measurement: the instrumental response of a piece of measuring apparatus and the
various error sources connected with the observation process (systematic error, fluc-
tuations connected with the physical sensors or electronic components, quantization,
etc.) are degradations that can also be encompassed in the question of inversion.

When all is said and done, the concept of inverse problems underlies the processing
of experimental data in its broadest sense. In the experience of the authors of this book,
making it explicit that a data processing chain actually carries out an inversion is also
often a very worthwhile exercise. It brings to light ad hoc hypotheses and arbitrary
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Known source distribution Spatial distribution

of sources?

sensor ﬁ
(a) direct problem (b) inverse problem

Figure 1. A simple example of the direct problem/inverse problem pair in electromagnetism:
the direct problem consists of finding the field at the circular boundary of the domain from the
distribution of the sources; the inverse problem consists of deducing the distribution of the
sources from measurements of the field at the boundary

constraints, and provides a rational, modular framework for designing data processing
methods and analyzing their efficiency and their faults.

When approached with no special precautions, the inversion problems we meet
with in practice, unlike direct problems, have a nasty tendency to be “naturally unsta-
ble”: if there are errors, however tiny, on the data, the behavior of “naive” inversion
methods is not robust.

Let us take the example of inverse filtering (or deconvolution), a classic in signal
processing. Figure 2 proposes two digital experiments:

— The first consists of inverting a discrete convolution relationship, y = h x .
The input signal x is triangular, of length M = 101 (Figure 2a), and the impulse
response (IR) h is a discretized, truncated Gaussian of length L = 31 (Figure 2b).
The output y, of length N = M + L — 1 = 131, is calculated using the Matlab
language in the form y=conv (h, x) (Figure 2¢). Matlab also offers a deconvolution
method (by polynomial division) that, here, faithfully gives x again from vy, in the
form deconv (y, h) (Figure 2d).

— Now let us suppose that output y was measured imperfectly, e.g. with no mea-
surement error but uniformly quantized to 10 bits, i.e., 1,024 levels: z is the quantized
output (Figure 2e), calculated in Matlab in the form z=round (y+*2~10) /2" 10.
The difference between y and z is imperceptible; and yet, deconv (z, h) (Figure 2f)
is very different from «. Note in passing that the on-line help provided by Matlab (ver-
sion 7.5) for deconv contains no warning of the unstable nature of this operation.
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Figure 2. An example of a “naturally unstable” inverse problem: deconvolution. A tiny
difference between z and conv (x,h) is enough to make deconv (z, h) very different from
x. Like “conv”, “deconv” is an instruction in Matlab, version 7.5; it uses a non-regularized
deconvolution method which is thus not robust. In comparison, (g) corresponds to a robust
solution, obtained by Tikhonov regularization. Finally, (h) is an “exact” solution in the same

way as x, in the sense that it reproduces z exactly by quantized convolution

In the early 20th century, Hadamard characterized these unstable problems math-
ematically, qualifying them as ill posed, in the sense that they did not lend themselves
to being satisfactorily solved mathematically (and physically) [HAD 01]. Chapter 1 of
this book develops the notion of ill posed problems and makes the non-robust behavior
of “naive” inversion methods mathematically explicit.

In the 1960s, the Russian mathematician Tikhonov laid down the theoretical ba-
sis of modern inversion methods by introducing the concept of regularized solutions
[TIK 63]. These solutions result from two ingredients being brought together. They
are faithful to the data but this ingredient is not discriminating enough if the problem is
ill posed. Among other solutions that are faithful to the data, they are the most regular,
in a pragmatic sense that depends on the context. Tikhonov formalizes this trade-off
between fidelity to the data and regularity by defining regularized solutions as those
that minimize a composite criterion. He shows that the problem thus reformulated is
well-posed. The principle of regularization in Tikhonov’s sense is one of the main
subjects of Chapter 2.

Figure 2g illustrates the use of a method, regularized in Tikhonov’s sense, that
reproduces input x very acceptably from imperfect data z. The calculation of this
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type of solution is dealt with in Chapters 3 and 4. The only imperfection visible on
Figure 2g concerns the point of the triangle, which is slightly blunt. This is a logical
effect of the regularity imposed uniformly on a signal which is, in fact, locally irregular
at its midpoint (its derivative is discontinuous). The case of signals or images that are
globally regular but have localized irregularities is a very important one in practice. It
is treated in the context of deconvolution in Chapter 5 for irregularities that are “bright
spots” and in Chapter 6 for irregularities that are borders between homogeneous areas.
The latter situation is precisely the one we have in Figure 2.

The problem of Figure 2 could also be solved by positioning straight lines through
the minimization of a least squares criterion. A parametric approach of this kind,
which regularizes the problem by dimension control (Chapter 2, section 2.1.1), can be
considered as the oldest of the inversion methods as it was invented around the same
time as the least squares method in the late 18th century. One of the first times the
principle was put into practice was when Gauss estimated the coefficient of ellipticity
of the Earth from arc length measurements, having modeled the Earth’s profile in the
form of an ellipse [STI 81]. This was indeed a case of an inverse problem being solved
by a parametric approach, even though the concept actually appeared much later.

Finally, we could think that the inversion would naturally become stable if the
direct problem could be modeled with no errors. If this were true, it is a more detailed
description of the direct problem that would lead to stabilization of the inversion. Let
us take the example of Figure 2, for which the exact mathematical relation linking x
and z includes quantization: the inversion of this exact relation remains unstable. In
fact, = is only one of an infinite number of solutions, some of which stay remarkably
far from «; Figure 2h is an example.

Figure 2 is instructive but simplistic. In a more realistic situation, attaining a de-
scription of a direct problem — including the measuring system — in a mathematically
perfect form is, in any case, more than we can hope for. In the inversion field, it
is widely accepted that a credible inverse method must possess a minimum of robust-
ness with respect to imperfect modeling of the direct problem. Adding pseudo-random
noise to simulated data is a way of testing this robustness. Testing inversion only with
“exact” simulated data is sometimes called the inverse crime.

Regularization in the Tikhonov sense, dimensionality control, adoption of such or
such a parametric model, etc., there is no universal way of stabilizing an ill-posed
inversion problem. The regularity of the solution must be defined case by case, in
a form that may therefore appear subjective. Due to this, the concept of regulariza-
tion is sometimes criticized or misunderstood. In fact, regularization is part of an
application-oriented approach: it is not a question of inverting abstract problems that
can be characterized by an input-output equation, but of solving real problems, where
there is always advantage to be drawn from a few general characteristics of the quan-
tity we are interested in, which may have been neglected in the initial formulation.
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The practical success of Tikhonov’s regularized approach and its subsequent evolu-
tions has demonstrated that the approach is well founded. It is now accepted that an
ill-posed inverse problem cannot be satisfactorily solved without some prior informa-
tion, and this prior information is often qualitative or partial. For example, in an image
restoration problem, it is desirable to take into consideration the fact that an image is
generally composed of homogeneous regions, but this characteristic is qualitative and
does not directly correspond to a mathematical model.

The encoding of uncertain or partial information can be envisaged within a
Bayesian probabilistic framework. Work published a considerable time ago [FRA 70]
showed that Tikhonov’s contribution could be interpreted in this framework. For di-
rect problems formulated deterministically, the handling of probabilistic rules for the
inversion gives rise to comprehension difficulties. It has to be understood that these
probabilistic rules are inference rules: they enable states of knowledge to be quantified
and their evolution, through measurements, is itself uncertain because of errors. So
we are not judging the fundamentally deterministic or random nature of the observed
phenomena or even of the measurement errors. In this respect, Jaynes” work, brought
together in [JAY 03], provides a reference for understanding the Bayesian approach in
the data processing field. Chapter 3 of this book takes its inspiration from this work.

Modern methods for solving inverse problems have been arousing increasing in-
terest since their beginnings in the 1960s. The question of inversion concerns a variety
of sectors of activity, such as Earth and space sciences, meteorology, the aerospace in-
dustry, medical imaging, the nuclear electricity industry and civil engineering. Added
up over all these sectors, its scientific and economic impact is enormous.

As far as the structure of inverse problems is concerned, very different fields may
have very similar needs. However, the compartmentalization of scientific disciplines
makes it difficult for ideas and methods to circulate. In this respect, it is the role of
the signal processing community to respond to needs common to other disciplines in
terms of data processing methods and algorithms. It was with this in mind that this
book was written. Its 14 chapters are grouped together in four parts.

Part I is devoted to introducing the problems and the basic inversion tools and is
the most abstract. It comprises three chapters:

— Chapter 1 introduces the problem of inversion as a whole, in a structured mathe-
matical framework. It gives the characteristics of inverse problems posed in a contin-
uous or discrete framework, and of ill-posed problems. It introduces the ideas of the
pseudo-solutions and generalized inverse;

— Chapter 2 introduces the essential characteristics of regularization theory, and
describes Tikhonov’s approach and its subsequent evolutions together with other ap-
proaches to regularization. Reminders are then given of methods for minimizing cri-
teria, followed by techniques for estimating the regularization parameter, so that an
automatic choice can be made for the trade-off between fidelity to data and regularity;
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— Chapter 3 deals with solving inverse problems in the framework of statistical
inference. It becomes apparent that the conventional estimation technique, known as
maximum likelihood, corresponds to a non-regularized solution, whereas a Tikhonov
regularized approach finds a natural interpretation in the framework of Bayesian es-
timation. A number of questions are then re-examined in this context: the automatic
choice of parameters, and the building of models and criteria. The end of the chapter
is devoted to the Gaussian linear framework, which constitutes a fundamental special
case.

Part IT is made up of Chapters 4, 5 and 6, and is entirely given over to deconvolu-
tion, as a case that is very widespread in practice and also as a very instructive case
where many of the tools introduced in these chapters can be adapted to the inversion
of problems that are structured differently:

— Chapter 4 deals with deconvolution methods yielding solutions that are linear
functions of the data. It first studies the general properties of the solutions, then the
various algorithm structures that enable them to be calculated. Traditional signal pro-
cessing tools, such as Wiener and Kalman filters, figure among these structures;

— Chapter 5 looks at the more specific problem of deconvolution when the signal of
interest is a series of pulses. This situation is very common in numerous domains such
as non-destructive evaluation and medical imaging. Taking the pulse character of the
input signal into account leads us to two classes of nonlinear solutions according to the
data. One follows a detection-estimation approach and the other uses the minimization
of convex criteria and robust estimation;

— Chapter 6 is devoted to deconvolution when the unknown signal is “regular al-
most everywhere” and, in particular, takes this characteristic into consideration for im-
ages rather than monovariate signals. As in the previous chapter, we find two classes
of solutions, according to whether the problem is approached in terms of detection of
edges or as a problem of image restoration in robust form.

Part III groups together two chapters introducing “advanced tools” specific to the
Bayesian framework presented in Chapter 3:

— Chapter 7 is concerned with imaging from a probabilistic point of view. The
composite criteria of Chapter 6 are reinterpreted in this framework, which leads us to
the Gibbs-Markov models. Various sub-classes are introduced as models for images.
We next look at the statistical aspects connected with calculating the estimators and
evaluating their performance. Finally, the principle of iterative methods for random
sampling of the Gibbs-Markov models is presented;

— Chapter 8 is entirely devoted to the problem of non-supervised inversion, i.e.,
inversion without a regularization parameter fixed by the user. This question, already
mentioned in Chapters 2 and 3, is of considerable theoretical and practical interest but
brings together several types of methodological and algorithmic difficulties. Chapter 8
studies the case of a linear Markov penalization function with respect to the parameters
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to be estimated and proposes, in particular, deterministic or stochastic techniques for
implementing maximum likelihood, exact or approximate estimators.

Part IV, in six chapters, presents some inverse problems in their applications. This
is by no means a complete review of all the domains involving inversion; several
important fields such as heat, mechanics and geophysics are not covered!. For the
applications that are mentioned, we do not give an overall synthesis of the inversion
problems encountered but rather some typical examples chosen by the authors as con-
crete illustrations of how regularized solutions are implemented in a particular domain.
This last part also contains some important methodology extensions — myopic decon-
volution (Chapters 9 and 10), Fourier synthesis (Chapter 10), spectral estimation and
handling of hidden Markov chains (Chapter 11), and tomography problem solving
(Chapters 12, 13 and 14):

— Chapter 9 concerns industrial non-destructive evaluation using ultrasound. It
compares the implementation of the spike train deconvolution methods presented in
Chapter 5. The problem of an impulse response that is poorly known or that introduces
deformation is specifically studied. The result of this is some extended versions of the
algorithms looked at in Chapter 5;

— Chapter 10 is about the inversion problems encountered in optical imaging in as-
tronomy and, more specifically, for ground-based telescopes. In this case, atmospheric
turbulence considerably reduces the resolution of the images. Various configurations
intended to limit this degradation are considered. On the one hand, it is possible to ap-
proach the image restoration problem through myopic deconvolution; on the other, the
effects of turbulence can be partially compensated by a technique known as adaptive
optics, where the deconvolution of the images thus acquired remains a helpful step.
The end of Chapter 10 is devoted to optical interferometry, which leads to a Fourier
synthesis problem complicated by aberration due to atmospheric turbulence;

— Chapter 11 is devoted to Doppler ultrasound velocimetry, an imaging technique
that is widespread in medicine. Two data inversion problems are seen to arise: fime-
frequency analysis and frequency tracking. These are spectral characterization prob-
lems that are particularly difficult for two reasons: firstly, the number of observed data
points is very small and, secondly, the Shannon sampling conditions are not always
respected. Chapter 11 covers these two problems in the regularization framework in
order to compensate, at least partially, for the lack of information in the data;

— Chapter 12 considers the problem of reconstruction in X-ray tomography using
a small number of projections. The Radon transform is introduced, and after a brief
reminder of the various conventional approaches for its inversion, the algebraic and
probabilistic methods are developed more specifically. In fact these are the only meth-
ods that can be used effectively in cases where the projections are limited in number
and contain noise;

1. See [BEC 85, BUI 94, DES 90] as respective entry points to these fields.
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— Chapter 13 looks at how the Bayesian approach can be used to solve the problem
of diffraction tomography. For this type of problem, the measurements collected are
the waves scattered by an object and depend nonlinearly on the physical parameters
we are trying to image. This chapter deals with diffraction tomography without the
usual linear approximations, whose domains of validity do not cover all the situations
encountered in practice. The wave propagation equations provide a integral direct
model in the form of two coupled equations. These are discretized by the method of
moments. The Bayesian approach then allows the inversion to be approached by min-
imizing a penalized criterion. However, the nonlinearity of the direct model leads to
non-convexity of this criterion. In particularly difficult situations where local minima
exist, the use of global optimization techniques is recommended;

— Chapter 14 studies, in the framework of medical imaging techniques such as
positron emission tomography, the situations in which the corpuscular character of
the counting measurements needs to be taken into account. Poisson’s law serves as
the reference statistical distribution here to define the likelihood of the observations.
There are also composite cases, in which Gaussian noise is added to the Poisson vari-
ables. It is sometimes possible to approximate the Poisson likelihood by a Gaussian
law. When this is not the case, the properties of the log-likelihood criterion are stud-
ied and algorithms are put forward for various situations: emission or transmission
tomography and composite cases.
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PART I

Fundamental Problems and Tools



Chapter 1

Inverse Problems, Ill-posed Problems

1.1. Introduction

In many fields of applied physics, such as optics, radar, heat, spectroscopy, geo-
physics, acoustics, radioastronomy, non-destructive evaluation, biomedical engineer-
ing, instrumentation and imaging in general, we are faced with the problem of
determining the spatial distribution of a scalar or vector quantity — we often talk
about an object — from direct measurements — called an image — or indirect mea-
surements — called projections in the case of tomography, for example — of this
object. Solving such imaging problems can habitually be broken down into three
stages [HER 87, KAK 88]:

— a direct problem where, knowing the object and the observation mechanism,
we establish a mathematical description of the data observed. This model needs to
be accurate enough to provide a correct description of the physical observation phe-
nomenon and yet simple enough to lend itself to subsequent digital processing;

— an instrumentation problem in which the most informative data possible must be
acquired so that the imaging problem can be solved in the best conditions;

— an inverse problem where the object has to be estimated from the preceding
model and data.

Obtaining a good estimate of the object obviously requires these three sub-pro-
blems to be studied in a coordinated way. However, the characteristic that these image
reconstruction or restoration problems have in common is that they are often ill-posed
or ill-conditioned. Higher level problems that are found in computer vision, such as
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image segmentation, optical flow processing and shape reconstruction from shading,
are also inverse problems and suffer from the same difficulties [AND 77, BER 88,
MAR 87]. In the same way, a problem such as spectral analysis, which has similarities
with the Fourier synthesis used in radio-astronomy, for example, and which is not
usually treated as an inverse problem, can gain from being approached this way, as we
will see later.

Schematically, there are two broad communities that are interested in these inverse
problems from a methodological point of view:

— the mathematical physics community, with the seminal works of Phillips,
Twomey and Tikhonov in the 1960s [PHI 62, TIK 63, TWO 62]. Sabatier was one
of the pioneers in France [SAB 78]. A representative journal is Inverse Problems;

— the statistical data processing community, which can be linked to the work of
Franklin in the late 1960s [FRA 70], although the ideas involved — the basis of Wiener
filtering — had been bubbling beneath the surface in many works for several years
[FOS 61]. The Geman brothers gave a major boost to image processing about twenty
years ago [GEM 84] A representative journal is IEEE Transactions on Image Process-

ing.

A very rough distinction can be made between these two communities by saying that
the former deals with the problem in an infinite dimension, with the questions of ex-
istence, uniqueness and stability, which become very complicated for nonlinear direct
problems, and solves it numerically in finite dimensions, while the latter starts with a
problem for which the discretization has already been performed and is not called into
question, and takes advantage of the finite nature of the problem to introduce prior
information built up from probabilistic models.

In this chapter, we propose to use a basic example to point out the difficulties that
arise when we try to solve these inverse problems.

1.2. Basic example

We will now illustrate the basic concepts introduced in this chapter by an artificial
example that mixes the essential characteristics of several types of inverse problems.

We are looking for a spectrum, the square of the modulus of a function z(v), v € R
but, because of the experimental constraints, we only have access to the dual domain
of the variable v, through the function x(t) of which z(v) is the Fourier transform
(FT). What is more, imperfections in the apparatus mean that the function z(¢) is only
observable as weighted by a “window” h(t), which gives the observable function y(¢):

y(t) = h(t) a(). (L1)
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To make our ideas clear, let us think of a visible optical interferometry device like
that by Michelson. To have access to the emission spectrum of the light source, we
measure an energy flux as a function of the phase difference between two optical
paths. The interferogram obtained is, ignoring the additional constant, the Fourier
transform of the function we are looking for but the limitations of the apparatus make
the interferogram observable only in a limited area of space, which is equivalent to its
being modulated by a weighting function h(¢). This is assumed to be known but the
experimental data that is actually available is made up of a finite number of regularly-
spaced samples of the function y(t), which inevitably contain measuring errors that
we assume to be additive. If we take a unit sampling step, we can write:

Yn = hpxp + by, n=1,..., N, (1.2)

where y,, designates the available data, h,, and x,, the samples of the functions A(t)
and z(t) respectively, and b,, the measurement “noise”. This is a special case of a
system of linear equations of the form:

y=Ax+b (1.3)

that we will find repeatedly throughout this book. Here we have a diagonal matrix A
which, at first glance, appears to be a simple situation.

A first difficulty appears, however, independently of the presence of the weighting
h(t): the discrete nature of the data means that we only have information on z; (v),
v € [0,1], a 1-periodic function deduced from z(v) by the periodization due to the
sampling, since we have:

1
T z/ z1(v) exp{2jmvn} dv. (1.4)
0

The samples x,, are in fact the Fourier series development coefficients of z;. To have
any hope of accessing , it is necessary for z() to have limited support and for the
sampling step to be such that there is no aliasing. Observation model (1.2) can thus be
written indifferently:

1/-\
Yn :/ h xx1(v) exp{2jmvn} dv+b,, (1.5)
0

where ﬁ(u) is the FT of h(t). The presence of this convolution core expresses the loss
of resolving power of the instrument due to the weighting by A(t).

A simulated example is presented in Figure 1.1. Signal x(¢) is composed of three
sine waves, the spectrum of which is marked by the circles in Figure 1.1a. Two have
frequencies that are close together (relative frequency difference less than 0.008). Re-

sponse ﬁ(u) is a Gaussian of standard deviation o5, = 0.0094 intentionally chosen
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Figure 1.1. (a) Spectrum x of a linear combination of three sine waves, indicated by circles,
and h  z, where h is a Gaussian of standard deviation close to 0.01 in relative frequency;
(b) 128 data points y simulating an interferogram that contains noise and is quantified,
corresponding to model (1.5)

high to point out clearly the difficulties of inversion. The “non-resolved” spectrum

h = T is also represented in Figure 1.1a. Figure 1.1b superposes the N = 128 simu-
lated data y,, and the series of weighting coefficients h,,, which also have a Gaussian
form (of standard deviation 1/ 2noq = 17).

A second difficulty comes from the impossibility of inverting equation (1.5) in a
mathematically exact way, i.e., of finding the “true” function z; among other candi-
date functions, even in the absence of noise. Consider, for example, the FT Zofa
stable series {7, }7 such that:

Zp=yn/hn it me{l,...,N} and h, #0. (1.6)

Since this series is only defined for NV values at most, there is an infinite number of
solutions T that satisfy constraints (1.6), and are equivalent considering the data. The
problem is therefore indeterminate. In this respect, the periodogram of the data:

N 2
1

I'(v) 2 N nz::lyn exp {—2jmvn}| , velo,1], (1.7)

calculable by fast discrete FT on a fine, regularly spaced grid, is a particular solution

for h,, close to 1 (i.e., h close to a Dirac). It is obtained by extending z,, = y,, with
zeros on either side of the observation window.

The small number of data points and the spread of the instrument response h give
the periodogram very low resolving power (see Figure 1.2a, curve (P;)). We can try to

get around the need to have h by calculating the periodogram associated with y,, /h,,
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or, in other words, by making a spectral estimator 7 from a time series extrapolating
Yn/ hy, with zeros. It is also worth noting that this is none other than the trivial solution
to the problem of finding a series {x., } that is stable and has a minimal norm, and
which minimizes the least squares criterion — even reducing it to zero in this case:

N

Z(yn —hy xn)Q .

n=1
The result is disappointing (see Figure 1.2a, curve (P2)). In fact, this is not really
surprising as the series y,,/h,, contains aberrant values at its extremities because of
the measurement noise and quantification. These error terms, which are amplified by

1/h,, when h,, is small, make a contribution to the estimated spectrum that completely
masks the peaks of the theoretical spectrum.

10 10°
R0
10 o
~ ~
/m /m
i) i)
= =
£ £ 167
107
= £
Q Q
Q Q
o o
7] 23
10°
10’4 i i i i i 10’4 i i i i i
02 025 03 035 0.4 0.45 05 02 025 03 035 0.4 0.45 05
Relative frequency Relative frequency
(@) (®)

Figure 1.2. (a) Curve (P1) is the periodogram of the data y,, represented in dB; the lack of
resolution is a result of the lack of data but also of the spread response of the instrument.
Curve (P2) is the periodogram associated with yr, [ hn; (b) spectral estimate obtained as the
minimizer of criterion (1.8), calculated by approximation on a discrete grid of 1,024 points,
for “well chosen” values of A\ and T

These negative results could lead us to think that the data is too poor to be used.
This is not the case, as shown by the spectral estimate whose modulus is represented

in Figure 1.2b, and which is obtained as the function x that minimizes the regularized

criterion:
N

1
> (o = b 0 [V dov, (18)
n=1 0

where x,, is connected to x by (1.4) for “well chosen” values of hyperparameters \
and 7. As the FTz is discretized on 1,024 points, this process is strictly equivalent

to extrapolating the series of 128 observed x,, by 896 values that are not necessarily
zero, unlike in the periodogram.

This example is typical of the difficulties that arise in the solving of numerous in-
verse problems [AND 77, BER 88, HER 87]. Certain conventional signal processing
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tools prove to be unsuitable whereas others provide qualitatively and quantitatively
exploitable solutions. The improvement obtained with this regularized criterion (1.8)
is striking and several questions immediately come to mind: why do we need to pe-
nalize the least squares criterion in this way? How do we obtain the argument of the
minimum of such a criterion? How do we choose the values of the hyperparameters
that are part of it? It can be said that the main part of this book is devoted to just that:
the construction and use of regularized criteria. However, it is important to under-
stand the nature of the difficulties encountered during inversion before studying the
regularized solutions that allow them to be solved.

1.3. 1ll-posed problem

The aim of this section is to correct the false impression that the difficulties en-
countered in solving an inverse problem come from the discrete nature of the data and
its finite amount and that, if we had access to a continuum of values, i.e., the function
y(t) in the example above, everything would be fine. Often unsuspected difficulties
are already present at this level. They are proper to problems known as ill-posed prob-
lems. When the problem is inevitably discretized as in the previous example, some
of these difficulties paradoxically disappear, but the problem most often remains ill-
conditioned.

Hadamard has defined three conditions for a mathematical problem to be well-
posed [AND 80, HAD 01, NAS 81, TIK 77] (by default, it will be called ill-posed):

(a) for each item of data y in a defined class ), there exists a solution «x in a stipulated
class X (existence);

(b) the solution is unique in X (uniqueness);

(c) the dependence of = on y is continuous, i.e., when the error Jy on data item y
tends towards zero, the error dx induced on the solution z also tends towards zero
(continuity).

The continuity requirement is connected to that of stability or robustness of the so-
Iution (with respect to the errors that inevitably occur on the data). Continuity is,
however, a necessary but not a sufficient condition for robustness [COU 62]. A well-
posed problem can be ill-conditioned, which makes its solution non-robust, as we shall
see in section 1.5.

All the traditional problems of mathematical physics, such as the Dirichlet problem
for elliptical equations or the Cauchy problem for hyperbolic equations, are well-
posed in Hadamard’s sense [AND 80]. However, the “inverse” problems obtained
from “direct” problems by exchanging the roles of the solution and data are generally
not well-posed.
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The example of section 1.2 clearly comes into this category of ill-posed problems
since, with a finite number of discrete data items, a solution z(v) exists, but it is not
unique. It is interesting to note that this same problem, before discretization, is a
special case of the general problem of solving a Fredholm integral equation of the first
kind:

y(s) = /k(s, r)z(r)dr, (1.9)
where y(s), z(r) and k(s, r) are replaced by y(t), z(v) and h(t) exp {2j7vt} re-
spectively. Later in this book we will find the same type of integral equations for other
forms of kernel k(s, r), for deconvolution, tomographic reconstruction and Fourier
synthesis.

As the data is uncertain or noisy, we cannot hope to solve this equation exactly and
the solution needs to be approached from a certain direction. The concept of distance
between functions is thus a natural way of evaluating the quality of an approximation,
which explains why x and y are often assumed to belong to Hilbert spaces. Problem
(1.9) can thus be rewritten as:

y=Ax, re X, yey, (1.10)

where z and y are now elements of functional spaces of infinite dimension X" and )/,
respectively, and where A: X — ) is the linear operator corresponding to (1.9). The
necessary and sufficient conditions for the existence, uniqueness and continuity of the
solution can thus be written respectively [NAS 81]:

Y=ImA, Kerd={0}, ImA=TmA, (1.11)

where Im A is the image of A (i.e., the set of y that are images of an z € X)), Ker A
its kernel (i.e., the set of solutions to the equation Az = 0) and Im A the closure of
Im A [BRE 83].

The manner in which conditions (1.11) are stated gives rise to several comments.
On the one hand, Y = Im A implies Im A = Im A (a Hilbert space is closed upon
itself). In other words, the very existence of a solution to problem (1.9) Vy € Y
implies the continuity of this solution. In contrast, if the existence condition ) =
Im A is not verified, the continuity condition seems to become pointless; in fact, it
applies to pseudo-solutions, which will be defined in section 1.4.1 as minimizing the
norm || Az — yl|;, (without systematically reducing it to zero).

1.3.1. Case of discrete data

When the data is discrete, y is a vector of dimension N in a Euclidian space.
Ignoring errors on the data, a linear inverse problem with discrete data can be stated
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as follows. Given a set {F,(z)}X_; of linear functionals defined on X’ and a set

{yn}fl\;l of numbers, find a function x € X such that:
yn:Fn(x), n=1,..., N.

In particular, when functionals F,, are continuous on X, Riesz theorem [BRE 83] states
that functions 1, . . ., ¥ exist such that:

Fn(x) = <x7 wn>2{7

where the notation (-, -),. designates the scalar product used in space X. The example
of equation (1.9) takes this form when y(s) is measured on a finite number of points
51,..., 5N, and X is an L?space. In this case we have:

U (r) = k(sp, 7).

This problem is a particular case of that of equation (1.10) if we define an operator A
of X in Y by the relation:

(Ax)n:<x7wn>)( n=1..., N.

Operator A is not injective: Ker A is the closed subspace of infinite dimension of all
the functions x orthogonal to the subspace engendered by the functions v,,. Con-
versely, the image of A, Im A is closed: Im A is simply ) when the functions v,, are
linearly independent; otherwise it is a subspace of dimension N/ < N. We thus see
clearly why the example of section 1.2 is an ill-posed problem: the difficulty does not
lie in a lack of continuity but in a lack of uniqueness.

1.3.2. Continuous case

Let us now assume that = and y belong to the same Hilbert space and that & is
square integrable, a condition fulfilled by many imaging systems — it would be the

situation if our example of section 1.2 was modified so that the function y(v) = h
x1(v) was continuously observed. The direct problem is thus well-posed: a small
error 6z on the data entails a small error §y on the solution. This condition is not,
however, fulfilled in the corresponding inverse problem, where it is object = that must
be calculated from response y: & = A~!y. In fact, when kernel k is square integrable
— which would be the case for a Gaussian kernel in our example — the Riesz-Fréchet
theorem indicates that operator A is bounded and compact [BRE 83]. However, the
image of a compact operator is not closed (except in the degenerate case where its
dimension is finite). This signifies that the inverse operator A~! is not bounded, or
stable, its image is not closed and the third of Hadamard’s conditions is not satisfied
for the inverse problem [NAS 81].
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To get a better grasp of these abstract ideas, it is handy to use the spectral properties
of compact operators in Hilbert spaces. The most remarkable property of these oper-
ators is that they can be decomposed into singular values, like matrices (the famous
singular value decomposition, or SVD). The singular system of a compact operator is
defined as the set of solutions of the coupled equations:

Au, =o,v, and A"v, =0, Uy, (1.12)

where the singular values o, are positive numbers, where the singular functions u,,
and v,, are elements of X and YVrespectively, and where A* is the adjoint operator of
A, which exists since A is continuous and therefore such that: (A z,y),, = (z, A" y) »
foranyz € XYandy € Y L.

When A is compact, it always possesses a singular system {u,,, v,; o, } with the
following properties [NAS 81]:

— o, being ordered and counted with their multiplicity (which is finite):
oy > 09 > ... > 0, > ...0, 0, tends towards 0 when n — oo and either the
limit is reached for n = ng (in which case operator A is degenerate), or it is not
reached for any finite value of n;

— functions u,, form an orthonormal basis of (Ker A)*, the orthogonal comple-
ment of Ker A in the decomposition: X = Ker A @ (Ker A)* and the functions
vy, form an orthonormal basis of (Ker (4*))*, i.e., Im A, orthogonal complement of
Ker (A*) in the decomposition ) = Ker (4*) & (Ker (A*))*.

Let £ C N be the set of indices n such that o,, # 0. The Picard criterion [NAS 81]
ensures that a function y € ) is in Im A if and only if:

y € (Ker (A*))+ and Z 072 (y,vn)? < +00. (1.13)
nek

For the second condition (1.13) to be satisfied, it is necessary, when operator A is
not degenerate (E = N), for the components (y, u,,) of the development of image
y on the set of eigenfunctions {v,,} to tend towards zero faster than the eigenvalues
o2 when n — oo. This strict condition has no reason to be satisfied by an arbitrary
function of (Ker (A*))*. Note, however, that it is naturally satisfied if y = A z is the
perfect image resulting from an object x of finite energy. The solution is thus written:

x = Z ot (Y, vn) U (1.14)

nekE

1. Note that the self-adjoint operator A* A, which appears in the symmetrized problem A™ y =
A* Az, verifies: A*Awv, = ai vy It is thus defined as non-negative since its eigenvalues are
o2 (which are also those of A A*). This property will be used in section 2.1.1.



34  Bayesian Approach to Inverse Problems

However, this solution, when it exists, is unstable: a small additive perturbation
0y = e vy, for example, on the perfect data y leads to a perturbation dz on the solution
calculated with the data y + dy:

(596:0;,1 (0y,vN) uN:ax,lsuN. (1.15)

The ratio ||0z|| / ||0y|| equals 05", which can be arbitrarily large. The inverse linear
operator A~! : Y — X, defined by (1.14), is thus not bounded as it is not possible to
find a constant C' such that, for all y € Y, we have [|A~'y|[x < C||y|ly,, whichis a
necessary and sufficient condition for A~! to be continuous [BRE 83]. The ill-posed
nature of the problem stems this time from the lack of continuity and not from the lack
of uniqueness.

The need for a deeper understanding of these problems that are not mathematically
well-posed but are of great interest in engineering sciences is at the origin of two recent
branches of analysis: generalized inversion theory [NAS 76], which is summarized
below, and regularization theory, which will be the subject of the next chapter.

1.4. Generalized inversion

Let us suppose that the equation Az = 0 has non-trivial solutions. The set
Ker A # {0} of these solutions is a closed subspace of X. It is the set of “invisi-
ble objects” as they produce an image y that is zero. Let us also suppose that Im A is a
closed subspace of ). An example is provided by the integral operator corresponding
to an ideal low-pass filter of cut-off pulsation ) [BER 87]:

T sin Q(r — 1/
(Ax)(r):/ SO =r) oryar . (1.16)

—o00 7'('(7‘ - T/)

If we choose X = )Y = L112>a the kernel is the set of all the functions x whose FT
is zero in the band [—£, +], while the image of A is the set of functions having a
limited band in the same interval, which is a closed subspace of L?R.

A means of re-establishing the existence and the uniqueness of the solution in the
above conditions is to redefine both the space X of the solutions and the space ) of
the data. If we choose a new space X’ which is the set of all the functions orthogonal
to Ker A (in the case of equation (1.16), X’ is the set of functions with summable
squares and band limited to the interval [—€, +€]), and if y is restrained to a new
data space )’ = Im A (which is, once again, in the case of equation (1.16), the set of
functions with summable squares and band limited to the interval [—€2, +(2]), thus, for
any y € ), there exists a unique x € X’ such that Az = y (in our example (1.16),
the solution is even trivial: = y) and the new problem is thus well-posed.

It is often possible to choose the spaces X and ) so that the problem becomes
well-posed but the practical interest of the choice is limited because it is generally the
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intended application that imposes the appropriate spaces. Another means that could
be envisaged is to change the notion of a solution itself.

1.4.1. Pseudo-solutions

Let us first consider the case where A is injective (Ker A = {0}) but not surjective
(Im A # ). The set of functions z that are solutions of the variational problem:

x € X minimizes ||[Az — y],, , (1.17)

where |-y, designates the norm in ), are called pseudosolutions or least squares so-
lutions of the problem (1.10). If Im A is closed, (1.17) always has a solution, but it is
not unique if the kernel Ker A is not trivial. When it is, as we assume here, it can be
said that the well-posed character has been restored by reformulating the problem in
the form (1.17).

By making the first variation of the function minimized in (1.17) zero, we obtain
Euler’s equation:

A*Azx = A%y, (1.18)

which brings in the self-adjoint operator A* A, the eigensystem of which can be de-
duced from the singular system of A.

1.4.2. Generalized solutions

Let us now consider the case where the uniqueness condition is not satisfied
(Ker A # {0}, the problem is indeterminate). The set of solutions of (1.18) being
a convex, closed subset of X, it contains a single element with a minimal norm, noted
xT or 2% and called the generalized solution of (1.10). As x' is orthogonal to Ker A,
this way of defining the solution is equivalent to choosing X’ = (Ker A)*. In other
words, the generalized solution is a least squares solution having the minimal norm
among these solutions. As there is a single ' for every y € ), a linear application
AT of Y in X is defined by:

Aty =2t =79, (1.19)

The operator At is called the generalized inverse of A and is continuous [NAS 76].

1.4.3. Example

To illustrate the idea of generalized inversion, let us go back to our example of
section 1.2 and, first of all, neglect the weighting h(t). To impose a unique solution in
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the class of possible solutions prolonging the series of known z,,, we can choose the
generalized inverse solution of the initial problem (1.10):

1
2% (v) = argmin / |71 (v)|* dv subjectto (s.t.) @p = yn, n=1,..., N.
z1€LZ[0,1] JO

The Plancherel and Parseval relations show us that this is equivalent to finding coeffi-
cients:

1
T :/ %(u) exp {2jmnv} dv, né€Z,
0
such that:

Z = arg min E |z, )%, s.t. 2y =yn, n=1,..., N.
LIS 7

The solution is trivial since the problem is separable:

. N

= { ) iherzviese{,l’ R Zlyn e, (1.20)

whose squared modulus, with just the difference of a coefficient, gives the Schuster

periodogram of equation (1.7). The case of weighting by h(t) is treated in the same

way, by replacing y,, by y,/h,. It can thus be seen that the periodogram is the gen-

eralized inverse solution of a spectral analysis problem that is ill-posed because the
number of data points is finite.

1.5. Discretization and conditioning

A first description of a direct problem often brings in functions of real variables
(time, frequency, space variables, etc.), representing the physical quantities involved:
quantities accessible for measurement and quantities of interest that are unknown. The
analysis of the problem at this level of description has provided an explanation for the
difficulties that arise during inversion, by situating us in functional spaces of infinite
dimension. We have thus seen that, in the case of a direct problem described by an
integral equation of the first kind, the inversion is often an ill-posed problem as it is
unstable.

This analysis is, however, insufficient. The available experimental data are almost
always composed of measurements of physical quantities accessible at a necessarily
finite number of points in the domain of definition of their variables. They are thus
naturally discrete and we group them together in the vector y as we did in section 1.4
above. However, the unknown object is also discretized, either right from the start,
or during the process of solution (as in the example of the periodogram above), by
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decomposition over a finite number of functions. If these are basic elements of the
space to which the object belongs, the decomposition is necessarily truncated. In
imaging, for example, in the vast majority of cases, pixel indicators or cardinal sines
are used as basic functions, according to whether the object is implicitly assumed
to have a limited support or a limited spectrum. Basic wavelets or wavelet packets
are also coming into use [STA 02, KAL 03]. The starting point is thus composed
of a model parametrized by the vector x of the decomposition coefficients, in other
words by a set of exclusive hypotheses, each of which is indexed by the value of the
coefficients. This hypothesis space is thus the set of possible values of these unknown
parameters, H = {z;}. The choice of these basic functions obviously forms part of
the inversion problem, even if it is not often touched upon.

In the discrete case (or more exactly the “discrete-discrete” case), the problem
changes noticeably as  and y belong to spaces of finite dimensions and the linear
operator A becomes a matrix A. Equation (1.10) has a unique solution with min-
imal norm 2% = Afy which depends continuously on ¥ since the generalized in-
verse Al is then always bounded [NAS 76]. The problem is thus always well-posed
in Hadamard’s sense. However, even in this framework, the inversion problem still
has an unstable nature, this time from a numerical point of view. The spectral de-
composition (1.15) is still valid, the only difference being that the number of singular
values of matrix A is now finite. These singular values can rarely be calculated explic-
itly [KLE 80]. From this point of view, the example in section 1.2 is not representative
because, if we choose to decompose the solution over M > N complex exponentials
of the Fourier basis:

M
z(v) = Z T exp {—2jmmv},

m=1

model (1.2) can be written y = Ax + b in a matrix-vector notation, where A is a
rectangular N x M matrix composed of the diagonal matrix diag {h,, }, juxtaposed
with the zero matrix of size N x (M — N). Its singular values are thus o, = h,,
forn =1, 2,..., N and 0, = 0 otherwise. Even if we exclude all the zero singular
values, as by using Af, there are always some singular values close to zero with the
weighting h(t) of our example. Matrix A is thus ill-conditioned. The coefficients
o1 {5y, u,) in equation (1.15) become very large for the o,, that are close to zero,
even if §y is small.

Generally speaking, whether we have the discrete case or not, let us assume that
Im A is closed so that the generalized inverse AT exists Vy € ) (and is continuous).
Let us designate an error on the data y as dy and the error induced on the generalized
inverse solution ' as dz'. The linearity of (1.19) leads to 5zt = Afdy, which implies

162t |0 < AT]] oyl
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where || AT|| designates the norm of the continuous operator A, that is to say the
quantity: sup, v | ATy|lx/ [lylly [BRE 83]. In a similar way, (1.10) implies:

lylly < IAN llal

where || Al = sup,cx [[A 7|y, / ||z . By combining these two relations, we obtain
the inequality:
197
By P

||§i‘/Hy
||i‘/Hy

It is important to note that this inequality is precise in a certain sense. When A is a
matrix of dimensions (N x M) or corresponds to an inverse problem with discrete
data, the inequality can become an equality for certain (y, dy) pairs. When A is an
operator on spaces of infinite dimension, it can only be established that the left hand
side of inequality (1.21) can be arbitrarily close to the right hand side. The quantity:

< || 4] IAT| (1.21)

c=|A| AT >1 (1.22)

is called the condition number of the problem. When c is close to one, the problem
is said to be well-conditioned, whereas when it is considerably larger than one, the
problem is said to be ill-conditioned.

In practice, it is useful to have an estimate of the condition number, which gives
an idea of the numerical stability of the problem. When A = A is a matrix of di-
mensions (N x M), || Al is the square root of the largest of the eigenvalues of the
positive semidefinite symmetric matrix A* A, of dimensions (M x M) (the positive
eigenvalues of this matrix coincide with those of the matrix AA*) and ||Af|| is the
inverse of the square root of the smallest of these eigenvalues:

C= )\max/)\min .

In our example in section 1.2, we obtain ¢ = |A|max/|#|min and we understand why the
weighting by h(t) can degrade the conditioning of the generalized inversion problem
which is otherwise well-posed.

1.6. Conclusion

To sum up the above, when we have a simple situation where we are dealing with
a direct, linear problem in an infinite dimension, bringing in an operator A: X — )
defined in the Hilbert spaces X and ), we have three main situations:

—if A is continuous and injective (the only solution to the equation Az = 0 is
the trivial solution = 0, thus Ker A = {0}) and its image is closed and given by
Im A = ), the inverse problem is well-posed, since the inverse operator is continuous;
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—if A is not injective, but Im A is closed, then, if we look for a pseudosolution, the
inverse problem becomes well-posed in as far as the generalized inverse is continuous;

— if the image Im A is not closed, using a pseudo-solution cannot, in itself, guar-
antee the existence and the continuity of the inverse solution.

When we are dealing with a linear operator defined in spaces of finite dimension
RY and RM and of the type A: RM — RY, we again have three main situations:

— if p is the rank of the matrix associated with the operator A andif p = N = M,
then A is bijective. A solution always exists, it is unique, and the inverse problem is
well defined;

—if p < M, then the uniqueness is not certain but can be established by consider-
ing a generalized inversion;

—if p < N, then the existence is not certain for any given data but can be ensured
by again considering a generalized inversion.

To conclude this chapter, we see that an inverse problem is often ill-posed or ill-
conditioned, and that generalized inversion does not, in general, provide a satisfactory
solution. In the next chapter we will see that another development of modern analysis,
regularization, allows us to get around these difficulties and gives a generic framework
for inversion.
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Chapter 2

Main Approaches to the Regularization of
I1I-posed Problems

In the previous chapter, we saw that, when the image Im A of a linear operator we
want to invert is not closed, then the inverse A1, or the generalized inverse AT, is not
defined everywhere in the data space ) and is not continuous. This is the case, for
example, of compact, non-degenerate (or non-finite rank) operators and it is easy to
see that the condition number of the problem is infinite. Suitable solving techniques
are thus required.

We also saw that, in a finite dimension, the inverse or the generalized inverse is
always continuous. In consequence, the use of a generalized inversion is sufficient
to guarantee that the problem is well posed in this case. However, it must not be
forgotten that a problem that is well posed but severely ill-conditioned behaves in
practice like an ill-posed problem and has to be treated with the same regularization
methods, which we present below.

2.1. Regularization

In a finite or infinite dimension, a regularizer of equation (1.10) y = Az is a family
of operators { R,; o € A} such that [NAS 81, TIK 63]:

{ VaeA, R, is a continuous operator of ) in X; 2.1

VyeImA, lim, .oRay= Aly.

Chapter written by Guy DEMOMENT and Jérome IDIER.
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In other words, since the inverse operator A~! does not have the required continuity
or stability properties, we construct a family of continuous operators, indexed by a
regulating parameter o (called the regularization coefficient) and including A" as a
limit case. Applied to perfect data y, R,, gives an approximation of ' that is all the
better as « — 0. However, when R,, is applied to data y. = Ax + b that inevitably
contain noise, b, we obtain an approximate solution . = R, y. and we have:

Roye = Roy+ Rab. 2.2)

The second term diverges when @ — 0. It follows that a trade-off has to be made
between two opposing terms, the approximation error (first term) and the error due
to noise (second term). This can be done, within a given family of operators R, by
adjusting the value of the coefficient of regularization a.

Most of the methods that have been put forward for solving and stabilizing ill-
posed problems in the past 30 years fall into this general scheme in one way or another.
They can be divided into two broad families: those that proceed by dimensionality
control — A is thus a discrete set — and those that work by minimization of a composite
criterion or by optimization under constraint — A is thus IR . In what follows, we will
mainly concern ourselves with the second family of regularization methods.

2.1.1. Dimensionality control

In the case of an ill-posed or ill-conditioned problem, the methods of regularization
by dimensionality control get around the difficulty in two ways:

— by minimizing the criterion ||y — Az|| (or, more generally, G(y — Az)) in a
subspace of reduced dimension, after an appropriate change of basis if necessary;

— by minimizing the criterion G(y — Ax) in the space initially chosen but by an
iterative method in which the number of iterations is limited.

2.1.1.1. Truncated singular value decomposition

A typical example of methods of the first family can be found by examining equa-
tion (1.15): to suppress the ill-conditioned nature of the problem, we just truncate
the development, keeping the components corresponding to singular values that are
large enough for error terms of the form o, ! (§y,v,,) u, to remain small. This is
truncated singular value decomposition, or TSVD [AND 77, NAS 81]. It is very ef-
fective for ensuring numerical stability. However, the problem arises of choosing the
truncation order, which plays the role, here, of the inverse of a regularization coeffi-
cient. However, the main failing of this approach is that we give up the possibility of
re-establishing the spectral components that have been too degraded by the imaging
device. As for the definition of the Rayleigh resolution criterion in optics, we use no
information about the object sought other than the fact that its energy is finite although,
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most of the time, we know that it is, for example, positive, or that it contains regions of
smooth spatial variation separated by sharp boundaries, or that it has bounded values,
or bounded support, etc. If we want to go beyond Rayleigh resolution, it is indispens-
able to be able to take this type of prior information into account.

2.1.1.2. Change of discretization

In truncated singular value decomposition, it is the imaging device that more or
less imposes the discretization through singular functions of the corresponding op-
erator. However, we can also avoid the difficulties raised by the poor condition-
ing of matrix A, as a consequence of the object’s being descretized on a Cartesian
grid for example, by choosing a parsimonious parameterization of the object bet-
ter suited to its prior properties. This is what wavelet-based decomposition meth-
ods [STA 02, KAL 03] do, for example. The principle remains the same: thresholding
is applied to the coefficients of the decomposition so as to eliminate the subspace
dominated by the noise components.

This mode of discretization solves the problem of stability or poor conditioning an-
alyzed above but, even so, does not always provide a satisfactory solution. Everything
depends on the decomposition that is chosen.

2.1.1.3. Iterative methods

A very popular family of methods is made up of iterative methods of the form:
2D = () o (y — Azx™) n=0,1,... (2.3)

where 0 < o < 2/ || A|| (Bialy’s method [BIA 59]). If A is a non-negative, bounded,
linear operator (i.e., (Ax,z) > 0,Vz € X) and if y = Az has at least one solution,
then the series of (") converges and:
lim z(™ = Pz® + 79,

where P is the orthogonal projection operator on Ker A and Z% the generalized inverse
solution. In fact, this method looks for the fixed point of the operator G : Gz =
ay+ (I —aA)x,butif Aiscompact and X is of infinite dimension, then I — « A is
not a contraction and the method diverges. Moreover, we have also seen that, even in
finite dimensions, the generalized inverse solution is often dominated by the noise.

The non-negativity condition excludes a lot of operators but the method can be
applied to solve the normal equation A*y = A*Ax since A*A is a non-negative
operator. We thus obtain Landweber’s method [LAN 51]:

2t =2 fa AT (y - A2™), n=0,1,... @4

with 0 < o < 2/||A*AJ|. The well known Gerchberg-Saxton-Papoulis-Van Cittert
[BUR 31] method for extrapolating a limited-spectrum signal is a special case of the
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Bialy-Landweber method. It is in this same category of iterative methods that we can
place Lucy’s method [LUC 74], which is very popular in astronomy.

All these methods can provide an acceptable solution only on the condition that the
number of iterations is limited (which plays the role of the inverse of a regularization
coefficient) [DIA 70]. This is often done empirically, as the initial framework does not
take observation noise into account and a theory regulating the number of iterations so
as to limit noise amplification cannot but be heteronomous [LUC 94]. This explains
why the rest of this book will focus on regularization methods of the second family,
which operate by minimization under constraint and are, from this point of view, more
autonomous.

2.1.2. Minimization of a composite criterion

The principal characteristic of the regularization methods of this second large fam-
ily is to require the solution to be a trade-off between fidelity to the measured data and
fidelity to the prior information [TIT 85]. This trade-off is reached using a single
optimality criterion. The approach can be interpreted as follows.

The least squares solutions to equation (1.17) minimize the energy of the discrep-
ancy between the model Az and the data y. In this sense, they achieve the greatest
fidelity to the data. However, when the observation noise is broadband, relation (1.15)
shows that the high spatial frequency components of the restored or reconstructed ob-
ject have large amplitudes because of noise amplification. The least squares solutions
thus prove unacceptable because we expect the real object to have markedly smoother
spatial variations. We therefore need to introduce a little infidelity to the data to obtain
a solution that is smoother than the least squares solution and closer to the idea that
we have a priori. A widely accepted means of doing this is by the minimization of a
composite criterion [NAS 81, TIK 63, TIK 77]. The basic idea is to give up any hope
of reaching the exact solution from imperfect data, to consider as admissible any solu-
tion for which Ax is not far from y, and to look among the admissible solutions to find
the one that can be considered as the physically most reasonable, i.e., compatible with
certain prior information. This is usually done by finding a solution z, that minimizes
a criterion of the form:

J(x) =Gy — Az) + a F(z), 0<a<+oo, (2.35)
specifically designed so that:

— the solution is faithful to the data up to a certain point (first term of the criterion);

— certain desirable properties that sum up our prior knowledge about the solution
are reinforced (second term).

The choice of the functionals F and G is qualitative and determines how the
regularization is carried out. Conversely, the choice of «, which is the coefficient
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of regularization here, is quantitative and allows the compromise between the two
sources of information to be adjusted. Perfect fidelity to the data is obtained with
a = 0, while perfect fidelity to the prior information is obtained if oo = oco.

One of the most widely studied regularization methods is obtained by minimizing
the functional:

J(@) = |y — Az} + o |Cz]% | (2.6)

where C' is a constraint operator [NAS 76]. The existence of a solution is ensured
when C' is bounded with Im C, for example, but that excludes the very interesting
case of a differential operator, as in Tikhonov’s seminal article [TIK 63]:

P
|Cz|% = ep(r) |2®) (r)|* dr
= [ a0

where the weighting functions ¢, (r) are strictly positive and x(P) designates the pth
order derivative of z. The corresponding regularizer can be written:

Ry = (A*A+aC*C) A" (2.7)

In this case, z, = R, y exists and is unique when the domain of C' is dense in X’ and
the equations Az = 0 and Cz = 0 only have in common the trivial solution z = 0.
This solution takes a very simple form when A is compact and C = I, the identity
operator in X. By using the singular value decomposition of A of section 1.3, we
obtain:

On 1
a — — \Y% Un n - 2.8
v ;E%M%@Mu (2.8)

It is thus essentially a “filtered” version of the non-regularized solution (1.14), or
generalized inverse, of equation (1.10). We will often find this idea of linear filtering
later, associated with the oldest regularization methods, but, for the moment, we will
concern ourselves mainly with discrete problems in finite dimensions.

In the discrete case, the literature on the subject is dominated by a few functionals.
Below are the ones most frequently found [TIT 85].

2.1.2.1. Euclidian distances

The squared Euclidian distance between two objects ; and x5 is defined by:
|1 — @ol|p = (1 — ) P (w1 — @),

where P is a symmetric positive semi-definite matrix, chosen to express certain de-
sirable characteristics of the proximity measurement. Such a squared distance is the
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habitual choice for G in the case where the noise b is assumed to be zero-mean, Gaus-
sian, independent of @, and of probability density:

p(b) o exp {—% b'P b} , 2.9)

i.e., of covariance matrix P~1. Such a distance is also very often used for F in order
to penalize objects x of large amplitude.

Applied to the interferometry example of Chapter 1 (which, we recall, is continu-
ous-discrete), this mode of regularization leads us to look for:

1
7@ = argmin <||a:N—y|2+a/ |5E(V)|2dy> 7
0

zeL[0,1]
where zy = [z1,...,zn]T and 75, = fol z(v) exp {2jmkv} dv. The solution reads:
2a) () — L Za
'Y (v) ] % v).

The spectrum thus regularized is therefore proportional to the periodogram (1.7) that
is obtained as a limit case (o« — 0). Hence, this type of regularization is not suitable
in this example.

However, we will see that the linear-quadratic framework above (that combines the
linear nature of the direct model (1.3) and the quadratic nature of the functionals F
and G) turns out to be very handy in practice. The minimization of a criterion such as:

J(@) = |ly — Az|lp + oz —Z|g , (2.10)

where T is a default solution (it is the solution obtained when o« — o0, i.e., when the
weight given to the data tends towards zero), provides an explicit expression of the
minimizer:

z=(ATPA +aQ) }(ATPy — Q) 2.11)
which, thanks to the matrix inversion lemma [SCH 17, SCH 18], can be written:
2=+ Q 'AT(AQ 'AT + o 'P )l (y—AT). (2.12)

In this expression, the matrix to be inverted has, in general, different dimensions from
that of (2.11).

2.1.2.2. Roughness measures

A very simple way of measuring the roughness of an image is to apply an ap-
propriate difference operator and then calculate the Euclidian norm of the result. As
the differentiation operation is linear with respect to the original image, the resulting
measure of roughness is quadratic:

F(z) = ||VF(=)|? = | D] (2.13)

The order k of the difference operator V¥ is habitually 1 or 2. Measure (2.13) is
minimum when @ is constant (k = 1), affine (k = 2), etc.
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2.1.2.3. Non-quadratic penalization

Another way of preserving the discontinuities in an object, better than the reg-
ularization methods using quadratic criteria, is to use non-quadratic penalty func-
tions [IDI 99]. This is precisely what was done to process the interferometry data of
Chapter 1, section 1.2, by finally choosing criterion (1.8). The principle is to use a
function that increases more slowly than a parabola so as to apply smaller penalties to
large variations. These functions are of two main types:

— Lo L, functions, i.e., continuously differentiable, convex functions that behave
quadratically at the origin and are asymptotically linear. A typical example is the
branch of a hyperbola;

— Lo Ly functions, which differ from the previous ones by being asymptotically
constant and thus non-convex.

This time, it is no longer possible to obtain an explicit solution but the first func-
tions have the advantage of being convex, so the standard minimization techniques
are sure to converge to the global minimum and give some robustness to the solu-
tion [BOU 93]. The others enable the discontinuities to be effectively detected but at
the expense of some instability and high computing costs [GEM 92].

2.1.2.4. Kullback pseudo-distance

In many image processing problems, it is essential to preserve the positivity of
the pixel intensities. One way of doing this is to consider that the positive object
can be identified, after normalization, with a probability distribution, and then to use
the distance measures between probability laws. In particular, the Kullback pseudo-
distance (or divergence, or information) of a probability 7 with respect to a probability
7o (such that 7 is absolutely continuous with respect to ) can be written:

K (7o, m) :/<—1og5—77:0> dmg.

For a reference object whose components m; are positive,
M -
Flx) =K(x,m) = i log —- 2.14
(@) = Kia,m) = 3 e log 2 2.14)

is often used. Here again, it is not possible to obtain an explicit expression for the
solution; it has to be calculated iteratively [LEB 99].

Criterion (2.5) sums up a view of regularization that can be called deterministic,
since the only probability law used is, at least implicitly though the choice of the func-
tional G, the one for noise. It has led to important theoretical developments, essentially
in mathematical physics. However, the questions of choice of the regularizing func-
tional F(«) [CUL 79] and the adjustment of the regularization coefficient o [THO 91]
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are still very open. Section 2.3 presents the principal methods for adjusting the reg-
ularization coefficient that exist in this framework. However, whether we want to set
this hyperparameter by such a supervised method or not, we need to be capable of
minimizing the regularized criterion (2.5) in practice afterwards, as a function of x.
This important aspect of inversion is dealt with below.

2.2. Criterion descent methods

Implicitly or explicitly, most inversion methods are based on the minimization of a
criterion. According to the properties of the latter, the computing cost of the solution
can vary enormously, typically by a factor of a thousand between the minimization of
a quadratic criterion by inversion of a linear system and that of a multimodal criterion
by a relaxation technique such as simulated annealing, everything else being equal.
Finally, the choice of the “right” inversion method depends on the computing facilities
available. And we still need to know which algorithm to use for a given optimization
problem. For instance, in the comparison above, it would be possible, but completely
inefficient, to use simulated annealing to minimize a quadratic criterion. This section
gives a non-exhaustive overview of optimization problems in the context of inverse
problems in signal and image processing, with the associated algorithms. It obviously
cannot replace the literature devoted to optimization as a whole, such as [NOC 99]
or [BER 95].

2.2.1. Criterion minimization for inversion

By criterion minimization, we understand: finding the & that minimizes J ()
among the elements of X. In the rest of this section, we consider the case of real
vectorsl: X € RM. The criterion J and the set X may depend on the data, and struc-
tural properties (additional terms in the expression for 7 expressing “soft” constraints,
whereas the specification of X is likely to impose “hard” constraints), hyperparame-
ters managing the compromise between fidelity to data and regularity.

Thus, in the case of the generalized inverse of section 1.4, J(z) = ||| and
X = {x, ATAx = ATy} is the set of minimizers of ||y — Ax||. In the case of the
specification of composite criteria dealt with in section 2.1.2,

J(x) = G(y — Az) + o F(z), (2.152)
with X = R™ (non-constrained case) (2.15b)
or X = ]Rf7 (positivity constraint) (2.15¢)

1. The case where « is a function (more precisely, the case of a space X’ of infinite dimension)
poses mathematical difficulties that come under functional analysis.
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Defining  formally as the minimizer of a criterion hides three main levels of difficulty
in terms of implementation. In order of increasing complexity we have:

@ J is quadratic: J = T M x —2vTx +const. and X = RM, or else X is affine:
X:{wo—i—Bw u € RP, P<M};

@ J is a differentiable convex function and X = RM or a convex (closed) subset
of RM;

(® J has no known properties.

2.2.2. The quadratic case

In situation (@), with X = R™ assuming M is symmetric and invertible, Z is the
solution of the linear system Ml & = v of dimensions M x M, which expresses the fact
that the gradient becomes zero, V.7 (Z) = 0. We have already encountered a similar
expression in (2.11) and we will meet it again in the Gaussian linear probabilistic
framework of Chapter 3.

In the variant constrained to a space X that is affine, we need only to replace x
by its expression in u to get back to the unconstrained minimization of a quadratic
criterion, in R”.

2.2.2.1. Non-iterative techniques

A finite number of operations is sufficient to invert any linear system: of the order
of M?3 operations (and M? memory locations) for an M x M system. If the normal
matrix Ml = {m;; } has a particular structure, the system inversion cost may decrease.

In signal processing, the stationary nature of a signal is expressed by the Toeplitz
character of the normal matrix (i.e., m;; = ;). Inimage processing using a station-
ary hypothesis, the normal matrix is Toeplitz-block-Toeplitz (i.e., Toeplitz by blocks,
the blocks of sub-matrices themselves being Toeplitz). In both these cases, we find
inversion algorithms costing of the order of M? operations and M/ memory locations
(Levinson algorithm) and even fast algorithms using a fast Fourier transform costing
only of the order of M log M operations. The spectral expression for the “Wiener
filter” of Chapter 4 is a special case where “fast” implementation is possible for the
case of a circulant normal matrix (i.e., M;; = [4j—; mod M)-

The sparse nature of the normal matrix can also be used to good advantage: if
only M L coefficients of M are non-zero, we can hope to decrease the inversion cost
in terms of the number of operations and variables to be stored. For example, if M is
a band matrix (m;; = 0if |j —i| > ¢ < M: a band matrix is sparse and L is of the
same order as /), the inversion cost does not exceed M ¢? operations and M ¢ memory
locations. In particular, a normal matrix M = AT A is band if A corresponds to
filtering by a small finite impulse response.



50  Bayesian Approach to Inverse Problems

2.2.2.2. Iterative techniques

If the number of unknowns M is very large (e.g., pixels in image restoration, or
voxels for 3D objects), the memory cost of non-iterative techniques often becomes
prohibitive. It is then preferable to use a fixed point method, iteratively engendering a
series Z(Y) with a limit Z = M~'v. All the conventional variants verify 7 (2(+1)) <
J (). Three families can be distinguished.

2.2.2.2.1. “Column-action” algorithms

A single component differs between (Y and Z(“+1). The M components are
scanned cyclicly during the iterations. This is the principle of the Gauss-Seidel me-
thod, or coordinate descent [BER 95, p. 143], also called ICM (iterative conditional
modes) or ICD (iterative coordinate descent) in image restoration [BES 86, BOU 93].
It can be generalized for blocks of components and is all the more interesting and
partially parallelizable if A is sparse.

2.2.2.2.2. “Row-action” algorithms

A single component of y is taken into account to calculate Z(t1) from Z(*).
The N data are scanned cyclicly during the iterations, which makes this approach
inevitable if the data are too numerous to be processed simultaneously. The alge-
braic reconstruction techniques (ART), long-standing references in medical imaging
by X-ray tomography, follow this principle to minimize the least squares criterion
ly — Az||* [GIL 72]. They can be generalized to the penalized criterion ||y — A/’
+a|j||* [HER 79], can process blocks of data and are all the more interesting and
partially parallelizable if A is sparse.

2.2.2.2.3. “Global” techniques

At each iteration, all the unknowns are updated according to all the data. The
gradient algorithms are prototypes of the global approach:

2+ — 20 _ )\(55“)) VJ({L?(Z'))’

with V7 (2() = 2M 2 — 2v. Note that the Landweber method defined by (2.4)
is in fact a gradient technique minimizing the non-regularized criterion ||y — Az|*
The conjugate gradient or pseudo-conjugate gradient algorithms are variants that con-
verge more rapidly, in which the successive descent directions combine the previously
calculated gradients to avoid the zigzag trajectory of the simple gradient [PRE 86,
p. 303]. These variants are of first order, thus occupying little memory; they use only
the M first derivatives 0.7 /Ox,,. The preconditioning technique can further increase
the efficiency of CG algorithms, as explained in Chapter 4, section 4.4.4, in the context
of deconvolution.

We will end with second order techniques. In situation (O, with X = RM, and
taking M to be symmetric and invertible, each iteration of the standard Newton’s
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method can be written:
2D =0 — (v?27(@"))T'v7(@D) = M,

considering that V.J (z) = 2Mz — 2v and V27 (z) = 2M. In other words, a single
iteration of this algorithm is equivalent to solving the problem itself. Unless M has
a specific structure, the computation cost is prohibitive for most realistic inversion
problems. Some quasi-Newton variants become iterative again by approaching M1
by a series of matrices P(*). The most popular among them is the BFGS (Broyden-
Fletcher-Goldfarb-Shanno) method [NOC 99, Chapter 8]. For large-sized problems,
the computation burden of such quasi-Newton methods is still too high. A better
choice is to resort to limited-memory BFGS, which can be seen as an extension of the
CG method, in-between first and second order techniques [NOC 99, Chapter 9].

2.2.3. The convex case

The quadratic criteria are part of a larger family of functions J that are convex,
i.e., such that Va1, o € Q, 6 € (0,1),

JOx1+(1—0)x2) <O0J(x1) + (1 -0) T (22)

with X = RM. Similarly, X is a convex set if V&1, 2 € X, 6 € (0,1), we have
0x —I—(I—Q)SCQ cX.

The specification that the criteria be convex but not necessarily quadratic gives a
wider choice as far as modeling is concerned. The Kullback pseudo-distance (2.14) is
convex over R4/; the Markov penalty functions F(z) = > j p(xj—xj41) are convex

over RM if ¢ is a convex scalar function such as ¢(z) = /72 + 22, which was used
in the spectrometry example of Chapter 1, section 1.2.

The minimization of non-quadratic convex criteria, although more difficult and
more costly than the minimization of quadratic criteria, remains altogether compatible
with modern computing resources, which explains the increasingly frequent use of
convex penalty functions in signal and image restoration [IDI 99]. Let us start by
recalling a few fundamental properties of convex criteria [BER 95, App. B]:

— a convex continuous criterion J is unimodal: any local minimum is global and
the set of its minimizers is convex;

—if J1, J2 are convex and a1, ap > 0, then a1 77 + a2 Jo is convex?;

2. This property “explains” why we are interested in convexity rather than unimodality: for
example, the penalized criterion (2.15a) is convex (so unimodal) if G and F are convex, whereas
the unimodality of G and F would not be enough to guarantee the unimodality of the criterion.
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—if J is strictly convex, there exists one and only one minimizer Z in any convex
X that is closed (i.e., the boundary of X belongs to X').

On the other hand, if the criterion is non-quadratic, the minimizer Z is a function
of the data that is generally neither linear, nor explicit. Owing to this, the non-iterative
inversion techniques for linear systems of section 2.2.2 are no longer valid. In con-
trast, the three families of iterative techniques based on the successive reduction of
the criterion give algorithms that converge towards & if 7 is convex and differentiable
and if X = RM. The case of a criterion that is convex but not differentiable is slightly
trickier; modern techniques, known as interior point techniques, approach the solu-
tion by minimizing a succession of differentiable convex approximations [BER 95,
p- 312].

There are also other possible families of convergent techniques: reweighted least
squares, also called semi-quadratic algorithms (see Chapter 6), or the approaches
based on maximizing a dual criterion [BER 95, HEI 00, LUE 69].

If X is a closed convex subset of IR}, some adaptation is necessary: projected gra-
dient or conditional gradient versions in the family of “global techniques” [BER 95,
Chapter 2], and techniques of projection on convex sets [SEZ 82, YOU 82] in the
family of “row-action” techniques. As for “column-action” techniques, they remain
particularly simple if the constraints are separable, i.e., if X is a Cartesian product,
e.g. the positivity corresponds to X = Ry X --- x IR4. Finally, certain constrained
problems are equivalent to a non-constrained problem in the dual domain, which jus-
tifies the use of dual methods.

2.2.4. General case

In the case of non-convex criteria, the possible existence of local minima makes
the use of descent techniques risky, in the sense that any local minimizer is a possible
fixed point for most of these techniques. Whether we have convergence towards x
rather than towards a local solution then depends on the initialization. Several strate-
gies can be envisaged for avoiding these local solutions. Apart from exceptional cases,
they are notoriously more costly than the descent methods and yet still do not guar-
antee convergence towards the global minimizer. Without guaranteeing convergence
mathematically, some techniques are nevertheless sufficiently robust to avoid aberrant
solutions. They then give results that could not have been obtained by minimization
of a convex criterion, for applications such as automatic image segmentation or object
detection.

Two types of approach can be distinguished. On the one hand we have determinis-
tic methods that, in the absence of mathematical convergence properties, favor robust-
ness. For instance, the principle of gradual non-convexity (GNC) [BLA 87, NIK 98]
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consists of gradually minimizing a series of criteria using a conventional descent tech-
nique, starting with a convex criterion and finishing with the non-convex criterion.
The robustness of this technique comes from the quality of the initial solution. Its im-
plementation cost and complexity are relatively low. On the other hand, we have
the pseudo-random methods (simulated annealing [GEM 84] and adaptive random
search [PRO 84]), which make use of the generation of a large number of random
samples to avoid the traps. Simulated annealing has (probabilistic) convergence prop-
erties but the high computing cost of such techniques explains why their use is still
limited in the signal and image restoration field.

2.3. Choice of regularization coefficient

There are few methods for determining the hyperparameters in the framework of
this chapter [THO 91]. The most frequently used are the following.

2.3.1. Residual error energy control

One of the most intuitive and oldest ideas for setting the value of « that comes into
the regularized, or penalized, criterion (2.5) is to consider o as a Lagrange multiplier
in the equivalent problem:

T =argmin F(x) s.t. Gy — Az) =c. (2.16)
x

The degree of regularization is fixed by the value of ¢, which can be considered as a
statistic for which the probability distribution can be deduced from p(y | ). When
G = ||-||? and @ is the true solution, the vector of the residuals y — Az follows the
law of the noise, which is implicitly taken to be homogeneous, zero-mean, white and
Gaussian. It results from this that ¢/o? is a variable of x? with IV degrees of freedom
if 02 is the variance of the noise. It is then recommended to set ¢ to its expectation
value, i.e., No2. However, such a choice often leads to overregularization of the
solution. One explanation is that the regularized solution Z inevitably differs from
the true solution and that the residual errors y — AZ that are effectively calculable
to obtain the value of G do not follow any known distribution. Moreover, in many
problems, the graph of the function G(y — AZ) = G(«) is practically horizontal over
a large range of values of a: any error in the estimation of o2 thus leads to large
variations in the value of « that satisfies constraint (2.16).

2.3.2. “L-curve” method

It is also possible to use an alternative method that has proved its worth in linear in-
verse problems of form (2.5) and in the case where the regularization functional F ()
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is quadratic. This is the “L-curve” method [HAN 92]. It consists of using a log-log
scale to plot the regularization functional F(Z(«)) against the least squares criterion
ly — AZ(c)||* by varying the regularization coefficient . This curve generally has
a characteristic L shape (whence its name) and the value of a corresponding to the
corner of the L provides a good compromise between the contradictory requirements
of fidelity to the data and fidelity to the prior information.

To understand why this is so, we know that, if x( is the exact solution, then the
error Z(a) — x( can be divided into two parts: a perturbation error due to the presence
of the measuring error b and a regularization error due to the use of a regularizing
operator instead of an inverse operator (see (2.2)). The vertical part of the L-curve,
described for low values of «, corresponds to solutions for which F(Z(«)) is very
sensitive to variations in «, as the measurement error b dominates Z(«) and does
not satisfy the discrete Picard condition [HAN 92]. The horizontal part of the curve,
described for high values of «, corresponds to solutions for which it is the sum of
the squares of the residuals [ly — AZ()||* that is the most sensitive to variations of
«, since Z(«a) is dominated by the regularization error as long as y — b satisfies the
discrete Picard condition.

2.3.3. Cross-validation

In the case where the hyperparameters of problem (2.5) are limited simply to the
regularization coefficient and where F and G are quadratic, cross-validation methods
also provide acceptable solutions [GOL 79, WAH 77].

The aim is to find a value of the regularization coefficient o such that the regular-
ized solution:
Z(o,y) = argmin(G(y — Ax) + o F(x)) 2.17)
x

is as close as possible to the actual object «. Let A, be a measure of the distance
between Z(«,y) and x. With the choice of quadratic distances for F and G, it is
natural to also choose a quadratic distance for A:

Ag(o,z,y) = |z — Z(a,y)|?. (2.18)

A, can be interpreted as a loss function measuring the risk involved in using (o, y)
instead of . A reasonable method for choosing o« would be to choose the value that
minimizes this risk on the average, i.e., the mean square error (MSE):

MSE(a,x) = /Aw(mw,y) p(y|x)dy (2.19)

which is an expectation with respect to the noise probability distribution (2.9). Unfor-
tunately, the solution to this problem:

o™ (y, x) = argmin MSE(«, ) (2.20)
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depends on the real object which, obviously, is unknown. As the regularized solu-
tion Z(«, y) can also be seen as a predictor of the observations through y(«o,y) =
AZ(a,y), it is possible to measure the difference between the real and predicted ob-
servations with the following loss function:

Ay, x,y) = |Az — AZ(a,y)|*. (2.21)

The value of « could be obtained by minimizing the corresponding mean risk, which,
in this case, is the MSE on the prediction:

MSEP(a,x) = /Ay(a, z,y)p(y|x)dy (2.22)

but, there again, the solution depends on the real object. The difficulty can, how-
ever, be overcome because the criterion MSEP («, x) can be estimated by general-
ized cross-validation (GCV). Its basic principle is the following. Let (v, y!=*!) be
the minimizer of the criterion:

T @) =Y |y — (Az)* +a ||z]g . (2.23)
n#k

i.e., the object restored by using all the data except sample y;,. It is possible to use
Z(a, yI=*) next to predict the missing data item:

7 () = [AZ(a,y M), (2.24)

The method consists of looking for the value of o that minimizes a weighted energy
of the prediction error oY = arg min,, V («), with:

1 al 2
Z wy, yk — yl[C }(a)) , (2.25)
k=1

where the coefficients w? («) are introduced to avoid criterion (2.25) having undesir-
able properties, such as a lack of invariance during arbitrary rotations of the observa-
tion space, or absence of a minimum. They are given by:

1-— Bkk(a)
1 — trace (B(«a)) /M’

wi(a) =

where Byy, is the kth diagonal element of the matrix B(a) = A(AAT + aQ)~1AT.
The calculation of the minimum relies on the “linear-quadratic” nature of the problem,
which allows a simpler relation to be established:

_ N [@-B(a) y|’
(trace (I — B(a)))?

(2.26)
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This clearly shows that the GCV function V' («) is, in fact, the sum of the squares
of the residual errors weighted by a coefficient that depends on «. This method has
interesting asymptotic statistical properties. For example [LI 86], Z(a°",y) gives
almost surely the minimum of |[Az — AZ(a,y)||* when N — oo. Nevertheless, it
has to be understood that such a result is of interest only in the case of parsimonious
parameterization of the object sought, with a number M of parameters much smaller
than the number IV of data points. These asymptotic properties and numerous practical
results explain why this method has so often been used in 1-D problems. Its use in
image processing is more recent [FOR 93, REE 90].

These methods for choosing the regularization coefficient are only clearly justi-
fied in the framework of quadratic regularized criteria. The stochastic extension of
Chapter 3 will allow us to go beyond this framework.
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Chapter 3

Inversion within the Probabilistic Framework

There are at least two reasons that encourage us to consider solving inverse prob-
lems in a Bayesian framework [DEM 89]. It was in this framework that local energy
functions and Markov modeling, which have had a lasting influence on low-level im-
age processing, were introduced. It is also this same framework that provides the most
consistent and complete answers to problems left in abeyance in other approaches,
such as the choice of hyperparameters or the optimization of a multimodal criterion.

3.1. Inversion and inference

To make the link between inversion and statistical inference more explicit, it is
useful at this stage to sum up the analysis carried out in Chapter 1. After discretization,
the direct problem takes the general form A(x,y) = 0, where A is an operator linking
the unknown object £ € RM to the experimental data y € IR”. Often, it even takes
the explicit form y = A(x) or the linear form y = Az, A being a matrix. Inversion,
i.e., the calculation of & when A and y are known, is very often an ill-posed problem
in two senses.

Firstly, the operator A is often singular, in the sense that there is a class K of
solutions & € K such that Az = 0 (the kernel Ker A = K is thus not empty). Any
element of K can be added to any solution to give another solution and we cannot,
therefore, invert the the direct relation to determine = uniquely from y. This lack of
uniqueness makes the discrete inverse problem ill-posed in Hadamard’s sense. This
situation occurs whenever the instrument response destroys part of the information
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necessary for the reconstruction of the object. Let us not forget, however, that this
ambiguity can be removed by using a more or less empirical rule for choosing among
all the solutions, such as taking the minimum norm solution, for example.

Secondly, and more critically, no experimental device is completely free of uncer-
tainty, the simplest source being the finite accuracy of the measurements. It is thus
more realistic to consider that the object sought and the measurements taken are con-
nected by an equation of the form y = A(x) ¢ b, in which A is an operator describing
the essential part of the experiment and ¢ b accounts for the the deterioration of this
ideal representation by various sources of error (of discretization, measurement, etc.)
grouped together in the noise term. When the observation mechanism can be approx-
imated by a linear distortion and the addition of noise, this equation reduces to (1.3):
y = Ax + b. The presence of this noise has the effect of “spreading” the set /C, since
any element « such that Az = e, where € is “small” relative to the assumed level
of noise, can be added to any possible solution to obtain another acceptable solution.
However, above all, if the ambiguity is removed by taking a rule for choosing an ac-
ceptable solution, it is observed in practice that the latter behaves in an unstable way;
small changes in the data entail large variations in the calculated solution. This
can easily happen even when the solution is unique and depends continuously on the
data, i.e., when the problem is well-posed in Hadamard’s sense. In fact, the instability
comes from the fact that A is ill-conditioned (see section 1.5).

So we see that, in ill-posed problems, obtaining a solution is not so much a prob-
lem of mathematical deduction as a problem of inference, i.e., of information process-
ing, which can be summed up in the following question: “how can we draw the best
possible conclusions from the incomplete information at our disposal?”

To be acceptable, any scientific inference method should: 1) take all the available
pertinent information into account; 2) carefully avoid assuming information is avail-
able when it is not. Probabilistic modeling is a handy, consistent way of describing
a situation of incomplete information. We will now see how it leads to a Bayesian
statistical approach.

3.2. Statistical inference

It should be made clear from the start that any problem dealt with through a
Bayesian approach has to be well-posed in the sense that enough information must
be provided to allow the probability distributions needed for the calculation to be at-
tributed without ambiguity. This means, at least, that an exhaustive set of possibilities
must be specified at the start of each problem. We will call this the data space (or
proof space) if it concerns possible results of the experiment, or the hypothesis space
if it specifies the hypotheses that we wish to verify. It is also useful to distinguish
between two classes of problems, called estimation and choice of model. The first
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studies the consequences of choosing a particular model that is assumed “true”, while
the aim of the choice of model is to select one model by comparison with one or more
other possible candidates.

In an estimation problem, we assume that the model is true for one (unknown)
value x( of its parameters and we explore the constraints imposed on the parameters
by the data. The hypothesis space is thus the set of all possible values of the parameters
H = {x;}. The data consist of one or more samples. For the problem to be well-posed,
the space of all the possible samples, S = {z;}, must also be stated. The spaces H
and S can both be discrete or continuous.

Before making the estimation, it is necessary to state a logical environment I which
defines our working framework (hypothesis space, data space, relationships between
parameters and data, any additional information). Typically, I is defined as a logical
proposition stating:

— that the true value of the parameter is in H;

— that the observed data consist of N samples of the space S;

— how the parameters are connected with the data (this is the role of the direct
model A);

— any additional information.

Of course, the physical nature of the parameters and data is implicitly specified in H,
S and A. Implicitly, all the developments that follow will be within the framework
defined by I, which signifies that any probability distribution will be conditioned by
1. This conditioning will not be indicated explicitly in order to lighten the notation.

We can now get started on the estimation problem by calculating the probability
that each of the possible values of the parameter is the actual value. Let D designate
the proposition affirming the values of the experimental data actually observed and H
the proposition ¢y = « affirming that one of the possible values of the parameter x is
the actual value x.

3.2.1. Noise law and direct distribution for data

In any statistical inference method intended to solve a problem such as (1.3), it is
necessary to start by choosing a probability law ¢(b) describing our information — or
our uncertainty — on the errors b. This is an essential step as it allows the direct, or
sampling, distribution to be found:

plylz) =q(y— Az)). (3.1
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In the vast majority of cases, a centered Gaussian distribution, independent of x, is
chosen for the errors, which gives:

_ - 1
plylz) = 2m) V2RI exp {2 lly - A@)l

where R designates the covariance matrix of the distribution ¢(b). It is often diagonal,
or even proportional to the identity. A question arises immediately: What sense is to
be given to such a choice and in what situations is such a model appropriate?

With a frequentist’s interpretation of a probability, the distribution for the noise
should be that of the frequencies of its values in a very large number of repeated
measurements. It is then justified by reference to the central limit theorem which
says, under fairly broad conditions, that if the noise in a sample of data is the result of
a large number of accumulated elementary effects that are “random” and independent,
the Gaussian distribution is a good approximation of the real frequency distribution.
However, except for fluctuations of electronic origin in a measurement system, the
noise is not generally the result of independent effects (think, for example, of the
discretization errors that depend on the solution xg). Moreover, to be able to make
an inference with this interpretation, it would be necessary for us to have numerous
results of other measurements so as to be able to determine these frequencies, which
is an extremely rare experimental situation.

This Gaussian “hypothesis” is thus not a hypothesis on the “random” nature of the
noise. We are not at all claiming that whatever gives rise to the noise is really random
and follows a Gaussian distribution. It is not even a hypothesis in the true sense of
the word; it is rather the least compromising — or the most conservative — choice that
we can make for the noise distribution in a situation of uncertainty. We are assuming
two things here: 1) that the noise can take any real value but that its average value
is zero; in other words, there is no systematic measurement error (or if there is, we
have been able to detect and correct it), and 2) that we expect there to be a “typical
scale” of noise; in other words, large contributions to the noise are not as probable as
small ones. To put it another way, we think that the distribution for the noise should
have a mean value of zero and a finite standard deviation, even if we have no precise
idea of the value of the latter. On the other hand, we have no idea as to the existence
or otherwise of cumulants of order greater than two. In these conditions, the least
compromising choice with respect to the characteristics that we do not know — which
can be justified by information principles [JAY 82] — is that of a Gaussian distribution.
In addition, if we suspect that the noise components affecting the IV samples have
different scales and are correlated, the covariance matrix of the distribution is there to
express this hypothesis. It is not necessary to specify its value but if it is unknown,
its elements, grouped together in a vector of hyperparameters 0, will in general only
complicate the problem. They are called nuisance parameters for this reason.
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This choice is appropriate whenever this information is all we know about the
noise. As this is a frequent situation, the choice is often made. If we have additional
information about the noise, which leads us to choose a non-Gaussian distribution,
we can include it in the same way but the result will be significantly better only if
the distribution is very different from a Gaussian one. There are situations — such as
imaging with a low particle count — where the data are integers and have low values.
Choosing a binomial or Poisson distribution can then improve the results.

3.2.2. Maximum likelihood estimation

With simply this direct distribution p(y | x, 8), we could define the solution of the
inverse problem as being that of maximum likelihood (ML), the likelihood being the
direct distribution in which y takes its observed value and parameter & becomes the
variable:

" = argmax p(y |z, 0).

xeH
In general, the justification for this choice comes from the “good” statistical charac-
teristics (more often than not asymptotic) of this estimator. The least squares solution
is the special case of the maximum likelihood solution when the direct distribution is
Gaussian:
#° = argmin (y — A(z))" R~ (y — A(z)).
xzcH

Introduced in this way, it is still a weighted least squares method (weighted by the
matrix R™1) that possesses the indispensable property of invariance under changes of
units in £ and S. In many simple situations, this inference method provides all the
information we are looking for. However, in inverse problems where the parameteri-
zation is not parsimonious, the direct distribution does not contain all the information
needed to make the problem well-posed and it does not provide all the technical appa-
ratus necessary for the calculation:

1) In the special case of an indeterminate linear problem y = Ax, where A is
singular (a problem known as generalized inversion), there is no “noise” and so no
direct distribution, except in the rudimentary sense where p(y | ) is constant if x is
in the class C of possible antecedents of y, and zero otherwise. As the likelihood is
constant in class C, maximizing it is of no help for the choice within this class. The
essence of the problem does not lie in the presence of “random” noise perturbing the
data, but rather in the fact that our information is incomplete, although essentially
noise free.

2) In the linear case (1.3), matrix A of the direct problem is often ill-conditioned.
The solving operator AT = (ATR~1A)~* AT R~! is unstable and the solution Z*"- =
AT y is unacceptable: the amplification of the noise is excessive.

3) The problem can have nuisance parameters that are of no interest to us, and they
may be numerous. When matrix R is full, N (N — 1)/2 hyperparameters are added
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which, when they are unknown, generally have to be estimated by ML as parameters
of interest «, and the global maximum may then no longer be a point but a whole
region.

4) We may have highly pertinent information on the solution we are looking for.
For example, we may know that it has to be positive, or satisfy certain constraints (as in
astronomical imaging where the integral of the object may already be known), or that it
is made up of homogeneous regions separated by clear boundaries. Such information
is not contained in the direct distribution but it would be most unreasonable to ignore
it.

5) In many problems, it is necessary to obtain not only a solution but also an in-
dication of the confidence we can have in it. If we simply have the direct distribution
(3.1), the confidence intervals given by the frequency approach only give us informa-
tion on the long term behavior of the solution, i.e., its average behavior over a very
large number of repeats of the experiment. However, we only possess the results of a
single experiment, which often cannot be reproduced.

6) Finally, the estimation of the parameters of a model that is assumed to be valid
is often just one step and we may need to judge the relative merits of various models.

It is therefore necessary to go beyond inference by ML. All the extensions men-
tioned above are “automatically” provided by the Bayesian approach.

3.3. Bayesian approach to inversion

Bayesian inference is so named because it makes great use of Bayes’ rule, which
itself is a consequence of a fundamental rule in probability calculation, the product
rule [COX 61]. Let H be a hypothesis whose truth we want to evaluate and D a set of
data connected with this hypothesis. The product rule stipulates that:

Pr(H, D) = Pr(H | D) Px(D) = Pr(D| H) Pr(H)

where, for example, Pr(H | D) usually designates the probability that H is true know-
ing D. From this we draw Bayes’ rule:

Pr(H | D) = Pr(H) Px(D | H)/ Pr(D)

which is none other than a learning rule. It tells us how we should adjust the proba-
bility attributed to the truth of a hypothesis when our state of knowledge changes with
the acquisition of data. The probability a posteriori for H, Pr(H | D), is obtained
by multiplying its probability a priori, Pr(H), by the probability of having observed
the data D assuming the hypothesis is true, Pr(D | H), and dividing the whole by the
probability of having observed the data independently of whether the hypothesis is
true or not, Pr(D). This last term, sometimes called the global likelihood, plays the
role of a normalization constant.
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A large part of statistical inference is based on the use of prior information on the
quantities to be estimated, which adds to the information given by the data. Thus, it is
not surprising, if we think about the deep nature of the regularization principle set out
in Chapter 2, that it shows a close link with Bayesian inference.

In the case of an inverse problem such as (1.3) and assuming that the probability
distributions concerned admit a density, the prior information on object x is expressed,
in a Bayesian context, in the form of an a priori probability density function (pdf)
p(x | 0). Bayes’ rule allows us to combine this with the information contained in the
data to obtain the a posteriori law:

o |y, A.0) = p|8)ply|z,A.6) _ plz.y|A.0) 32)

p(y|A,0) p(y|A,0)
In this equation, 0 is a vector of hyperparameters composed of the parameters of the a
priori distributions of the errors and the object, and p(y | «, A, 8) designates the data
law conditioned by the true solution «. It is completely determined by the knowledge
of the direct model (1.3) and the noise probability law. The last term ensures the
normalization of the a posteriori law:

p(y|A,0) = / ply |z, A,60)p(z|0) de. (3.3)

In the Bayesian approach, the knowledge (or uncertainty) about object x after obser-
vation of data y only is wholly described by the probability distribution (3.2). This
probability is equal, with just a multiplying factor, to the product of the likelihood
introduced in section 3.2 by the a priori probability p(x | 0). If we assume that, in
the case of section 3.2, the knowledge of x (which then comes purely from obser-
vations and from the structure of the problem) is represented by the likelihood, we
observe that, in the Bayesian approach, taking prior information into consideration
by means of p(x | 8) modifies our knowledge and, in general, has the effect of re-
ducing the uncertainty on the parameter . But above all, because of the framework
adopted, the Bayesian approach enables a wider range of answers to the question
“given a probability distribution for a continuous or discrete parameter x, what best
estimate can be made and with what accuracy?”. There is not a single answer to this
question; the problem concerns the theory of the decision that answers the question
“what should we do?”. This implies value judgements and consequently goes beyond
the principles of inference, which only answers the question “what do we know?”.
Thus, we can equally well deduce a point estimator or a region of uncertainty from
(3.3) [MAR 87, TAR 87]. The maximum a posteriori is a frequent choice for the esti-
mator. It consists of giving & the value that maximizes the distribution a posteriori:

" = argmaxp(x |y, A,0). (3.4)

However, this is only one of the possible solutions. This MAP estimation corresponds
to the minimization of a mean decision cost with an all-or-nothing cost function, the
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limit (when ¢ — 0) of the mean cost Pr(|| & — x¢ ||> ¢). Other cost functions have
been proposed in the framework of image modeling by Markov fields. They lead to
the maximization of the marginal probabilities [BES 86, MAR 87].

3.4. Links with deterministic methods

In the case that interests us here, i.e., an inverse problem in a finite dimension, it is
clear that regularizing according to the general principle indicated in Chapter 2, and
thus minimizing a criterion such as (2.5), is equivalent to choosing the solution that
maximizes the following a posteriori law:

p(x |y, A,0) x exp {721?(9 (y — A(z)) + a]-'(:c))} . (3.5)

where o2 is the variance of the noise. The above probability law is only one of the
possible choices since any strictly monotonic function other than an exponential would
do. However, this choice is particularly suitable here because, with the linear model
(1.3), taking the usual hypotheses that the noise is Gaussian and independent, as G is
a Euclidian norm, the conditional law p(y | x, 4, ) is really:

1
Pyl 4,0) xcexp{ 750 (y — A(@) } - (3.6)
For the analogy to be complete, the a priori law must take the following form:
p(x|0) exp{—%f(az)} , (3.7)

and, for it to be rigorous, the a posteriori law (3.5) must be proper, a sufficient condi-
tion being that (3.6) and (3.7) are also proper:

/IRNexp{—#g (y — A(w))}dy < 400, RMexp{—%‘Q}'(w)}dm < +00.

Many local energy functions used in image processing were introduced in a Bayes-
ian framework. They define x as a Markov field (see Chapter 7). Although the energy
point of view is also held by some members of the image processing community,
criteria of form (2.5) can generally be reinterpreted in a Bayesian framework, even if
it means making minor changes in F to ensure the normalization of equation (3.7).

In consequence, the maximum a posteriori estimator, which is the Bayesian esti-
mator the most used in inversion, becomes the same as the minimizer of the penalized
criterion (2.5):

" = argmaxp(x |y, A,0) = argmaxp(x,y| 4, 0)
B4 x

= argining(y —A(x)) + aF(x)



Inversion within the Probabilistic Framework 67

under the technical conditions that allow this development (principally, that the prob-
lem brings in a finite number of variables). It is thus obvious that the Bayesian frame-
work gives a statistical sense to the minimization of penalized criteria. The question is
not, however, whether the Bayesian approach is a justification of the other approaches.
We could also, and conversely, say that the same result gives a deterministic interpre-
tation of the probabilistic estimator of the maximum a posteriori and that an estimator,
once defined, depends no more on the formal framework that engendered it than on
the digital means used to calculate it. The question is rather one of seeing that the
Bayesian approach provides an answer to the problems raised in section 3.2. In addi-
tion to its great consistency, it makes original tools available:

— marginalization (everything that does not interest us is simply integrated out of
the problem);

— regression (the conditional expectation does not have an equivalent in the energy
framework);

— stochastic sampling (Monte Carlo methods, simulated annealing algorithms, ge-
netic algorithms), not conceivable without the Bayesian approach (on this point, see
Chapter 7, section 7.4.2).

3.5. Choice of hyperparameters

The Bayesian framework appreciably extends the range of methods available for
determining the hyperparameters. To be applied effectively, all the methods described
in Chapter 2 require us to choose the value of the regularization coefficient « and, more
generally, all hyperparameters 8 defining the F and G distance measures: the variance
of the noise, the object correlation parameters and the parameters of the local energy
functions. The determination of @ is the most delicate step in image restoration and
reconstruction methods. Although the problem is still open, the Bayesian approach
provides consistent tools for tackling it.

Hyperparameters 6 constitute a second level in the description of the problem,
which is indispensable to “rigidify” the first level composed of the parameters them-
selves — i.e., the object x. In an ill-posed problem, the value of the parameters is im-
portant for obtaining an acceptable solution but has no intrinsic interest. In a Bayesian
approach, two levels of inference can be distinguished. The first is inference on «, for
a given value of 6, through the a posteriori distribution of equation (3.2). The second
is inference on @ through the analog relationship:

p(@]y, A) =p@|A)p(y|0,A)/p(y|A). (3.8)

Here again, we find a characteristic of the use of Bayes’ rule: the marginal likelihood
p(y |60, A) attached to the data in the second level is the coefficient of normalization
in the first.
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If, as is often the case, this term is sufficiently peaked, i.e., if the data y contain
enough information, the influence of the a priori distribution p(@ | A) is negligible and
the second level of inference can be solved by maximizing the likelihood. But to do
this, we have to solve the marginalization problem corresponding to the calculation
of the integral in (3.3). Such integrals rarely lead to an explicit result. One notable
exception is the joint Gaussian distribution p(x, y | 8, A), as we will see in section 3.8.

To get around the problem posed by the explicit calculation of a marginal likeli-
hood, we can introduce “hidden variables” q which complete the observations y in
such a way that the new likelihood p(y, q | 0, A) is simpler to calculate. We are then
led to maximize the conditional expectations by iterative, deterministic or stochastic
techniques (EM and SEM algorithms) [DEM 77], the algorithm converging towards
the solution of ML. The need for such stochastic approaches appeared when it was
found to be impossible to implement convergent likelihood maximization methods by
conventional optimization techniques, as the likelihood was not calculable.

Furthermore, the joint distribution or generalized likelihood:

p(y,x|60,A) =p(x|y,0,A)p(y|0,A) =p(y|x,0,A)p(x|0) (3.9)

sums up all the information at the first level of inference. Its maximization with re-
spect to « and O can be envisaged. Thus, the integration problem raised by (3.3) is
obviously removed. At fixed 0, the generalized maximum likelihood (GML) coin-
cides with the MAP; at fixed x, it corresponds to the usual ML for €, « and y being
known. Nevertheless, repeated alternation of these two steps is hazardous: the char-
acteristics of the corresponding estimator are not those of the usual ML [LIT 83]. It
can even happen sometimes that the GML is not defined because the likelihood may
have no maximum, even local [GAS 92]. This technique thus has a marked empirical
character.

Thus, the Bayesian approach leads fairly naturally to the use of estimators based
on likelihood for the estimation of the hyperparameters. Despite definite difficul-
ties of implementation, interesting results have been obtained in a one-dimensional
framework. In a two- or three-dimensional framework, we have to be more cautious.
Although it is possible to estimate the hyperparameters in several cases, the values
obtained using this approach do not necessarily lead to good results for the estimation
of the parameter of interest , particularly when the latter comes from “natural” data.
The cause could lie in there being too great a difference between these natural data
and the behavior of the a priori model. The question of hyperparameter estimation
thus remains wide open.

3.6. A priori model

A reproach that is often levelled against Bayesian estimation is that it depends on
the knowledge of a hypothetical, uncertain “true model” that engendered the object
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to be reconstructed. To formulate this reproach, we have to implicitly accept that
reality can be “enclosed” in a mathematical model. This opens up a huge philosoph-
ical debate... In the case of the probabilistic approach to inversion as we see it, the
frequentist’s interpretation of the probabilities maintains an annoying confusion. It
does, however, seem important to recall that our probabilistic hypotheses are not hy-
potheses on the “random” character of the object but choices of a way of representing
incomplete prior information — or uncertain knowledge — compatible with the chosen
inference tool. This situation is far from unusual, as it is rare for the prior informa-
tion available in a real problem to come in a form directly suited to the theoretical
framework chosen for its processing.

Let us remember that the advantages of the Bayesian approach stem not so much
from the additional information introduced by the prior — the energy and deterministic
interpretations of the functional of regularization F () of section 3.4 show that this
information is not proper to the Bayesian approach, and the information on nuisance
parameters is diffuse most of the time — as from the access it provides to a layer of
tools that does not exist in the other approaches, such as marginalization, regression
and pseudo-random algorithms.

Having said this, the conversion of prior information into probabilities is a tricky
problem that is still far from being solved. To describe object x, the prior is often
chosen pragmatically, as we will see later. There are, however, some formal rules that
lead to reasonable choices [BER 94, KAS 94, ROB 97] and are used in particular for
the hyperparameters. They often lead to an improper law, which does not cause any
special difficulty if it is handled correctly [JEF 39]. Here are a few examples.

Some methods rely on transformation group theory to determine the “natural” ref-
erence measure for the problem and to satisfy certain invariance principles. In practice
though, this approach has done little more than justify the use of Lebesgue’s method
for the localization parameters (thus providing an extension to the continuous case
of the uniform distribution resulting from the application of Bernouilli’s “indifference
principle” in the discrete case) and the Jeffreys measure in the case of scale parame-
ters [JEF 39, POL 92].

Other methods are based on information principles. These are mainly maximum
entropy methods (MEM), in which we look for the distribution that is closest to the
reference distribution (in the Kullback divergence sense) whilst verifying incomplete
prior information [JAY 82]. There again, this approach has mainly just helped to
justify certain choices after the event. In addition, it is only really workable when the
prior information is made up of linear constraints on the distribution we are looking
for (moments). We are thus working in the family of exponential distributions.

Another formal principle consists of using a conjugate prior, i.e., a prior belonging
to the same family as the direct distribution of the problem, to obtain an a posteriori
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distribution in the family [ROB 97]. This is only of interest if the family in question
is as small as possible and parametrized. In this case, the step from a priori to a pos-
teriori, by application of Bayes’ rule, comes down to updating the parameters. The
interest of this method is essentially technical, as the a posteriori is always calculable,
at least up to a certain point. A partial justification can also be found by invariance
reasoning: if the data y change p(«) into p(« | y), the information that y contributes
about « is clearly limited; it should not lead to a change of the whole structure of p(x),
but only of its parameters. It is obvious though that the main motivation for using the
method is its convenience. However, only certain families of direct distributions, such
as exponential families [BRO 86], guarantee the existence of conjugate priors and it
is often necessary to limit use of the method to this class of distributions. In addi-
tion, the “automatic” nature of this way of making choices is rather deceptive because
additional hyperparameters — the values of which have to be specified — inevitably
appear.

A last, very important class is composed of “tailor made” constructions, in other
words, constructions that are not based on general principles like the previous ones
but make pragmatic use of probabilistic methods that express the properties expected
of the solutions as well as possible. It is into this category that we must put the Gibbs-
Markov fields, which have undergone spectacular development in imaging since 1984
[GEM 84] and which allow essential local properties that an object must possess to be
incorporated into an a priori distribution. The construction of these models requires
considerable know-how but is a very powerful way of incorporating elaborate prior
information. The price to be paid for this is high complexity, both in the handling of
the models and in the implementation of the resulting estimators. Chapter 7 is entirely
devoted to Gibbs-Markov models.

3.7. Choice of criteria

The Bayesian approach brings inversion down to the determination of an a pos-
teriori law. Since we cannot envisage calculating such laws completely, we content
ourselves with looking for a point estimator, which is often the maximum a posteri-
ori one. There are alternatives (marginal maximum a posteriori, mean a posteriori,
etc.) but it is important to assess the consequences of such a choice carefully and, if
necessary, think about alternatives.

It is reasonable to raise the question of the necessity for the solution to be contin-
uous with respect to the data and, consequently, the need for convexity of the regu-
larization criteria. While quadratic and entropy approaches are well known for mak-
ing inverse problems well-posed, the minimization of a non-convex functional cannot
guarantee that the solution will be continuous: a small variation in the data can induce
a “jump” from one valley to another and thus a loss of continuity. However, in many
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problems, these transitions are not only desirable but necessary to restore discontinu-
ities, edges, interfaces, bright spots, etc. without limits in terms of spatial resolution.
We can shed a different light on this problem by noting that certain non-convex cri-
teria introduced in imaging have an equivalent expression implying hidden variables.
In this case, the problem leaves convex analysis and incorporates a measure of com-
binatory analysis or hypothesis testing, which comes more under decision theory than
estimation. Bayesian analysis remains pertinent in this combined detection-estimation
context. Much recent work has followed this direction, combining several levels of
variables, mixing low- and high-level descriptions, or data acquired by different ex-
perimental means. It is in this sense that the conventional concepts of regularization,
such as continuity with respect to the data, are not completely appropriate and an effort
should be made to extend them.

3.8. The linear, Gaussian case

The Gaussian laws associated with linear direct models provide a linear estima-
tion structure and thus a very convenient algorithmic framework. However, they only
allow us to incorporate crude information, basically limited to second order charac-
teristics. Thus, in standard regularization theory [TIT 85], the choice of a quadratic
term for fidelity to the data: G(y — Azx) = |y — Az|3 is equivalent to choos-
ing a Gaussian distribution for the noise: ¢(b|Ryp) ~ N(0,R;), with R, o P71,
Similarly, choosing quadratic penalization: F(z) = ||Dyx||” is also equivalent to
choosing a Gaussian prior distribution for the object: p(x |R,) ~ N (0,R;), with
R, x (Dka)_l, assuming, of course, that the matrix Dka is defined as positive.
Deterministic “linear-quadratic” regularization is thus rigorously equivalent to Gaus-
sian linear estimation and the solution, which is explicit, is given by equations (2.11)
and (2.12):

z=(ATR,;'A +R,;)'ATR, 'y, (3.10)
=R, AT (AR, AT +Ry) 'y, (3.11)

and has the remarkable characteristic of being a linear function of data y. This “linear-
quadratic” or linear Gaussian inversion holds a dominant position in inversion prob-
lems and it is a common reaction to say “inverse problems aren’t complicated; you
just need to smooth the data before doing the inversion”. This way of seeing things
is not wrong and is, in fact, sufficient for many problems but it is limiting; it stops us
from going further and induces a cascading scheme — linear filtering of a generalized
inverse solution — that is only justified in the “linear-quadratic” framework.

3.8.1. Statistical properties of the solution

Solution (3.10) is, in the Gaussian case, the mode, the mean and the median of
the a posteriori probability distribution (3.5) all at once. It minimizes several very
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commonly used cost criteria, in particular the mean quadratic error. Obviously, in
this case, we are talking about a mean with respect to the a posteriori distribution,
but many physicists and engineers only know the mean square error (MSE) defined
as a mean with respect to the direct distribution (3.6). It is therefore useful to study
the MSE, which is the sum of the bias energy and the trace of the covariance matrix:
MSE(Z) = |E(&) — x| + trace Cov(Z) , designating the “true” solution by .
For the sake of simplicity, we will assume that the noise is stationary and white: R;, =
o2 1 and that we can write R, = 02 (D”D)~!. We thus have o = 0 /02.

The expectation of regularized solution (2.11), for direct distribution (3.6), can be
written:

E(z) =E((A"A+aD"D) ' AT(Az, + b))
= (ATA +aD'D) ' AT Az, .

Thus, for the bias to be zero (E(Z) — &y = 0), we would need & = 0, i.e., we must
not regularize! The bias energy is:

IE(&) — @0 = ||(ATA +aD"D)" ATA —T) x|,

an increasing function of «, that equals zero and has a zero derivative at « = 0 and
that tends towards ||z |* when a — oc.

The covariance matrix of the solution can be written:
Cov(z) = E((z - E(®)) (z - E(2))")
=02 (ATA +aD'D) ' ATA (ATA +oD'D) .

To calculate its trace, we assume that matrices A and D have the same singular vec-
tors!, so that we have the factorizations:

ATA=UA?2UT and DTD=UA2UT,
where A, and A4 are diagonal matrices composed respectively of the singular values
Aa(k) of A and \j(k) of D, k=1, 2, ..., M. We thus obtain:

- M Ao (k)
race Cov(Z) = o7 -
trace Cov(Z) = o}, ; (A2(k) + a N2 (k))?

)

a strictly decreasing function of «, tending towards zero when a@ — oo.

1. This is the case, for example, if D is the identity matrix, or if A and D are two circulant
matrices, such as those we will encounter in Chapter 4.
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Thus, there is an “optimum”, strictly positive, value of «, that makes the MSE
minimum. It is worth noting, however, that it depends on the true solution  through
the bias energy and that efforts to find it would therefore be in vain. Also note that
an approach, frequent in statistics, consisting of looking for estimators without bias
and, if a degree of freedom remains, with minimum variance2, leads to the generalized
inverse solution, the MSE of which is:

MSE(z) = trace Cov(z®) = o7

>
[ V)
—| =
™
~

k=1"4¢

This can be considerable when some singular values A, (k) are small, which is pre-
cisely the case in discretized and ill-conditioned problems. It can thus be said that,
in terms of MSE, regularization consists of voluntarily introducing a bias in order to
considerably reduce the variance of the solution.

3.8.2. Calculation of marginal likelihood

The linear, Gaussian case is one of the few that allow an explicit calculation of the
marginal likelihood of equation (3.3), used to adjust the values of hyperparameters 6.
When these are limited to the variances o7 and o2 for example (or to the pair o7 and
a = 02 /02), we have:

. ylotop) = (2mof) " (2m02) M DTD? 0t

where Q= (y—Az)' (y — Az) +axz’D'Dzx.

To calculate the ordinary, or marginal, likelihood of o and af, we have to “integrate
x out of the problem”. To prepare this integration, a perfect square is conventionally
made to appear in Q:

Q= (x—-2)" (ATA+aDTD) (z — 2) + S(a),

with S(a) = y? (y — AZ), which leads to a Gaussian integral:
pyla, Ul?) = /p:c7 y|0g2m Ul?) da

= (2n02) " aM2|DTD|"? |ATA 4+ aDTD|/? e S(e)/200

2. This strategy has no serious basis. Good asymptotic properties (when N — o0) are often
mentioned for these estimators without bias and with minimum variance, but an estimator such
as (3.10) also converges towards xo in the same conditions, and faster, since for any finite IV,
its MSE is smaller.



74  Bayesian Approach to Inverse Problems

By switching to logarithms, we obtain the log-marginal likelihood:
L(a, 0}) =
M N oy 1 T 1 T T S(a)
710ga— 710g(27r0b) + §log{D Df — §log A"A+aoD D| — ﬂ.
If this likelihood is sufficiently peaked, we can then satisfy ourselves with finding the
(@, 57) pair that maximizes L(«, o). We have:
oL N | S(a)
dof 20} 20}

the““usual” estimator for variance. It is, however, difficult to maximize L as a function
of . We will thus content ourselves with finding & by exploring a discrete grid, since
the result Z(«) is, in general, sensitive only to variations of the order of magnitude of
o [FOR 93, THO 91].

3.8.3. Wiener filtering

The “linear-quadratic” framework is the only one that allows a statistical interpre-
tation to be given in the infinite dimension problem [FRA 70]:

y=Azxz+b, reX, ye). (3.12)

For this, we assume that the functions z, y and b appearing in equation (3.12) are
particular trajectories or realizations, of stochastic processes X,Y and B, linked by
an analog relation3;

Y=AX+B. (3.13)

If the zero-mean process X depends on a variable r, its covariance function is defined
as I'x(r, ') = E(X(r) X(r")), and we assume that the functions z, trajectories of
the process X, belong to a Hilbert space X and the functions y and b, the respective
trajectories of Y and B, belong to the same Hilbert space ) (which may be distinct
from X’). The covariance (function) of X can thus be considered as the kernel of an
operator Rx defined on the space X:

(Rx 6)(r) = / (. ) o) dr'.  de X,

The inverse problem is to estimate a realization x of X, given the observation data
of the realization y of Y and probabilistic prior knowledge on the processes X and B.

3. Here, for the sake of simplicity, we also assume that processes X, Y and B have zero mean.
This hypothesis is not restrictive as, if they do not, the processes can always be centered and,
thanks to the linearity of A, relation (3.13) remains true for the centered processes.
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In the special case where X is a Gaussian process (or any linear transformation — such
as the derivative — of a Gaussian process), the a priori probability law for X can be
written symbolically%:

px () ocexp{—% <a:,R;(1a:>X} .

If we take the hypothesis that the noise process B is additive, white and Gaussian of
variance o2, the a posteriori law can be written:

1 _
px(z|Y =y) O(exp{—ﬁ (||y—Aa:||§,—|—cr2 <x,RX1x>X)} .

The best estimator of z, given the observation data y, depends on the choice of the
optimality criterion but, in this case, if we choose the maximum of the a posteriori
law or the MSE and if we factorize the covariance operator according to:

Rx = (C*C)7}, (3.14)

the solution minimizes the criterion ||y — Az|3, + 02 | Cz||3. It follows that Z = Gy,
where G is given by (2.7) with & = 2. Moreover, if we define the operator Rp =
o2 Id, where Id is the identity operator in ) (R is the covariance operator of white
noise), then G can also be written in the form:

G=Rx A*(ARx A* + Rp)™}, (3.15)

which is the form of the Wiener filter. Put differently, the Tikhonov regularizer (2.7)
is analogous to a Wiener filter in the case of white noise, provided that the constraint
operator C' that appears in it is linked to the covariance operator R x by relation (3.14).
Note, however, that second order ergodic processes have trajectories of finite power
but infinite energy: X’ is not a summable square function space.

Equation (3.15) differs from the usual expression for a Wiener filter expressed in
the Fourier domain. In fact, the expression above is more general. We will find the
usual formulation again in Chapter 4, by taking advantage of additional hypotheses
such as the convolutional structure of operator A and the weak stationarity (second
order) of random processes X and B.

In contrast, in the case of non-quadratic functionals G or F, the minimization
of criterion (2.5) does not have a systematic statistical interpretation. In substance,
the difficulty comes from the fact that the mathematical quantity characterizing the
probability of a random process indexed on a space of finite dimension is, in this case,
a set of functions having no direct relation with (2.5) and not allowing the likelihood
function to be defined naturally.

4. In fact, the law of a process is given by the joint law of the n random variables
X(r1), X(r2), ..., X(rn),Vn € N,V(r1, r2, ..., rn) € R™
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PART 11

Deconvolution






Chapter 4

Inverse Filtering and Other Linear Methods

4.1. Introduction

Many physical systems can, as a good approximation, be considered as linear with
respect to their inputs and invariant under translation of the variables of the input
signal (e.g. one time variable or two space variables). They can then be modeled
using convolution. For this reason, deconvolution is a generic inverse problem that
comes into many applications: non-destructive testing, geophysics, medical imaging,
astronomy, communications, etc. Several of these applications have chapters devoted
to them in Part II of this book.

In this chapter, we present the specificities of convolution, and then the techniques
for linear deconvolution. This is equivalent to spectral equalization; and therefore
cannot restore frequency components that have been cut out by the observation sys-
tem; it can simply compensate for some of the attenuations introduced. The resolution
of linear solutions is fundamentally limited by the spectral content of the data. To
go beyond this limit, we need to use nonlinear techniques, which require additional
information or hypotheses on the object to be restored and will be seen in later
chapters.

The main interest of linear solutions lies in their speed and ease of use — although
implementation techniques have evolved greatly in the past 20 years — and in their
remarkable robustness with respect to hypotheses on the object, precisely because of
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their simplicity!. These solutions thus serve as references to which all more elaborate
solutions are compared. They can also be intermediate means in calculations, as in the
semi-quadratic methods presented in Chapter 6. So we will pay particular attention to
these questions of implementation here.

Finally, tuning linear solutions is relatively simple: it consists of choosing the
second-order characteristics of the signals under consideration. It is possible to use the
numerous results on the second-order modeling of signals and specify their correlation
function, or their spectral density, or a difference equations model. As a last resort, a
single scalar parameter, the coefficient of regularization, can be adjusted. In this case,
it is essentially a ratio between the input powers and the noise, and thus a signal-to-
noise ratio (SNR), one of the most familiar notions we could wish for. Furthermore,
there are simple, proven techniques for choosing the regularization parameter, which
are presented in section 3.8 and section 2.3.3.

4.2. Continuous-time deconvolution

In a continuous-time setting, the convolution equation can be written:
y(t) = (Az)(t) = (hxz)(t) :/ z(t—t)h(t') dt', teR. 4.1)
R

In this equation, x is the input to be restored, h the kernel of the convolution operator A
or the impulse response (IR) of the observation system?, and y represents the observed
data. This is a special case of equation (1.9) of Chapter 1.

4.2.1. Inverse filtering

If we restrict ourselves to the case where z, y and h are generalized functions or
tempered distributions possessing Fourier transforms (FT), one solving method seems
to impose itself. By Fourier transformation, equation (4.1) becomes:

y()=Z(W)h(v), veER, (4.2)
whence the solution by inverse filtering:

Z(v) = §(w)/h(v) and z(t) = FHzw)}. 4.3)

1. It is always wise to remember the old law of cybernetics, somewhat neglected nowadays,
that says “[...] the quantity of information required is a measure of the machine’s tendency to
go wrong” [WIE 71].

2. In this chapter, it is assumed to be known. See also Chapter 8, which deals with situations
where this is not the case.
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As the transform Z(v) determines x(¢) completely, it is sufficient, in principle, to
know y(v) and h(v). However, things are not that simple [ARS 66].

If we take the situation of a convolution algebra X, the necessary and sufficient
condition for Vy € N, y = h*x to have a solution in N is that & possesses a convolution
inverse ! such that h x h~! = §. We then obtain the solution immediately:
y*h~! = x. However, h~! does not always exist if & is, for example, a distribution.
Even worse, h ! may exist only for certain functions y. Moreover, if X admits zero
divisors, there is an infinite number of solutions.

We should not lose sight of the purely formal aspect of equation (4.3). For it to
have meaning, 1/h(v) has to exist and be a tempered distribution. Thus A (v/) has to
be a function that is never zero for any value of v and does not tend towards zero at
infinity faster than any power of 1/v. These are very strict conditions that are never

satisfied in practice. What is more, for most real observation systems, |k ()| — 0
when v — oo and the solution given by (4.3) is inevitably unstable. The experimental
data always contain errors:

y(t) = /R 2t — OV R(t) dt + b(t) 4.4)

and there is no reason why the FT of the error, or the measurement noise, b(t), should

decrease at infinity like ﬁ(y) Finally, introducing boundedness hypotheses on the
support of z(v) or z(t) does not solve anything:

— if the class of inputs is restricted to limited bandwidth functions, it is necessary,
if a solution is to be found, for the support of the input spectrum to be included in the

frequency band where E(y) is known, which is the classic Rayleigh criterion used in
instrumentation. If we consider the instability due to small values of h, it could seem
useful to assume a bounded support for FT z if such a support was much narrower than
the support of FT h and restricted to regions with high SNR. However, this would
imply having an observation system of much higher resolution than that needed for
signal recovery, which is a rare situation of little interest;

— if, conversely, the class of inputs is limited to functions with bounded support,
we know that z(v) is an analytical function that can, since Weierstrass, be extended
starting from our knowledge of it on an interval. However, these analytical extension
methods require the function and all its derivatives to be known exactly, and their
implementation is too sensitive to measurement errors [KHU 77].

The example of a moving average (MA) filter:

t
y(t) = = /t eyt (4.5)

that will be used throughout this chapter and whose frequency response is shown in
Figure 4.1 accumulates several difficulties. Its frequency response is a cardinal sine
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Figure 4.1. Modulus of transfer function of the MA filter defined by (4.5) (T = 1). Scale is
linear on the left, logarithmic on the right

that attenuates the high frequencies — they are inevitably drowned in the noise — and,
what is more, is canceled out for frequencies that are multiples of 1/7" Inverse filtering
cannot provide a solution.

4.2.2. Wiener filtering

The simplicity of form of equation (4.3) is deceptive and we find ourselves in
the heart of the difficulties described in Chapter 1. If x, y and h are assumed to be
functions with summable squares — a hypothesis that is very often acceptable from
a physical point of view — the associated operator A is compact and bounded but its
image Im A is not closed. The deconvolution problem is thus ill posed and regular-
ization methods are needed. In the framework of this chapter, we will limit ourselves
to penalty methods using quadratic regularization functionals, and will choose the
Tikhonov regularizer (2.7) or the Wiener filter (3.15).

The regularized solutions to the continuous-time deconvolution problem date back
to Wiener’s work on optimal filtering in the 1950s, which was applied immediately to
solve equation (4.4) (e.g. in geophysics [ROB 54]). In Wiener’s approach, presented
in Chapter 3, the input signal and the noise are modeled by second-order random
processes, characterized by their covariance function. In the stationary case, the co-
variance functions are invariant under translation and are thus functions of a single
variable, the correlation functions 7 (¢) and r°(t) which can also be specified by their
FT, the power spectral densities S, () and Sy(v).

With these hypotheses of stationarity and operator A being a convolution, the gen-
eral form of Wiener filter (3.15) takes a particularly simple expression by passing into
the Fourier domain as its frequency transfer function can be written:

e P 1 ROESE) o
)P S:0) + 80)  h(w) [h(E) S.(0) + Sy(v)

Thus, we see that the Wiener filter is, in fact, a cascade of an inverse filter — of transfer
function 1/ (v) — and a stabilizing filter. The latter has a practically unit transfer in
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frequency bands with a high SNR, i.e., when |E(1/)|2 Sz(v) > Sp(v) and the whole
then behaves like an inverse filter. On the other hand, when the SNR becomes zero in
other frequency bands, the transfer becomes zero, as does that of the stabilizing filter,
thus controlling the divergence of the inverse filter. Thus we see clearly why Wiener’s
solution, or “linear quadratic” regularization can only manage to equalize the spectral
content of the data in the band of frequencies where the SNR is sufficient.

Filter (4.6) is generally not realizable (being non-causal), which is obviously a
nuisance for implementation using an analog electronic device. Many authors have
thus taken an interest in obtaining solutions under constraints, e.g. of causality or
finite duration. The first causal solutions used spectral factorization of the signals
under consideration, i.e., they represented a signal as the output from a filter with
white noise as the input [VAN 68].

In the 1960s, such representations were replaced by state representations (see sec-
tion 4.5), which not only enabled the implementation problems for constrained ver-
sions of the Wiener filter to be solved but, above all, allowed the results to be eas-
ily extended to the non-stationary case. Kalman-Bucy filtering [KAL 60] was born,
and was rapidly applied to deconvolution, e.g. in geophysics, in the 1970s. The refer-
ence [BAY 70] gives a good introduction to continuous-time Kalman filtering together
with examples of its use in geophysics, illustrated by the processing of analog data.

Nowadays, with the development of personal computers, the signals are most often
discretized as soon as they are acquired. So, before presenting the corresponding
methods, we are going to study the consequences of this discretization on the nature
of the problem.

4.3. Discretization of the problem

As the signal to be deconvolved y is discretized, the input to be restored x is also
discretized most of the time, which leads to the processing of a discrete-discrete in-
verse problem (see Chapter 1). The discretization of the output often comprises an
integration (as, for example, with a CCD camera). The developments that follow, con-
cerning the case of simple sampling, can be mostly used as they stand, the integration
being included in the system response h.

4.3.1. Choice of a quadrature method

To discretize the problem, the input to be restored x € X (see section 1.3) is
decomposed on a family of functions {g,, }:

M
z(t) = Z T gm () + 2% (8) , 4.7)
m=1
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where the x,,, are the decomposition coefficients and x* is a residual truncation error
term.

If the observed signal y is sampled regularly at a finite number, N, of instants
t, = n/At, we can write:

M
Yn = y(nAt) Zzhn,mxm+bn, n=1..., N, (4.8)
m=1

where iy = [ gm(nAt — t) h(t) dt, and b,, = b(t,) represents the sum of the
measurement noise and the filtered truncation error [ z*(nAt — t) h(t) dt.

It is common practice to decompose x on a At¢-shifted kernel basis g,,(t) =
g(t — mAt), which allows the problem to be written in the form of a discrete-time
convolution:

ynzzﬁn—mxm+bny n:1727~'~7Na

m=1

but it should be noted that the discrete IR is then sampled from a filtered version of h:
hie = (h % g)(kAY). (4.9)

Hence, in general, the cut-off frequency of the discrete-time system is different from
that of the continuous-time system.

V!hen the basis kernel g is an interval indicator of width At, the coefficients x,,
and hj are the mean values of the input and the IR, respectively, over intervals of
width At. When the basis kernel is a cardinal sine of pseudo-period At, convolution
(4.9) truncates h to the band (—At/2, At/2]. If b is of limited bandwidth included in
this interval, Shannon’s condition is verified and iNLk = h(kAt). Otherwise, the cut-off
frequency of the discrete system is lower than that of the continuous problem, which
in fact corresponds to a regularization by dimension control.

_Another element to be taken into consideration is the time-domain truncation of the
IR Ay, which is indispensable to obtain a finite-dimension problem. From this point of
view, choosing a cardinal sine, which has a very slow decay, as the basis kernel leads
to greater truncation effects than the use of indicators. Intermediate choices exist, of
course, e.g. spline functions or prolate spheroidal functions.

By concatenating the N equations (4.8) describing the relations among the values
of the observed signal y,,, those of the signal to be restored x,, and the coefficients of
the IR h,, (direct problem), we obtain a linear N x M system of the form (1.3)

y=Hz+b. (4.10)
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We know (see Chapter 2) that the difficulties of inverting such a system are connected
with the conditioning of matrix H, which we will study after having clarified its struc-
ture.

4.3.2. Structure of observation matrix H

In what follows, the notation hj will be used to mean the IR of the discrete
problem and we will take it that its effective support — i.e., the domain for which
the coefficients hj have significant values — is smaller than the time interval N At
over which y is observed. As this IR is not necessarily causal, we write: h =
[h_q, .-, ho, ..., hyp]|T. These P + Q + 1 significant coefficients are thus such
that: P 4+ @Q + 1 < N. The discrete convolution equation is then:

P
Yn= D hpTnp+by, n=12 ., N, (4.11)
p=—Q

The deconvolution problem is often considered to consist of estimating a vector
x = [r1, ..., x| from an observed vector y = [y1, ..., yn]T having the same
support. Unfortunately, equation (4.11) shows that it is then impossible to establish a
relationship like (4.10) between these two vectors, because of boundary effects. Actu-
ally, if we write out the components of matrix equation (4.10), we obtain:

[T _—P+1]
Y1 hp. h() h,Q 0 0 33.0
Y2 0 hp...ho h_QO 1
= (4.12)
...0 hp... ho ...h O TN
YN 0 .0 hp ... hy ... h_g IN+1
_DCN.+Q_

and the problem is undetermined because M = dim = N+ P+ Q@ > dim y = N.

Matrix H thus has a Toeplitz form with a band structure, as P + Q + 1 < N.
In the case of an image (2D problem), discrete convolution (4.11) involves summing
over two indices and it is usually brought down to the same matrix expression (4.10)
by constructing vectors  and y by a lexicographical scan — e.g. line by line from left
to right and top to bottom — of the tables containing the values of the pixels of the
object to be restored and of the blurred observed image [HUN 73, JAI 89]. Matrix H
deduced from this has a block-Toeplitz structure and each block is itself Toeplitz. To
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simplify the notation, we will call them Toeplitz-block-Toeplitz matrices from now
on.

It should first of all be noted that the structure of H allows the product Hx to be
calculated quickly. It is always possible to complete this matrix with additional rows
so as to obtain a circulant square matrix Cy, of order M = N + P + (). A circulant
matrix is a Toeplitz matrix entirely defined by its first row: a row is obtained from the
previous one by circular permutation. Circulant square matrices can be factorized in
the Fourier basis [HUN 71]:

Ch,=W"'AL W, (4.13)

where Wy, o = e~ 2/m(k=1)(¢=1/L /\/]is the unitary Fourier matrix of order M and
Ay is a diagonal matrix in which the diagonal elements are obtained by discrete
Fourier transform (DFT calculable by fast Fourier transform — FFT) of the first col-
umn of Cj,. The product Ha can then be obtained by the following operations:

1) DFT of x and of the first column of Cy,;

2) component by component product of the two DFTs obtained;
3) inverse DFT of result;

4) extraction of y (of dimension N) in the resulting vector.

This technique, which uses zero-padding, is usually very advantageous in terms of
computing cost. In 2D, it can be generalized by making use of the properties of
circulant-block-circulant matrices (i.e., circulant by blocks and where the blocks them-
selves are circulant) with square blocks [HUN 73].

To return to boundary problems: if we define the vectors x; = [a:_ Paly « v xO]T
and , = [TN41, ..., Tn+@]T to be the left and right “borders” of the unknown
vector x, linear system (4.12) can be written [NG 99]:

y=Hx+H.x+H,z,+0b, 4.14)

where from now on wenote © = [z, ..., T N]T. H; is made up of the first P columns
of H, H; of the last () columns, and H, designates the central part of H.

There are then two cases:

1) Vectors x; and x, are unknown and we want to estimate them, thus trying to
obtain M = N + P + @ values from N equations. The resulting indetermination
is not a problem in a regularized framework (see Chapter 2). On the other hand, the
convolution matrix does not have a circulant structure, which leads to more costly
inversion algorithms.

2) Vectors x; and x, are unknown and we do not want to estimate them. Thus
we want to approximate equation (4.14) by a square N x N system. There are sev-
eral approximations that correspond to boundary conditions added to the statement
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of the problem. The prewindowing (respectively postwindowing) consists of taking
x) (respectively a,) to be zero, which can be justified in certain situations (causal or
transient phenomenon). Below, we describe two other boundary hypotheses that are
very advantageous in terms of computing cost.

4.3.3. Usual boundary conditions

A much-used approximation involves taking the hypothesis that the signal to be
restored is N-periodic: ) = [tN_py1, --., zn]? and @, = [71, ..., 2¢]”. Equa-
tion (4.14) then becomes y = H, x + b, where the new convolution matrix:

H, = [Onx(nv—p) | Hi] + He + [H; | Oy (v—0)] (4.15)

is circulant and can thus be diagonalized in a Fourier basis: H, = W* A, W. Its
eigenvalues are obtained by DFT of the first column h, of H,, which is an N-periodic
zero-padded RI. In the case of the non-causal RI h introduced in section 4.3.2, it writes
he = [hoy ..., hp,0,0,...,0,h_q,...,h_1]T.

Another, less frequent, approximation imposes a “mirror condition” (also known
as a Neumann boundary condition [NG 99]) on the boundaries or, in other words,
assumes that 1 = [zg, 2g-1, ..., x1]7 and &, = [TN, TN-1, ..., TN—P+1]T
The new convolution matrix coming from equations (4.10) and (4.14) takes the form:

H, = [Onxv-p) |Hi| T+ He + [Hy | Oy (nv—q)] I (4.16)

where J is the unit Hankel matrix, or reversal matrix, of dimensions N x V. In this
case, matrix H,, is neither Toeplitz nor circulant, but “Toeplitz-plus-Hankel”. When
the IR of the system is even (hy, = h_j, and P = (), these matrices can be factorized
like circulant matrices but by discrete cosine transform (DCT).

These approximations can be immediately generalized to the 2D case [NG 99]. It
is easy to see the interest here: as circulant or Toeplitz-plus-Hankel matrices can be
diagonalized in a complex exponential or cosine basis, their factorization, which is a
preparation for the subsequent inversion, has a reduced computing cost thanks to the
DFT or DCT. It remains to be seen what consequences these approximations have on
signals that satisfy neither a periodic nor a mirror boundary hypothesis. We will look
at this later using an example.

4.3.4. Problem conditioning
The calculation of the conditioning of the problem is based on the study of the

non-zero eigenvalues of matrix H” H (the problem of zero eigenvalues being settled
by resorting to a generalized inverse). According to the boundary hypotheses, either
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HTH is circulant or one of the two matrices HH” or H”H is Toeplitz (or Toeplitz-
block-Toeplitz in 2D). We have seen in equation (4.13) that eigenvalues of circulant
matrices are easy to calculate via DFT. For non-circulant Toeplitz matrices, however,
there are only asymptotic results. In both cases, the results bring in the transfer func-
tion associated with the discrete IR:

P
H()= Y hpe ™ v e0,1).
p=—0Q

4.3.4.1. Case of the circulant matrix

When the signal to be restored is N-periodic, we have seen that the resulting con-
volution matrix H, is circulant of order N, and equation (4.13) shows that the eigen-
values of the normal matrix of the problem HTH form a regular sampling of the
square of the modulus of H: A\? (k) = |[H(k/N)|>,0 <k <N —1.

The conditioning of the matrix is thus directly linked to a framing of the values of
the function |H (v)|?: an example is given in Figure 4.2 for the case of the MA filter
of equation (4.5). The problem was discretized with a sampling period At = T/20.
Although none of the eigenvalues is identically zero in this example, the condition
number c of problem (1.22) is very high: ¢ > 10'° and we can expect a few difficulties
during generalized inversion, as we will see in section 4.3.5.

L L L L L L L
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Figure 4.2. Spectrum of eigenvalues of the normal matrix HT H for the case of a signal
deteriorated by the MA filter (4.5) (periodic boundary condition)

4.3.4.2. Case of the Toeplitz matrix

In the general case of equation (4.12), matrix HH” (which is of order V) is sym-
metric band-Toeplitz. It is always possible to include it in a circulant matrix of order
N + P + Q where the first row is a permutation of the autocorrelation of the IR
completed by zeros and has eigenvalues |H (k/(N + P + Q))|*. For large N, matrix
HH7 appears as a perturbation of the circulant matrix. Szego’s theorem [GRE 58] de-
scribes the convergence of the spectra of these two matrices towards each other, which
is another way of saying that the eigenvalues of HH tend to be evenly spread over
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|H(v)|2 when N tends towards infinity. It can thus be shown that the conditioning of
the problem tends towards the ratio:

maX,e(o,1) |1EI(V)|2

min,eo,1) |1EI(V)|2

4.3.4.3. Opposition between resolution and conditioning

We inevitably find ourselves faced with the following dilemma:

— either the IR has a limited spectrum and we choose a sampling period At small
enough to respect Shannon’s condition. There is no change in the cut-off frequency
due to the sampling (see section 4.3) but the problem is very ill-conditioned as the
function |H (v)|? takes very small values;

— or the sampling period is chosen big enough for there to be a change in the cut-
off frequency of the system: the conditioning is better but we give up the possibility
of reaching a high-resolution solution during deconvolution.

This situation is unusual in numerical analysis: choosing an increasingly fine dis-
cretization of equation (4.1) in order to reduce the quadrature error makes solving
equation (4.10) more and more delicate. This is precisely the distinctive feature of
ill-posed problems.

4.3.5. Generalized inversion

To illustrate the influence of poor conditioning on deconvolution, Figure 4.3 pre-
sents an example of a least squares solution (1.17) in the case of a signal filtered by
the MA filter of equation (4.5). If the normal matrix has zero eigenvalues, the gener-
alized inverse (1.19) behaves in a similar way. We observe, as predicted in Chapter 1
(section 1.3), a strong amplification of the noise components at the frequencies atten-
uated by the filter, even though the SNR is very favorable (30 dB). In particular, we

T | “ ] !
o lh W\l ‘\A “‘ J' “ “ x}l ‘"‘ HJ i l\‘nw‘}“ !’“”\1 ”| m‘b‘v ”“‘M
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(a) ideal input and data (b) least squares solution

Figure 4.3. Example of 1D deconvolution (MA filter of (4.5) with a SNR of 30 dB): the
solution (b) is unacceptable
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find again the influence of the first zero transmission in the neighborhood of which the
eigenvalues of H” H are very small (see Figure 4.2), which engenders an oscillation
of period 7', the duration of the integration window of the filter.

4.4. Batch deconvolution

Processing the data as a batch supposes having computing and memory capacity
suited to the value of N. If these conditions are satisfied, the implementation essen-
tially comes down to the inversion of a matrix, which is often large but structured.
This is what we are going to see in this section. When the above conditions are not
satisfied, we can turn to recursive solutions as presented in section 4.5.

4.4.1. Preliminary choices

The methodology explained in this book consists of choosing and minimizing a
composite regularized criterion such as (2.5):

J(x) =G(y —Hz)+aF(z),
and this chapter is devoted to the quadratic terms (we denote ||z|| , = 7 Ax):
Gly-Ha)= |y -He|g+ and Flz)= |z - mullg -

According to the Bayesian interpretation of Chapter 3, this criterion is equivalent to
maximum a posteriori estimation with a Gaussian distribution for the noise: b ~
N(0,Ry) and a Gaussian prior for the object:  ~ N(m,, R,), with R, oc Q7 1,
assuming of course that Q is defined positive.

A dominant characteristic of the deconvolution methods presented in this chapter
is that they are based on two strong properties: 1) the invariance under translation
of the observation system, characteristic of a convolution, which makes H a Toeplitz
matrix, and 2) the stationarity of the phenomena being considered, which leads to
Toeplitz covariance matrices R and R,..

With generalization in mind, we could choose a non-zero mean m,, in the distri-
bution for the noise so as to take account of a systematic error during data acquisition.
If this additional degree of freedom is to be really useful, it is necessary for this error
to be accessible, otherwise it would be impossible, in this “linear-quadratic” frame-
work, to separate m;, and Ha. If this error is accessible, we just have to subtract it
from the data before performing the inversion. In the case of a stationary white noise,
i.e., Ry = of I, the regularization parameter appears equivalent to an inverse SNR
a=o02/o2.
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The a priori mean for the object m,,, or default solution, is not obliged to be sta-
tionary, i.e., constant, and the use of an appropriately chosen, non-constant mean has
been suggested in order to “Gaussianize” the histogram of the experimental values y
and thus come closer to the normality hypothesis implicit in these methods [HUN 76].
However, not too much should be expected of this technique. The quality of the solu-
tion is fundamentally limited by its linearity with respect to the data and the use of a
non-zero mean m, does not greatly change the performance of the estimator.

As far as matrix Q is concerned, a simple and usual choice for the quadratic regu-
larization term is

aF(x) =ap in + Z(aan —z,)2. 4.17)

This allows penalties to be applied to the norm of the solution and to that of the
first differences (penalization of non-smooth solutions). The two terms of (4.17) are
often called the zeroth-order and first-order penalties. Note that the choice a; > 0
and og = 0 leads to a singular matrix Q (and an improper a priori distribution, see
Chapter 7, section 7.3.1.3).

This type of regularization is generalized by introducing a discretized derivation
operator D (differences of order p in 1D, Laplacian in 2D) and defining:

Q=D"D. (4.18)

4.4.2. Matrix form of the estimate
With the above choices, the criterion writes
J() = |ly — Ha|z 1 +a |Dz|” (4.19)
and the solution is

z=H'R,'H+aD'D)'H'R;'y. (4.20)

An example of such a solution is shown in the right-hand part of Figure 4.4 in
the example of the MA filter of equation (4.5), and using a first-order regularization
(g = 01in (4.17)). It suffers from the defects belonging to the quadratic framework.
Relation (2.8) shows that it is impossible to correctly restore all the components of the
solution (which are the coefficients of its Fourier series expansion under the periodic
hypothesis). Those in the neighborhood of the eigenvalues A7 (k) that are too small or
zero are forced to zero and the discontinuities of the input signal, which require a very
large number of Fourier coefficients to be correctly restored, are thus filtered. This
results in parasite oscillations in their neighborhood, known as ringing (or the Gibbs
phenomenon).
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Calculating solution (4.20) has a priori a cost proportional to O(M?) elementary
arithmetic operations (scalar multiplications and additions). With specific boundary
hypotheses, such as the periodic hypothesis, the structure of the matrix to be inverted
makes it possible to use algorithms with a cost proportional to O(M log M), but the
boundary effects can be large. For instance in the example in Figure 4.4, the periodic
hypothesis enables a rapid calculation (see section 4.4.3) but estimates a signal x that
has a very marked boundary effect expressed by large-amplitude oscillations (see left-
hand part of the figure). It is worth noting however that the central part of the solution
with periodic hypothesis is practically the same as using an exact calculation.
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Figure 4.4. 1D deconvolution: “periodic” solution (left) and “exact” solution (right). The
actual input and the data are shown in Figure 4.3a. The choice of a1 = 0.05 is obtained by
minimizing the quadratic error between the exact solution and the true input, which is
calculable in this simulated example

To avoid boundary effects, border signals o; and , must be estimated as well as
the central part. It is thus necessary to invert the matrices that are only Toeplitz or
close to Toeplitz. The inversion of such matrices has been the subject of many works.
The algorithms given by Levinson [LEV 47] enable inversion to be carried out with
a computing cost proportional to O(N2) [GOL 96]. In the 1980s, algorithms in
O(N (log N)?) were proposed [MOR 80]. We will not go into the detail of these works
as we prefer to present fast solutions based on the DFT [HUN 73] or the conjugate gra-
dient (CG) algorithm [COM 84, CHA 88, CHA 93, CHA 96, NAG 96], which keep us
in an algebraic framework close to that used in the other chapters of this book.

4.4.3. Hunt’s method (periodic boundary hypothesis)

Hunt’s method [HUN 73] is based on the periodic approximation introduced in
section 4.3.3 and on a circulant approximation D, of the finite difference operator D.
Both circulant operators are diagonalized in the Fourier basis

H=W'A, W, and D,=W"A;W.

Diagonal components of Aj, are obtained by DFT of the first column h, of H,: h =
Wh,. We have seen in section 4.3.3 that h, is a N-periodic zero-padded RI and it is
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easy to show that its DFT forms a regular sampling of H:
[Anly,=he=H((=1)/N), 1<L<N.

The diagonal of Ay is the vector d = Wd,, where d, denotes the first column of
the circulant derivation matrix D, and forms a regular sampling of the correspond-
ing transfer function D. For instance, in the case of a first-order penalty (see sec-
tion 4.4.1), the derivation kernel is d = [-1,1]7, d, = [-1,1,0,...,0]T, D(v) =
exp(—2jmv) — Land dy = D((¢ — 1)/N).

In the sequel we focus on the case of a stationary white observation noise Ry, = 1.
Using diagonalized operators in (4.19-4.20), we obtain a separable criterion in the
Fourier domain, in terms of the DFT £ = Wx and y = Wy:

N
T(@) =" {l5e—hewel? +aldewl*}, .21)
(=1
and the solution is a
Boo v o (4.22)
|hz|2 + « |dg|2

Hunt’s algorithm can then be summarized by the following operations:
1) calculate the DFT of the data y = Wy;
2) calculate the DFT of the /N-periodic zero-padded RI h = Wh,;
3) calculate the DFT of the N-periodic zero-padded derivation kernel d= Wd,;

4) calculate the solution in the Fourier domain using (4.22) and the time-domain
solution Z by inverse DFT.

As each Fourier transform is performed using the FFT, the resulting algorithm is
very fast. Note that 2D periodic deconvolution with stationary covariances, which
benefits from the circulant-block-circulant structure of the matrices, leads to exactly
the same operations but using 2D DFT, the 2D RI of the observation system and a 2D
derivation mask (for instance a Laplacian mask).

Solution (4.22) can be considered as a time-limited implementation of the Wiener
deconvolution filter (4.6) in the case of white noise (S(v) = const.) the signal spec-
trum S, being replaced by 1 /|3|2 This is not only an analogy, but matches the
Bayesian interpretation of matrix Q = D”D as the inverse of the correlation ma-
trix of the signal to be restored (except for a multiplicative coefficient, which is ac-
counted for in the regularization parameter ). For a first order regularization, we get
Sz (v) o< 1/(1 — cos2mv) and, by expanding the cosine in v < 1, we can observe that
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this regularization amounts to choosing a signal power spectra decreasing as 1/v2. A
generalization is to choose a power decrease model for the signal spectrum such as
1 1 -1

So() = —— = =" 1<¢<N, 423
(ve) o2 1+ (ve/ve)P v N (4.23)

with 2 < p < 4, where 1y is the normalized discrete frequency and v, is a cut-off
frequency, or the inverse of a mean correlation length.

Finally, it should be noted that the above calculations (diagonalization in a trans-
formed space) are similar to those of [NG 99] for a mirror condition when the IR is
even. The diagonalization is then carried out by DCT.

4.4.4. Exact inversion methods in the stationary case

In the stationary case, it may be necessary to make boundary hypotheses that do
not lead to a fast solution. In fact, we often satisfy ourselves with a fast solution for
one of the following reasons:

1) the object is confined to the center of the reconstructed support and has identical
values at each of its boundaries;

2) the object is spread but we are interested in its values in the central zone only
(so the boundaries will be eliminated after restoration);

3) the noise level is such that the regularization used “erases” the boundary effects;

4) the IR is symmetric and the use of the mirror condition is sufficient.

Thus, it is relatively rare to deal with the exact stationary problem, i.e., without an
approximate boundary hypothesis3.

If the case arises, it is possible to use a conjugate gradient (CG) algorithm prefer-
ably with a preconditioner (PCG). Circulant preconditioner CG (CPCG) algorithms
are particularly well suited to deconvolution problems.

We know that conjugate gradient algorithms enable quadratic problems of dimen-
sion N to be solved in NN iterations. The cost of each iteration is dominated by that of
multiplying a matrix by a vector, the dimensions of which are those of the data. In the
case of Toeplitz matrices, this cost falls to O(/V log N), thanks to the use of the FFT.

The use of preconditioners allows us to obtain algorithms that converge towards
the solution linearly (and sometimes even a little faster; see [CHA 96]). This reduces

3. For instance, the 2D example which is dealt with in an exact stationary setting in the ref-
erences [CHA 93, CHA 96, NAG 96] comes into category 1 and could be suitably treated by
periodic approximation.
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the cost of a solution, which is not exact but acceptable in the sense of a given stop
criterion, to O(NN log V) operations. In fact, in many cases, the CPCG algorithms
can been stopped after less than about ten iterations, which explains the saving with
respect to the standard CG. Using CPCG for deconvolution was proposed in 1984 by
Commenges [COM 84]. Rediscovered somewhat later [CHA 88], deconvolution by
CPCG has become a reference method today, as it is as fast as the Toeplitz matrix
inversion algorithms and easier to use [CHA 96, NAG 96, NG 99].

To simplify the notation, in this section we will consider that the noise is white and
use the regularization based on a discrete operator D as in (4.18) so that the criterion
to be minimized can be written:

J(x) =y - He|* + a|Dz|?

= |lv -S|
SEIRNEN

The preconditioning consists of introducing a new vector u = II =, where II is
a matrix (the preconditioner) that is close to S while being quick to compose and to
invert. We then use the CG algorithm to minimize:

J(u) = |v— ST ul?,

which leads to a much smaller number of iterations than for the minimization of x, but
implies an added cost per iteration corresponding to the products of IT~! and (Hfl)T
by the vectors. By using circulant preconditioners [CHA 88], we can carry out these
products by FFT, which allows the cost of an iteration to be kept to O(N log V).

For example, taking our inspiration from deconvolution in the periodic hypothesis,
we can use a preconditioner deduced from the circulant matrix:

C:W*diag{\/|ﬁg|2+a|@|2}w, 0=1,2,..., M,

where h ¢and C?z are the coordinates of the respective DFT of h and d, the first columns
of matrices H and D [COM 84, NAG 96]. This method can be extended to the 2D case
by using a circulant-block-circulant matrix constructed from the 2D transfer function
of the instrument and the DFT of the derivation kernel; see [NAG 96]. By initializing
the CPCG algorithm to zero, the first iteration of the algorithm coincides with Hunt’s
solution that we saw in the previous section. So, after a first circulant inversion step,
we may very well decide to continue with the CPCG algorithm of [NAG 96] if solution
(4.22) has boundary effects that are too pronounced.
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4.4.5. Case of non-stationary signals

In the non-stationary case, the Toeplitz or Toeplitz-block-Toeplitz characteristic of
the matrices is lost and the computing cost of a matrix inversion is, a priori, propor-
tional to O(N?®). It is always possible to implement a PCG algorithm to calculate the
solution, but choosing the preconditioner is trickier. On this subject, see the recent
works by Fessler et al. [FES 99]. Also note the possibility of using Kalman smooth-
ing, which will be presented in section 4.5.

4.4.6. Results and discussion on examples

4.4.6.1. Compromise between bias and variance in 1D deconvolution

The expressions for the bias and the covariance matrix of the linear operators were
recalled in section 3.8 for the general case. In the specific case of deconvolution with
the periodic, stationary hypothesis, all the matrices involved are square, circulant and
can be diagonalized in the Fourier basis, and it is interesting to work in the frequency
domain.

In the example of the MA filter of equation (4.5) regularized according to (4.17),
relation (4.22) shows that the regularizer R, of equation (2.7), defined by Z = R, vy,
has a frequency transfer function:

_ h

ge = —= =
|hg|2 “+ ap + Oq|dg|2

{=1,...,N.

The DFT of the bias is thus easy to calculate (x° is the original object):

DFT _ N
E#) —2° — {(ge he—1) a?;f}ezl : (4.24)

The squares of the moduli of each of the coordinates of this DFT — the sum of which

gives the bias energy, by isometry — are plotted on the left-hand part of Figure 4.5, as
a function of the reduced discrete frequency vy = (¢ — 1)/N. We observe that, for

frequencies where the SNR is high (|h|2 >> ag 4 a; |dg|? in the example consid-
ered), the frequency components of the bias energy of the regularized solution have a
negligible modulus. On the other hand, at frequencies that are very much degraded by
the system (high frequencies and the neighborhood of the transmission zeros), these
components take notable values, which are nevertheless lower than the values reached
by the true solution (section 3.8.1).
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Figure 4.5. Components of the bias energy (normalized by xo), left, and components of the
trace of the covariance matrix of the estimator (normalized by o), right, versus the reduced
discrete frequency for the example of the MA filter of section 4.2. Solution regularized with the
prior (4.17) at top (ag = 0, a1 = 0.05), least squares solution at bottom (note the scale of the
vertical axes)

Similarly, the trace of the covariance matrix R,, of the solution can be expressed
as a sum of frequency components:

N
trace Cov(Z) = o7 > _[g¢l?,
=1

which are plotted on the right-hand side of Figure 4.5, as a function of the reduced
discrete frequency. This time, we observe that, for frequencies that are very much
degraded by the system, these frequency components have an amplitude that is clearly
reduced with respect to that obtained with a non-regularized solution.

Overall, the mean quadratic error, the sum of the bias energy and the trace of the
covariance matrix of the solution, decreases as soon as a; > 0, i.e., as soon as regular-
ization is performed. This is what Figure 4.6 clearly shows. This error has a minimum
for a; close to oy = 0.02, which approximately corresponds to the value a; = 0.05
determined by minimizing the simple quadratic error, defined as | & — 2°||*. We also
observe a general characteristic of these quadratic regularization methods: the restora-
tion error only varies significantly for variations of about an order of magnitude in the
regularization parameter. There is thus little point in trying to fine tune it. In practice,
the true solution x° is obviously unknown and the optimum value of the regulariza-
tion coefficient cannot be set by minimizing the mean quadratic error. It can be set
directly by the user (supervised mode), or estimated from the only data available (non-
supervised mode), by cross validation or maximization of a marginal likelihood, the
expressions for which were given in sections 2.3.3 and 3.8.2. The results obtained in
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Figure 4.6. Bias energy (top left), trace of the covariance matrix of the solution (bottom left)
and mean quadratic error (right) versus o (o = 0), on a logarithmic scale. The minimum
quadratic error is obtained for o = 0.02, and is marked by a star. The cross marks the value
used previously (ay = 0.05). The values corresponding to the least squares solution are
marked by a circle (a1 = 0)

the example of the MA filter (not presented here) show that the value of the regular-
ization coefficient obtained in this way is very close to the value that minimizes the
mean quadratic error.

4.4.6.2. Results for 2D processing

In this section, we present a result of 2D deconvolution on real data provided by
L.M. Mugnier and J-M.Conan (ONERA/DOTA/HRA). It concerns the observation of
Ganymede (one of the moons of Jupiter) by the Haute-Provence observatory, France,
using an adaptive optics system developed by ONERA. These data are presented in
more detail in Chapter 10.

Ganymede, discovered by Galileo, is visible from the Earth with an ordinary tele-
scope. Using a telescope with adaptive optics partly corrects the influence of atmo-
spheric turbulence but the image obtained, shown on the left of Figure 4.7, still has
marked defects due to residual errors of the wavefront correction. This degradation is
only approximately modeled by a convolution, using a time average of the residues as
the instrument response#. The response of the system is given in Figure 4.7. It shows
a fairly fine peak on a broad circular plateau. The object is confined to the center of
the field of observation, which enables the doubly periodic boundary hypothesis to be
employed successfully, with Hunt’s method.

4. Chapter 10 presents a treatment of this problem by myopic deconvolution, which is more
suitable.



Inverse Filtering and Other Linear Methods 101

Figure 4.7. Left, the observed image; center, the instrument response (IR) on a linear scale;
and right, the logarithm of this response thresholded at 1/1,000th of its maximum. On the IR,
a central peak can be observed, with a vast plateau spreading over most of the image support

Figure 4.8 left shows that a truncated singular value decomposition (TSVD; see
section 2.1.1) leads to a very noisy result in this example, despite the truncation. Using
a quadratic regularization — which is equivalent to damping the singular values that are
too small, see (2.8), rather than truncating them abruptly below a certain threshold —
allows the noise amplification to be controlled better, as the central part of Figure 4.8
shows, in comparison with the reference image on the right which was reconstructed
from images taken by probes exploring the solar system>. Several details visible in the
restored image are confirmed by the reference image: a dark zone at upper left, and a
light zone at lower center.

Figure 4.8. Left, deconvolution using TSVD; center using Hunt’s method with Laplacian
regularization (4.23); right, the reference

5. Data from the NASA/JPL base; see http://space. jpl.nasa.gov/.
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Figure 4.9 presents a comparison between two a priori models of the 2D power
spectral density for the object deduced from (4.23). The law for the decrease of
the power spectral density as a function of the modulus of the spatial frequency is
different. We note that the solutions are close and the general characteristics of lin-
ear solutions are again present: no spectral extrapolation, and ringing (Gibbs phe-
nomenon) at intensity jumps on the edges of the object.

107 10" 10°

Figure 4.9. Comparison of results obtained with a prior spectrum of type (4.23) and two
different laws for the power spectral density of the object (shown on left): one in 1/ vt
(Laplacian regularization, result in center) and the other in 1/ V3 (result shown on right)

4.5. Recursive deconvolution

It is not always possible, or even desirable, to process the data wholesale, either
because the matrix to be inverted exceeds the available computer capacity, or because
we want to do the processing on-line, or in real time as the data are acquired. If we
give up the idea of processing the data recursively several times®, as in the last case,
Kalman filtering naturally provides a suitable method. We will start by restricting
ourselves to 1D signals but the 2D case will be rapidly reviewed in section 4.5.8.

4.5.1. Kalman filtering

For the applications that interest us here, the Kalman filter equations are based on
the following state-space representation:

n=1,2 ..., (4.25)

LTn+1 = ann+Gnun7
Yn :Hnwn+bn7

6. Otherwise, an item-by-item iterative technique can be used as in section 2.2.2.
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in which the observation y,, is scalar; matched with the data for the moments of order 1

and 2:
E([zn]) =0, E(zg) =m7T,

To —my Ry 0 O
E Up [(acg —m?)T ul, bn] =] 0 R}O
bn 0 0 rb

In a Bayesian interpretation, as chosen here, the Kalman filter enables us to recur-
sively compute the mean and the covariance matrix of the a posteriori probability
distribution of the state vector x,,, which is normal, knowing the data y;, ..., Ym.
These are denoted Z,,,,, and Rﬁ‘m respectively. Strictly speaking, Kalman “filtering”
corresponds to the case where m = n. When m > n, we tend to speak of “Kalman
smoothing” and we have two possibilities:

— the fixed-lag smoother which calculates Z,,,, 1, for any n;

— the fixed interval smoother, which calculates £n| n forany n < N in a given
time interval [1, N]; this solution corresponds rigorously to batch processing of the
data.

Below, we recall the recurrence equations of the filter then the smoother. For a demon-
stration of these equations, the reader is invited to consult the references [AND 79,
JAZ 70, VAN 68].

For the so-called “covariance” form chosen here, the filter recurrence repeatedly
links the two following operations at each instant, in the sense of increasing time
n=1,2,...,N):

— one-step prediction:

~

Tpjn-1 = Fn Tp—-1|n-1

nin—1 = Fn1 RY 4,4 Fl_ +G, 1Ry G,

n|n—
— correction:
r, =Hy Ri\n—1 HZ + 7"11)1
k., =Ry, H ()™ (4.26)

:/B\n\n = "/B\n\nfl +kn (yn -H, fc\n|nfl)
© = (I k,H,)RE

n|n n|n—1

When it is not necessary to calculate the two means and the two covariance matri-
ces explicitly at each instant, these two sets of equations can be merged into one.
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Kalman smoothing consists of calculating the estimates Z N—1|N> -+ +» il‘ N, ina
backward recursive procedure starting from the estimates Z,,,,, obtained in the forward
processing with the conventional Kalman filter, and initializing the procedure with
Z y|n- The recurrence equations of the Kalman smoother are the following:

— update of the mean:
"/B\n\N = Ec\n|n +Sn (£n+l|N -F, "/x\n\n)

Sn— x Fg( x )—1

n|n n+1|n

— update of the covariance:

Ry =R, +S.(RY, v —RE,,)S)

n

A few observations can be made:

— we are indeed concerned with smoothing the estimators coming from the forward
procedure, which is performed according to the state evolution model. Neither the data
nor the observation model come into these equations; the smoother only requires the
filtered estimates &,,|,, and the covariances Rz‘n and R? 1

— calculating the smoothing gain S,, means inverting matrix R¥ tfn which is of
the order of the state dimension. The additional cost of the smoothing 1s thus largely
dependent on the a priori model chosen. For an autoregressive (AR) model of order

1, such as the random walk model (4.29) used below, we can use scalar equations;

— as in the filtering case, there is nothing to stop us using the smoother to treat
non-stationary state models.

For an application of Kalman filtering to deconvolution, it is clear that the ob-
servation equation of state model (4.25) must be linked, at least partially, with the
initial discrete convolution (4.11). However, there are several ways of working which,
combined with different choices for x,,, F',, and G,,, lead to a variety of solutions.

4.5.2. Degenerate state model and recursive least squares

A careful look at equation (4.12) shows that a first possible choice for the state
evolution equation is:

T
Ty =Ty =T = [T _py1, T pi2, ..., TN1Q] 4.27)
which entails:
F,=1, G,=0, H,= [0, .., 0,hp, ... ko, ..., R, O, ...,O].

This model is thus degenerate, as the state vector is static and the Kalman filter is
initialized simply by choosing Z)o = mf§ and Rglo = R%Z x QL. Itis easy to
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verify that there is no reason to distinguish between one-step prediction and filtering
(@41 = Zppn and R? tin = Rﬁ‘n) and that the smoothing stage is not useful
because the last recursion in the forward time direction gives exactly the result of

batch processing: Z |y and R‘]‘"’VI - The recursive equations obtained:

kn =Ry 151 H) (H, Ry 11 HY +7r))7"
£n|n = {L'\n—1|n—1 +kn (yn -H, in—l\n—l) (4.28)

Rz|n = (I —ky HTL) R£71|n71

are in fact those of a recursive least squares algorithm for solving the regularized
least squares problem (4.26) one data-item at a time. The main characteristics of this
algorithm are the following:

—no boundary hypothesis is introduced, unlike in the fast batch inversion algo-
rithms described earlier;

— the innovation and its variance are scalar, so there is no matrix inversion;

— a smoothed estimate is obtained on-line, without the need for a backward pass,
as mentioned above;

— the exact computing cost depends on the composition of the a priori covariance
matrix RZ, but is in O(N2) per recursion, i.e., O(N?) in total, as for inversion of a
matrix of dimension V.

This algorithmic solution is thus of little practical interest. To reduce the comput-
ing and memory load at each recursion, there are two possible paths: 1) reduce the
dimension of the state vector by other choices of matrices F,,, G,, and H,,, as in sec-
tions 4.5.3 and 4.5.6 below, or 2) take advantage of the shift invariance property of
matrix H,, of the degenerate state model above so as to avoid having to solve a Riccati
equation to calculate gain vector k,, at each recursion, as in section 4.5.4 below.

4.5.3. Autoregressive state model

The signal to be deconvolved is often modeled in the form of an AR signal of
order L:

L
Ty = Z ap Tp—g + Uy, - (4.29)
=1

In this section, we will restrict ourselves to causal systems () = 0); extending to gen-
eral FIR systems is easy. By defining the state vector as @, = [Ty, ..., Tn_rt1)7,0f
dimension K > max(P + 1, L) and defining the vector of the regression coefficients
as a = [ai, ..., ar]?, we can write the state evolution equation in form (4.25) on
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condition that we choose matrices F',, and G, in the following way:

F — F — [aT7 01><(K—L)] 0

, 430
Tk Oxx1 (4.30)

and  G,=G=[1,0,...,0]" 4.31)

The state evolution noise u,, is thus the non-correlated generating process u,, which
is scalar. To complete the modeling, it remains to define matrix H in the form
H = hT = [hg, ..., hp, 01 (x—p—1)], a line-vector of dimensions 1 x K. The
corresponding state equation (4.25) is called the snake chain model, or model in com-
panion form according to the field of application (communications, automatic sys-
tems, etc.)’.

Kalman filter (4.26) applied to this model gives the vector: &, = [i(n [n),

Zn—1|n), ..., z(n — K+ 1| n)]T at each recursion. Its coordinates are all es-
timators of the signal to be restored z,,, obtained by fixed-lag smoothing for delays
up to K — 1. If this smoothing is sufficient to ensure an acceptable mean quadratic
error, a smoothed solution {Z(n — p|n)},=1,2,. (0 < p < K — 1) is obtained in a
single pass by extracting the appropriate coordinates from the succession of filtered
VeCtors . If not, it is necessary to use a fixed-interval smoother, which requires an
additional, backward pass. We will see more about this later, in an example.

4.5.3.1. Initialization

If the second-order prior information available on the signal z,, is composed of
the correlation function 73, a factorization algorithm such as Levinson’s gives vector
a and the variance of the generating process r*. It is also possible to choose the
regression coefficients directly. Among the choices made by various authors, it is
interesting to note:

— the white noise model (ay = 0, 1 < ¢ < L), used, for example, in geo-
physics [CRU 74];

— the random walk model (a; = 1 and ay = 0, 2 < ¢ < L), which is non-
stationary but does not lead to divergence of the filter if the mean of the signal is ob-
served. It is then a convenient choice from the regularization point of view [COM 84].

As far as implementation itself is concerned, it consists of choosing vector m{ and
initial covariance matrix RY. The latter can be immediately calculated from 73, and

7. This model is different from that used in predictive deconvolution [ROB 54], where it is the
observed signal vy, that is taken to be autoregressive. The transfer function of the instrument is
thus “all-pole” and no longer FIR. A myopic inversion is then performed, but the signal to be
restored (the process generating the AR model) is non-correlated and the phase of the estimated
transfer function is minimum, unless there are specific constraints (see also section 9.4.1).



Inverse Filtering and Other Linear Methods 107

can also be deduced from a and r* by an inverse Levinson algorithm. For mf, how-
ever, the choice is more delicate: obviously, the true signal is not known for n < 0.
We find again, here, the questions of boundary choices encountered in batch process-
ing. Note that, for a stationary model, inexact initialization with a zero-mean white
vector with a large variance is often enough.

4.5.3.2. Criterion minimized by Kalman smoother

In practice, we often content ourselves with carrying out fixed-lag smoothing in
a single pass. However, the solution {Z(n — p|n)},=1,2,... thus obtained is not the
minimizer of the regularized criterion (4.19) and it is important to state the underlying
criterion. For this, let us examine the estimations made at instants 0 and 1 for an
invariant state model such as equation (4.25). Let p(x() be the a priori pdf for x, a
Gaussian with mean m{ and covariance RY. At instant 0, we measure v, for which
the direct law has the density:

1
P(yo) o< exp {—ﬁ (yo — h” 3’30)2} .

Estimator |, maximizes the conditional law p(xo |y0) o< p(yo) p(xo), and thus
minimizes the quadratic criterion:

1 2
Jol(xo) = 5 (yo - h' 20)” + lzo — m§ || (ra)-1 -

At instant 1, the conditional law p(x1 |yo, y1) is the marginal of the joint law
p(xo, €1 |yo, y1) which can be factorized as follows:

p(xo, 1| Yo, Y1) = p(yo | x0) p(y1 | 1) p(x1 | 20) P(20)

and, in the same way, corresponds to the following quadratic criterion:
1 &
T
Ji(xo, 1) = 5 Z (ye —hT@p)? + |21 — FfBOH(GRugT) 1 F [l — mg ||(Rw) 1
k=0

The minimum of this criterion is reached for the pair of vectors {@61), £§1>}, such

that fﬁ(()l) = Zy|; and fﬁgl) = Zy)1. Let us generalize this procedure: at instant 7, we
define the joint criterion:

jn(wm ey mn)
1 n n ) -
= Z(yk - hTka)Q + Z lzr — kafln(GR“GT)*l + [leo — m§ H(Rg)*l
k=0 k=1
which has its minimum for the (n + 1)-uplet of vectors {:E(n)7 e }. We note

( )

that the estimator Z,,|,, produced by the Kalman filter at instant n is Z,, ’. Moreover,
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the n 4 1 estimators of the fixed-interval Kalman smoother Zyj,,, ..., T, are the
n + 1 vectors that minimize 7,,.

The above results do not apply directly to the a priori AR model (4.29) above, as
matrix G R* GT is not invertible with the choice made for G in (4.31). To reach
criterion J,,, we replace it in the previous criterion by a diagonal matrix having the
diagonal elements {r%, 2, ..., 2}. By making ¢ tend towards 0, we find that two
consecutive estimated Vectors &, 1, and &, , must have K — 1 equal components,
in agreement with the state evolution equation. We thus define the deconvolved vector
Z* as the concatenation of the first components of each vector ffmm, and show that
this vector minimizes the following criterion:

n L
KS _ ]- 2 ]- 2 ]. 2
T (@) = = ly — Hal +r—u§_jl(xm—;awm_e) + g, (432)

where H is the observation block-matrix. The initialization term comes from the
choice of the initial a priori moments.

The above criterion is clearly connected with the quadratic regularized criteria of
the beginning of the chapter. In particular, choosing a random walk model (a; = 1
and ay = 0, ¢ > 2) corresponds to regularizing the first differences of the signal (equa-
tion (4.17) with ap = 0). Other choices correspond to more general regularaization
terms, see for example Chapter 11.

4.5.3.3. Example of result

Figure 4.10 illustrates the results that can be obtained with these on-line deconvo-
lution techniques for the example of an MA filter and with the random walk model.
The fixed-interval smoothing solution, which minimizes J*°, is comparable to the re-
sults of the batch processing presented in Figure 4.4. The solutions by simple Kalman
filtering, or by fixed-lag smoothing, give a greater estimation variance than the fixed-
interval smoothing, thus inducing a higher relative quadratic error. The second plot on
the figure shows the variation of this error for increasing lag and demonstrates clearly
that, in this example, a large lag is necessary if it is to come close to the error of the
fixed-interval smoother.

4.5.4. Fast Kalman filtering

The on-line deconvolution by the two variants of Kalman filtering described above
does not reduce the computing cost. They are methods in O(N?3). The reason for
this is that they use the standard equations (4.26), which are too general because they
apply to non-stationary problems whereas, in this chapter, the observation model is
invariant and the signals are stationary.
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Figure 4.10. Results of on-line deconvolution of a 1D signal. Top, the actual input is
represented by a dashed line, the result of Kalman filtering is shown as a dotted line, and the
fixed-interval smoother result as a solid line. Bottom, variation of the relative quadratic error
for increasing lags in the fixed-lag smoother is plotted as a solid line and the error of the
fixed-interval smoother is shown as a dotted line. The SNR is 20 dB

When model (4.25) is stationary (i.e., when F, G, H, R* and r® do not depend
on n), it is possible to markedly reduce the computing load by making the recursion
act on increments of the nominal quantities of the filter Rz|n71 and k,, rather than on
the quantities themselves [DEM 89].

Thus, in the case of the AR model (4.30-4.31), we can show [COM 84] that this
recursion can also be written:

Ty N U I G S
kn+l(rfL+1)7l/2 Un+1 - kn(rfl)*l/2 F’Un @’n7 (433)

where s,, and v, are auxiliary quantities defined at initialization and ©,, is a J-
orthogonal transformation matrix8. With a random walk model, this algorithm only
requires 5 (P + @ + 1) scalar multiplications per recursion and thus has a total
cost in O(N(P + @ + 1)). However, the nature of transformation ©,, shows that

8. A J-orthogonal transformation is such that ©,, J 0,T=1J , where J is a signature matrix,
i.e., a diagonal matrix in which the diagonal elements have the values +1 or — 1. It does
not preserve the Euclidian norm, unlike orthogonal transformations, and we lose a means of
controlling the propagation of numerical errors.
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this gain itself has a price: this type of algorithm has a potential numerical insta-
bility and it is not enough to use a square root form (4.33) as is usually recom-
mended [AND 79, VER 86]. The choice of the corresponding hyperbolic rotation
is very important [LEB 93].

In the case of a degenerate model (4.27), we are no longer dealing with a strictly
invariant model but a shift-invariant one (since we move from H,, to H,,;; by shift-
ing the coordinates). The technique described above is generalized by changing the
definition of the increments in the nominal quantities of the filter [DEM 85]. The
corresponding algorithm this time needs n + P + () + 1 scalar multiplications per re-
cursion, giving a total cost in O(N?), which is higher than the previous one. However,
it should be remembered that, in a single pass, we obtain the fixed-interval smoother
result without boundary hypotheses.

These fast filtering techniques and the asymptotic filtering results below are cur-
rently used essentially for on-line, real-time processing. The implementation prob-
lems raised come under IT engineering and are beyond the scope of this book. Inter-
ested readers are encouraged to refer to [MAS 99, MOZ 99].

4.5.5. Asymptotic techniques in the stationary case

4.5.5.1. Asymptotic Kalman filtering

In the stationary case, it is well known that the covariance matrix Rﬁln that in-
tervenes in the filter tends, when n — oo, towards a fixed matrix R that verifies a
Riccati equation of the form:

Ro =FR. F' —FR.HMHR, H" + ! + GR*GT. (4.34)

The Kalman gain k,, then tends towards a constant vector and, as the calculation of
these two quantities does not bring in the observed data y,,, the idea arose, as soon as
Kalman filtering was invented, of calculating these asymptotic quantities in advance
and carrying out invariant recursive filtering:

fc\n|n =F Ec\n71|n71 +k (yn —-HF Ec\n|nfl) )
in order to reduce the computing cost of a recursion.

The asymptotic gain k nevertheless remains to be calculated and the stability of
the recursive filter obtained has to be verified. Abundant literature has been devoted
to these questions [AND 79]. Equation (4.34) can be solved by a wide variety of
methods, iterative or not, among which Chandrasekhar factorization methods, simple
or dual, are particularly suited to invariant models in the broad sense and to varied
initial conditions [DU 87].
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4.5.5.2. Small kernel Wiener filter

Asymptotic Kalman filtering provides an optimum causal solution at low cost.
However, in many problems, particularly in 2D, it appears more advantageous to use a
local solution taking into account the past and future of the instant under consideration.
A non-causal Wiener FIR estimator, or small kernel Wiener filter, can thus be chosen:

J
/x\n = Z 9j Yn—j

j=—17

the optimality of which is defined locally by considering a sub-set of the Wiener-Hopf
equations (3.15) in discrete time. This leads to a matrix system R, g = 7., where
R, is the covariance matrix of the process y and 7., the vector of the input/output
covariances for lags {—J,..., 0,..., J}. These quantities are easily expressed as
functions of R, Ry and h.

This approach has been proposed for handling 3D problems [PER 97] and for
restoring large sized images in satellite imaging [REI 95] — although we are not deal-
ing with a simple deconvolution problem in the latter case.

4.5.6. ARMA model and non-standard Kalman filtering

When the input to be restored is a priori non-correlated, another means of reducing
the computing load of a Kalman filter is to abandon the idea of modeling the direct
problem by the discrete convolution used since the beginning of this chapter and to
replace it with a minimal realization, i.e., a minimum order ARMA model, identified
from the IR of the system [MEN 83]. The coefficients of the numerator of the transfer
function obtained (MA part) serve to construct matrix H of the state model and those
of the denominator (AR part) matrix F. The signal to be restored then becomes the
noise, u,, of the state evolution, which leads to a non-standard Kalman filtering or
smoothing problem. This method, introduced for seismic reflection problems, has
the advantage of being able to deal with non-stationary deconvolution problems for a
reasonable computing cost.

4.5.7. Case of non-stationary signals

The principle of extending Kalman filtering to the non-stationary context (variable
a priori model, variable response h, variable noise variance) poses no problem in as far
as the time laws of all the parameters are sufficiently well known for the state model to
be completely defined (4.25). In practice, however, non-stationarity is often associated
with a poor knowledge of these laws and we are faced with a myopic problem, having
a large number of parameters to be determined in addition to the samples of the input
signal. This question will be tackled in Chapter 8.
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4.5.8. On-line processing: 2D case

The use of Kalman filtering for 2D deconvolution was put forward in the 1970s.
Once the method of scanning the image, usually in lexicographic order, has been cho-
sen, the problem is formally a simple extension of the Kalman filtering seen above.
Practically, it is difficult to reconcile this scanning mode with satisfactory proba-
bilistic modeling of the image because of the absence of a 2D spectral factoriza-
tion theorem. We are led to choose a very large state vector, which considerably
increases the complexity of the algorithm. Various approximations have been used
to reduce the calculations. Among them, we note the “RUM” (Reduced Update
Model) [WOO 81] then “ROM” (Reduced Order Model) versions [ANG 89]. At the
same time, fast versions of the Kalman filter were used for stationary problems; see,
for example, [MAH 87, SAI 85, SAI 87]. Added to these difficulties is the handling
of edge conditions, which can greatly complicate implementation.

It can be considered that this type of algorithm has practically fallen into disuse
in image restoration. Most problems of reasonable size (up to 10° pixels) can be
batch processed with the solutions presented in the first part of this chapter. For very
large-sized problems (3D problems and 2D problems with 10® pixels), we can content
ourselves with small kernel filtering based on stationary modeling of the problem as
presented in section 4.5.5.

4.6. Conclusion

The deconvolution methods introduced in this chapter are fundamental for several
reasons. First of all, many physical phenomena can be modeled, at least to a first ap-
proximation, by convolution. Secondly, this direct model can be interpreted easily in
the frequency domain, which enables an extensive, intuitive analysis of the phenom-
ena and difficulties encountered. Finally, the inversion methods proposed are based on
a priori models that remain simple: quadratic regularization terms or Gaussian a pri-
ori laws, defined by their second-order properties. We thus arrive at estimators that are
very simple, as they are linear, and we can thus turn our attention to questions of im-
plementation: block methods (Hunt, preconditioned gradient) and recursive methods
(Kalman filtering and smoothing).

In return, there are limitations in terms of resolution of the solutions obtained.
The methods obtained perform partial spectral equalization, i.e., they only manage to
compensate for certain attenuations in the sensor bandwidth; they do, however, avoid
an explosive restitution of the frequencies that are too strongly attenuated. Thus, the
resolution of the linear solutions is fundamentally limited by the spectral content of
the data.

Any increase in resolution (apart from improvements to the measuring systems,
which is outside the scope of this book) relies on taking into account more specific
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information on the object to be reconstructed: positivity, pulse nature (see Chapter 5),
or presence of contours in an image (see Chapter 6) for example. In other domains,
such as digital communications, the fact that the input parameters belong to a finite
alphabet can contribute to the same result.
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Chapter 5

Deconvolution of Spike Trains

5.1. Introduction

A point source is the idealization of a physical source that has a duration or dimen-
sion markedly smaller than the resolution of the sensor observing it. In practice, this
type of source is found in signals or images observed in the form of an echo or spot
whose shape is essentially a characteristic of the instrument: impulse response (IR).
In these conditions, the only features of the observed signal that can be attributed to
the source are its location and amplitude.

This type of source is encountered in astronomy, in stellar imaging, when the ap-
parent diameter of the stars imaged is smaller than the parameter \/D, where A is
the wavelength and D the diameter of the receiving antenna (see Chapter 10, sec-
tion 10.1.2). It is also found in ultrasound echography or seismology whenever the
scale of an inhomogeneity or transition is small with respect to the wavelength used
(see Chapter 9).

The detection and location of a single source can be satisfactorily handled by
“matched filter” techniques [VAN 68]. By extension, the matched filter will work
when the “echoes” due to the sources are well separated from one another. As soon as
the echoes due to several sources overlap significantly, matched filtering is no longer
effective.

In such a context, spike train deconvolution aims to process an observed signal
made up of overlapping echoes in order to extract the position and amplitude of the
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point sources that generated the echoes. It corresponds to the observation model
y(t) = Zszl rph(t — tr) + b(t), in which K is the number of sources, rj, the am-
plitude of the kth source (in echography, this quantity represents the reflectivity of
the medium, whence the traditional use of the variable r to represent this quantity),
ti is the time of arrival of the signal due to the kth source, h is the IR of the instru-
ment, which is assumed to be known in the framework of this chapter, and b is the
noise, which includes everything we do not intend to model deterministically. The
noise is almost always assumed to be Gaussian and, in most cases, white, zero-mean
and stationary. The developments that follow will use these hypotheses unless stated
otherwise. A more realistic formulation of the problem takes the sampled and finite
nature of the observations into consideration:

K
y(nT) = reh(nT —t) + b(nT), n=0, ..., N - 1, (5.1)
k=1

where 7' is the signal sampling period. In this form, the problem can be tackled from
the standpoint of identifying a parameteric model, the order, K, of which is unknown
and must be estimated [WAL 97].

A noteworthy contribution adopting this approach has been made by [KWA 80],
taking his inspiration from the CLEAN technique [HOG 74], which can be qualified as
an “iterative matched filter”. In this respect, the impulse positioning algorithm called
multipulse, which appeared in speech coding [ATA 82], works on a similar principle
(but in a noise-free context) where h is estimated by linear prediction (see Chapter 9,
section 9.4.1.3).

The same type of model has been much studied in the context of spectral ray
analysis, which corresponds to a model structure close to equation (5.1) [DJU 96,
DUB 97, STO 89, WON 92]. These approaches lead to a very tricky, non-convex
optimization problem, one of the difficulties of which is the unknown size, K, of the
space of parameters to be identified.

The approaches developed below get around this difficulty by considerably sim-
plifying model (5.1). In practice this means substantially reducing the algorithmic
complexity. The time of arrival space is discretized with a sampling step 7" and it is
thus possible to rewrite (5.1) in the form:

y(nT) = rmh((n—m)T)+b(nT),n=0,..., N -1, (5.2)

where we assume 1, = 0 if mT # t, Vk. With the notation y,, = y(nT') and
hn, = h(nT), (5.2) gives the invariant linear model y = h xr + b (4.11) of Chapter 4.
With this model, the estimation of K, of the times of arrival and of the amplitudes is
transformed into a dual problem. At each instant m we need to estimate the ampli-
tude of a pulse that may (or may not) be located at m. Thus, estimating the number
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of pulses and the positions of the times of arrival merges with the “detection” of the
presence or absence (r,, = 0) of a pulse at each instant m. In the signal process-
ing community, this problem is referred to as a detection-estimation problem. It is
the detection operation that makes the corresponding optimization problem globally
nonlinear.

In what follows, we will only consider a matrix version of (5.2):
y=Hr+b>b (5.3)

where y, b and r are vectors containing, respectively, NV samples of y and of b, and the
corresponding M samples of r. M depends on N, on the number of samples used to
represent the IR, and on the boundary assumption used (see section 4.3.3). The time-
shift invariance implicit in equation (5.2) is expressed in matrix model (5.3) by the
Toeplitz structure of H, the N x M convolution matrix constructed from the samples
of h.

The aim of spike deconvolution is to estimate . We will look at two families of
approaches:

1) those that place the emphasis on the estimation aspect, by deferring the deci-
sional aspect. In this context, the deconvolution operation is considered as a contrast
enhancement technique. The natural framework for presenting these techniques is
deterministic regularization;

2) those that consider the detection-estimation problem right from the start and
seek to solve detection and estimation together. The traditional, and probably most
appropriate, framework for setting out these techniques is the Bayesian one, with
Bernoulli-Gaussian (BG) priors.

Whatever the family and the interpretation framework, these approaches all result in
an optimization problem. The first family leads to techniques of nonlinear optimiza-
tion on R™, while the second brings in combinatorial optimization on the discrete
space {0, 1}M.

5.2. Penalization of reflectivities, L2LP/L.2Hy deconvolutions

The synthetic example of Figure 5.1 illustrates the failure of the trivial matched fil-
ter and least squares solutions on equation (5.3). The spike train signal to be estimated
is the Mendel sequence proposed in [KOR 82] and often used since as a benchmark.
It is depicted in panel (a) of Figure 5.1. The IR is represented in (c). The output (b) is
corrupted by additive noise, with a signal-to-noise ratio (SNR, i.e., the mean empirical
power of h * r over variance of the noise) of 10 dB. (e) shows the result of a matched
filtering, i.e., filtering of observations y (continuous line) by the time-reverse of h,
followed by thresholding at 0.05 (dotted lines) giving the detections marked by xs. It
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Figure 5.1. Synthetic filter based on Mendel sequence (a), synthetic spike train signal
introduced in [KOR 82]. This signal is filtered by the IR (c), additive Gaussian noise of
variance ry, = 5.4.107° is added to give the signal (b). The crosses of () represent the spikes
detected by a matched filter followed by thresholding, while the circles mark the spikes to be
found. The least-squares solution (f) is worthless for detection purposes
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turns out that no threshold gives acceptable false alarm and correct detection rates at
the same time. Furthermore, the least-squares solution (f) is unusable. This is a result
of the limited bandwidth of the IR (d), when we are trying to find a broadband signal.

Following the methodology presented in Chapter 2, we want to add prior informa-
tion about the rarity of non-zero samples on to input 7. Since the solution is assumed
to be broadband, no interaction between neighboring or distant samples is introduced
in our priors. In a deterministic regularization framework, this leads us to look for
solutions as minimizers of a penalized least squares criterion of the form:

J(r,p) = lly = Hrl + 1> ¢(rm), (5.4)

m

in which the regularization term can be decomposed into a sum of monovariate func-
tions to express the a priori independence of samples.

The difficulty is to specify function ¢ to fully characterize the type of regulariza-
tion. ¢ needs to be chosen in a way that favors values close to zero while, at the same
time, exceptionally allowing values very different from zero. The definition of ¢ thus
raises the same difficulties as those found in image restoration for correlated models
(see Chapter 6). The evolution followed in the choice of the functions ¢ is also simi-
lar: quadratic functions, then non-convex functions and, more recently, non-quadratic
convex functions.

5.2.1. Quadratic regularization

The simplest choice is to take ¢(r) = 72, since the resulting estimator is linear:
P=HH+ul) 'H y. (5.5)

This can be implemented using low-cost Wiener or Kalman filtering techniques
[CRU 74, DEM 84, FAT 80, WOO 75]. These techniques are very widely used in
deconvolution but do not, in general, yield interesting results for spike restoration un-
less the spectral content of the IR is sufficiently rich in high frequencies. They can
only perform spectral equalization in the band where the SNR is large enough (see
(4.6) and discussion in Chapter 4).

As an illustration, let us go back to the synthetic example of Figure 5.1. In Fig-
ure 5.2 we present the solution 7 of (5.5) for various values of the regularization
parameter. The solution obtained for ;x = 1 is clearly over-regularized, while the one
obtained for ;1 = 1073 is under-regularized. There is no intermediate value of ;. that
gives a satisfactory result as the IR has too strong a low frequency behavior (see Fig-
ure 5.1d), which makes linear processing ineffective, even with a moderate noise level.
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Figure 5.2. Results provided by quadratic regularization of the example of Figure 5.1. The
circles mark the spikes of the Mendel sequence. The result 7 is plotted for various values of the
regularization parameter |4

5.2.2. Non-quadratic regularization

The quadratic function penalizes large values too much and various authors have
looked into functions that increase more slowly than 2 as r increases.

The first contribution proposing ¢(r) = |r| appeared in the geophysics community
in the late 1970s [TAY 79] and was followed, among others, by [OLD 86] and, more
recently, [O’B 94]. The various authors try to deal with the algorithmic problems
connected with the non-differentiable nature of the criterion by using simplex-type
algorithms. Using a simplex means giving up the quadratic term on the data and re-
placing it by an absolute-value term. In practice, the method does, indeed, produce
solutions with a marked spiky character. It converges in a finite time but is very costly,
one of the most costly that exists according to Kaaresen’s comparison [KAA 98a].
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Much more efficient techniques to minimize (5.4) with ¢(r) = |r| have been made
available by recent advances in the field of variable selection based on the homotopy
approach of [OSB 00] (see also [EFR 04]). Moreover, such techniques do not calcu-
late 7(1) for single values of . Instead, they characterize the full family of solutions
{7(w), & > timin}, which yields efficient ways of tuning p either on qualitative or
quantitative grounds.

On the other hand, Saito [SAI 90], taking his inspiration from the works of Leclerc
[LEC 89] in computer vision, has proposed ¢(r) = 1 if r is non-zero, and ¢(r) = 0
otherwise. The regularizing part of J thus increases linearly with the number of non-
zero samples. The corresponding criterion is neither convex nor differentiable (¢ is
discontinuous at » = 0) and Saito recommends gradual non-convexity techniques
(GNG; see section 2.2.4). Saito’s method produces solutions with a very marked spiky
character but suffers from the optimization problems inherent in non-convex criteria.

More generally, the non-convex functions ¢ used in image restoration can be used
here (see section 6.4). The corresponding models contain hidden decision processes,
formally identical to the line processes in image restoration (see section 6.4.1). From
this point of view, such models can be seen as close to a Bernoulli-Gaussian model as
presented in section 5.3.

5.2.3. L2LP or L2Hy deconvolution

An alternative to quadratic regularization and non-convex or non-differentiable
functions is to choose strictly convex and differentiable functions ¢(r) that increase
more slowly than r2 when r increases. It is remarkable that the use of such func-
tions should have been suggested only relatively recently [GAU 95]. Two classes of
functions of this type have been put forward in the context of non-destructive test-
ing (see Chapter 9): the function |r|” for 2 > p > 1 and the hyperbolic function
VT? + 12, T > 0 with which “L2LP deconvolution” and “L2Hy deconvolution” are
respectively associated. Such functions allow us to approach the behavior of function
|r|, and thus to avoid over-penalizing large-amplitude reflectivities, while remaining
differentiable and strictly convex. The strict convexity of ¢ ensures that of J and thus
the existence and uniqueness of the solution and its continuity with respect to the data
and parameters. The differentiability of the criterion allows standard descent tech-
niques to be used that are very easy to adjust and very cost-competitive relative to the
simplex or GNC techniques mentioned in section 5.2.2. From a practical standpoint,
the uniqueness of the solution simplifies the initialization. Concretely, the continuity
of the solution ensures the robustness of L2LP/L.2Hy deconvolutions with respect to
noise and errors in the models or the choice of parameters. Finally, the approach pre-
sented here is easy to understand, which makes it accessible to the non-expert user.
The convex differentiable penalization approach is thus an excellent compromise in
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terms of cost, simplicity, accuracy and robustness. Section 5.4 completes this analysis
by comparative tests concerning robustness.

5.3. Bernoulli-Gaussian deconvolution
5.3.1. Compound BG model

The distinctive feature of the family of methods we are now going to look at is
that they aim to explicitly materialize the presence of a spike and dissociate it from
the spike amplitude . To do this, they associate an auxiliary variable ¢ with each
sample of the signal. Each variable is binary and shows the presence (¢ = 1) or
absence (¢ = 0) of a spike. The objective of the deconvolution is to simultaneously
estimate the position (indicated by ¢ = 1) and amplitude of each spike. The BG model
corresponds to the simplest random model of this type, for which:

— (@ is a Bernoulli variable of parameter A 2 PriQ=1)«1;

— the distribution of R, given that () = ¢, is Gaussian and zero-mean with variance
qry.

A and r, are two hyperparameters assumed to be known. The simplicity of the BG
model in fact masks a difficulty for its use in maximum likelihood estimation: when
q = 0, the distribution of r is Gaussian with zero mean and variance, i.e., a Dirac
distribution. In general, Dirac distributions appear in the posterior likelihood function,
thereby making a straightforward application of the MAP paradigm irrelevant. To get
around the problem, it is possible replace the BG model by a mixed Gaussian model
with very small but non-zero variance. Another possibility is to consider the process,
e, Of the spike amplitudes: it is Gaussian, zero-mean with variance r,, and is only
defined when ¢ # 0. This approach is developed below.

5.3.2. Various strategies for estimation

The previous set of hypotheses (observation model (5.3), white, stationary Gaus-
sian noise, BG input model) allows the posterior likelihood of (Q, R.|Y = y) to
be defined without ambiguity. However, Bayesian methodology leaves us a great deal
of freedom in the choice of the type of likelihood to be optimized, even though there
are limited choices in practice. Owing to the composite nature of the BG model, we
can envisage performing the deconvolution either by maximizing the joint likelihood
p(re| q,y) Pr(q|y), or by proceeding sequentially, estimating first ¢ by maximizing
the marginal likelihood Pr(q | y), then r. by maximizing p(r. | q, y). In simulation,
the joint approach leads to poorer quality results than the marginal approach when
the true values of the parameters are used. More precisely, the joint approach gives
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a false alarm rate that is too high for an equivalent good detection rate. Neverthe-
less, it is possible to obtain comparable results for the two approaches with different
hyperparameter settings.

The marginal likelihood does not give rise to difficulties of definition due to the
Dirac distributions mentioned above, and the various definitions of the BG process
found in the literature all lead to the same marginal likelihood. For these reasons, we
describe the approach by maximum marginal likelihood below, making three points
clear:

1) the joint and marginal criteria differ structurally only by a matrix determinant;
2) most of the methods used to optimize one of these criteria can also be applied
to optimize the other (this is the case of the SMLR presented in section 5.3.4);

3) the g conditional estimation of the amplitudes is the same in the joint and se-
quential approaches.

5.3.3. General expression for marginal likelihood

By applying Bayes’ rule, the marginal likelihood can be written:

Pr(q|y) x< p(y|q)Pr(q). (5.6)

The expression for Pr(q) results from Bernoulli’s hypothesis of section 5.3.1
Pr(g) = AMe(1 - \)M M

where M, is the number of non-zero components of vector g. Considering the defini-
tion of BG processes given in section 5.3.1, the components of vector r, are Gaussian,
zero-mean, independent and with variance r,. As recalled in section 5.3.2, noise b is
also white, Gaussian, zero-mean, stationary and with variance r,. We thus deduce
that:

plyla) =N(0,B) with BZr, Y hyhl +nl (5.7)

k

where h,, is the nth column of H, because of the conditionally Gaussian nature of
(R. | Q = q) and the linearity of input-output relationship (5.3). It should be stressed
that B can also be expressed:

B =HIH? + I with IIZ r,Diag{q(m)},<,ens (5.8)
and it is the latter expression that we will use in what follows.

By setting aside the terms that do not depend on g, we deduce from (5.6)-(5.7) that
maximizing Pr(q | y) is equivalent to maximizing:

1—A

2 —yTB 1ty —log|B| — 2M,log T (5.9)

L(q)
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Before tackling the practical problems connected with this maximization, let us ex-
amine the second step of the sequential approach, i.e., the estimation of the spike am-
plitudes when the sequence q is assumed to be known. Maximizing p(r, | ¢, y) comes
down to estimating the maximum a posteriori of the Gaussian variable r. observed
through the linear system H. According to the results stated previously (Chapter 3,
section 3.8), the estimate takes the form:

Vk, (o) =h{ B 'y
and can be calculated in the standard way except, perhaps, for very large signals.

Numerous choices — generally dictated by the operating conditions — remain to be
made if we are to implement the maximization of L(q). Particularly worth mentioning
are the choices of recursive or batch processing, and the type of representation for the
linear system h. A detailed examination of all these situations is beyond the scope of
this chapter. For this reason, we will give a precise description of only one method,
corresponding to hypotheses that will be stated, whilst nevertheless trying to bring out
the general mechanisms of BG deconvolution and the trade-offs that always have to
be made. We will then briefly mention other important techniques, highlighting the
main characteristics and situating them with respect to the chosen method.

5.3.4. An iterative method for BG deconvolution

Due to the discrete nature of g, the exact maximization of L is a combinatorial
problem. Formally, the problem is simple as all we need to do is calculate L for the
2M possible configurations of q so as to find the maximizer of g. Unfortunately, this
is impossible to envisage in practice, even for signals of moderate size; the calculation
would be far too voluminous. To obtain a realistic method, we will confine ourselves
to exploring a subset of the possible configurations of g and, as far as possible, avoid
calculating L by straightforward application of equation (5.9). To do this, we de-
fine the notion of neighboring sequences and iteratively maximize the likelihood on
the neighborhoods thus defined. The efficiency of the resulting method essentially
depends on three factors: the nature of the neighborhoods, the existence of simple
formulae connecting the likelihood of two neighboring sequences, and the strategy
for exploring the neighborhoods. In the example given here, we define the neigh-
borhood of a sequence qq as the set of sequences gy, that differ from gy by exactly
one component. We then establish formulae connecting the likelihoods of gj, and q.
These formulae serve as the basis of a suboptimal SMLR-type [KOR 82] procedure
for optimizing L, which consists of maximizing L over the whole neighborhood of a
sequence qo, then repeating the process until a local maximum is reached. We will
look at some more refined variants in the next section.

In what follows, the indices 0 and k concern quantities relative to gy and qy, re-
spectively and the kth vector of the canonical basis of R*is designated vy,. To obtain
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formulae for updating L that do not require many calculations, we introduce the fol-
lowing auxiliary quantities:

ASH'BH,
w2 HTB 1y,
A _
Pk = ELT, s v,{Aofuk,

where ¢, takes the value + 1 according to whether a spike is added to or taken away
from qq in position k. According to the expression for L established in equation (5.9),
the relation between By, and By plays a big part in establishing the formulae we are
looking for. From equation (5.8), we have:

T
II, =11y + ERVETL V), ,

which, by substitution in (5.7) and by application of the matrix inversion lemma, leads
to:
B, ' =B;' - By 'Huvyp;, 'v{ H'B; . (5.10)

From this we deduce that:
y'B; 'y =y "By — wivep; 'vf wo
and, using another traditional result [GOO 77, Appendix E], that:

IBi| = errzpr [Bol -

If we assume that all the auxiliary quantities relative to sequence g are known, the
likelihood calculation for a sequence gy, of its neighborhood can be performed using
the following algorithm:

kr = Apvy, Pk = skr;1 + U;{kk, (5.11)
1—A

L(qx) = L(qo) + wi vpy, v} wo — log(exrapr) — 2¢k log (5.12)
Once the whole neighborhood of g has been explored, the sequence gj, that maxi-
mizes L is chosen as a new starting point. To reduce the volume of the calculations,
it is better not to completely re-evaluate the auxiliary quantities but to calculate them
iteratively. From equation (5.10), we have the following formulae:

wg = wg — kkpglvgwo (5.13)
Ay = Ao — kyp; 'k} (5.14)

and, after initialization, the two sets of equations above make up the complete BG
deconvolution algorithm, (5.11)-(5.12) being used to explore the neighborhood of the
current sequence and (5.13)-(5.14) to select a new sequence.
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5.3.5. Other methods

The method presented above allows us to restore signals modeled as BG processes
with the hypothesis of linear distortion and white, Gaussian, stationary observation
noise. There are several other techniques for dealing with this problem and various
extensions have also been proposed. Below, we look briefly at the most important of
these methods.

If we restrict ourselves to the framework adopted so far, several elements have to
be chosen: type of representation of the system IR, exact nature of the likelihood (joint
or marginal), and technique for maximizing the likelihood. We stress once again that
the choice of the type of likelihood has little influence on the algorithmic questions
and appropriate adjustment of the hyperparameters generally gives similar results in
both cases. It should, however, be pointed out that, for joint likelihood, the fact that we
have to give the hyperparameter values that are far from their “empirical” values can be
troublesome in a non-supervised framework (see section 5.4.2). In compensation, the
joint likelihood offers a little more flexibility in the development of the optimization
procedures.

The choice of how to represent the IR has a significant influence on the devel-
opment of the maximization algorithms in as much as it affects the way the input-
output relation of the system is written. If we ignore the all-pole representations,
which are little used because of the constraints they impose on the phase of h, the
first works on BG deconvolution were based on a zero-pole representation of the
IR [KOR 82, MEN 83]. Due to its parsimonious character, this representation lim-
its the memory resources and, to a lesser extent, the computing power required for the
optimization procedure. The importance of such considerations has obviously greatly
decreased since that time. Furthermore, using such a representation can lead to algo-
rithms of a type and algebraic structure remarkably similar to those of the procedure
described in section 5.3.4, even though the details of the calculations are notably more
complex. Finally, it should be noted that most of the works of the last 10 years have
used a representation of h by a discretized IR, which simplifies the algebra to be han-
dled and takes advantage of the structure of matrix H.

It is using the likelihood optimization techniques that BG deconvolution methods
can be distinguished from one another. These techniques have three component parts:

(@ an algorithm for evaluating the increment of the likelihood when there is an
elementary modification of the Bernoulli sequence g;

(@ an algorithm for updating all the quantities when a new current sequence q is
accepted;

(® a strategy for partial exploration of these sequences.



Deconvolution of Spike Trains 129

In the case where all the observed data y are available (off-line processing), several
deterministic likelihood maximization procedures have been proposed: SMLR and
MMLR methods and their variants [CHA 96, KOR 82, MEN 90] use restricted neigh-
borhoods (two neighboring sequences differ by one, or at most two, samples) and
explore all the sequences that are neighbors of the current sequence then select the
one that maximizes the likelihood before going on to a new iteration; ICM [LAV 93]
methods, based on a neighborhood system similar to the previous one, select one
neighboring sequence of the current sequence in a predetermined or random way and
accept it if it leads to an increase in the likelihood before iterating the procedure; IWM
techniques [KAA 97] are based on more extensive neighborhoods and compensate for
the resulting increased numerical complexity by maximizing the joint likelihood, not
sequentially but alternately with respect to variables g and 7., which considerably
lightens the calculations. We should stress that these deterministic optimization meth-
ods do not guarantee convergence towards the global maximum of the likelihood.

The choice among the various methods should be guided by the trade-off to be
made between the more or less exhaustive character of the exploration of possible
sequences g on the one hand, and the numerical complexity of the method on the other.
This last point depends on the strategy chosen and the distribution of the volume of
calculations between components (D) and ) of the method.

We should also mention that recursive techniques suitable for on-line processing
of the data have also been proposed [CHI 85, GOU 89, IDI 90]. These have the same
three components as above but the recursive processing imposes significant constraints
on the strategy for exploring sequences q. In general, only the components of g cor-
responding to the current or very recent samples of y can vary, the more distant past
of the Bernoulli sequence being fixed. As decisions concerning this more distant past
are not called into question, the exploration of all sequences g is more partial than in
the previous case. This leads to a generally more modest performance, the price to be
paid for recursive processing.

Note that components (D) and Q) of the deterministic BG deconvolution methods
also lie at the heart of stochastic optimization methods of the simulated annealing
type. The (theoretical) interest of these approaches is that they guarantee convergence
towards the global maximum of the likelihood but, unfortunately, at the cost of very
heavy calculations. Formulae such as (5.11)-(5.12) and (5.13)-(5.14) lend themselves
well to the development of such approaches but they have been used very little in prac-
tice as the increase in volume of the calculations relative to deterministic optimization
methods is out of all proportion with the potential improvement in the results.

An interesting extension would be to replace the BG model employed up to now
by a “BG + Gaussian” model. In applications such as echography, this type of model
enables us, among other things, to take account of low-amplitude reflectors located
between high-amplitude reflectors. The influence of the use of this model on the
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way the problem is formulated and the way the likelihood is expressed is relatively
limited. Several deconvolution methods similar to those mentioned so far and based
on deterministic [LAV 93, MEN 90] and stochastic [LAV 93] optimization procedures
have been put forward. The case of a non-Gaussian distribution of the amplitudes has
also been treated formally [KAA 97], but does not appear to have led to any practical
applications.

Finally, BG deconvolution techniques based not on maximum likelihood but on
posterior mean estimators have recently been proposed [CHE 96, DOU 97]. Such es-
timators require samples of (g, 7. ) to be drawn at random according to the distribution
p(re | q,y) Pr(q|y), which is carried out using pseudo-random sampling procedures
known as Markov Chain Monte Carlo (IMCMC, see Chapter 7). The main interest of
these approaches is that they allow the blind deconvolution problem (see section 5.5.2)
to be treated elegantly. We should insist here that components () and ) of the de-
terministic methods of BG deconvolution mentioned earlier are again at the heart of
the algorithms for drawing samples according to the distribution p(r. | ¢, y) Pr(q|y),
and thus numerically highly efficient algorithms such as that of formulae (5.11)-(5.12)
and (5.13)-(5.14) are once again very useful.

5.4. Examples of processing and discussion

In this section, we will discuss the comparative natures of the solutions obtained
by BG deconvolution and L2Hy deconvolution in more detail and look at the practical
considerations that distinguish these two methods.

5.4.1. Nature of the solutions

Figure 5.3a gives the result of a BG deconvolution by SMLR on the data of Fig-
ure 5.1b. The values used for the hyperparameters are (A, r,,7,) = (0.07,0.01,
5.1079), close to the “true” values used for the synthesis: (\*, %, r}) = (0.05,0.01,
5.4.107°). This result is better than that of Figure 5.3b obtained by L2Hy convex reg-
ularization with ¢(r) = V72 + T2 (u = 0.02 and T = 10~*), which is already very
good. Appropriate thresholding of the latter gives results very close to the SMLR;
only the group of four spikes around index 170 is still better restored by SMLR. In
addition, three spikes are doubtless impossible to restore with the data used: the very
low-amplitude one situated around 140 and the last two, which are minimally repre-
sented in the data because of the boundary hypothesis used. The BG deconvolution
result obviously has a more markedly spiky character than the result from convex reg-
ularization. In general, the quality of the estimation of the spike amplitudes is lower
with L2Hy deconvolution, as it is spread over several points. Finally, relative to the
case of quadratic regularization, the results of BG/L2Hy deconvolution bring a clear
improvement (compare Figures 5.3 and 5.2).
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Figure 5.3. Comparison of behavior of BG and L2Hy deconvolution
methods on the data of Figure 5.1b

To complete this analysis, we reran the two algorithms, with the same set of pa-
rameters, on data that only differed from those of Figure 5.1b by the realization of
the Gaussian white noise that was added. We thus obtained Figure 5.4, which should
be compared with Figure 5.3. The results of L2Hy deconvolution, Figures 5.3b and
5.4b, are qualitatively much closer to one another than the results of BG deconvolu-
tion, Figures 5.3a and 5.4a. Thresholding of 0.01 of both L2Hy solutions would give
identical spike positions. This better stability of the L2Hy solution corresponds to the
robustness expected for this method.

0.2

0.2

0.15F q 0.151
0.1f © . ~ 0.1+
O
0.05+ : B 0.05F
9 \? o T ° 0
0 o) O ‘ 0
-0.05 . ~ -0.05
-0.1 B -0.1
-0.151 9 -0.151
-0.21 ~ -0.21 1
o a
0 50 100 150 200 250 300 0 50 100 150 200 250

(a) BG deconvolution by SMLR (b) L2Hy deconvolution

300

Figure 5.4. Test of robustness of the BG and L2Hy methods with respect to noise realization
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The quality of the spike deconvolution mainly depends on the bandwidth of the IR
and on the SNR, parameters that condition the quality of the deconvolution in gen-
eral. Let us add a characteristic of BG deconvolution: a high sensitivity to imperfect
knowledge of the IR. As an illustration, the data of Figure 5.1b were processed again,
for the same hyperparameters, but a perturbed IR. The perturbation was a phase ro-
tation of ten degrees (see Chapter 9, section 9.4.3), the effect of which is shown in
Figure 5.5a. It is a moderate perturbation that only affects the phase of the frequency
response of the IR (its energy spectrum is unchanged). Comparing Figures 5.5b and ¢
with Figures 5.3a and b, we note that the L2Hy deconvolution shows better robustness
to perturbation generated by the inadequacy of the IR.
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Figure 5.5. Test of robustness of the BG and L2Hy methods with
respect to poor specification of the IR

(c) L2Hy deconvolution

5.4.2. Setting the parameters

In addition to the observations, both methods require initialization, here taken
as zero, and specification of the numerical values for the IR and the hyperparame-
ters. There are two hyperparameters for the L2Hy regularization and three for the BG
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deconvolution described here (the method recommended by Kaaresen only needs two;
see section 5.3.5). In fact, the L2Hy deconvolution does not take any decisions itself,
so to obtain a result of the same kind as the BG, a threshold parameter would be
needed. To these parameters must be added parameters having less influence but nec-
essary for the test to stop the descent method used to minimize the criterion. In com-
parison, the SMLR deconvolution presented here does not use a parametrized stopping
test as the optimization is performed in a discrete state space and a local minimum is
obtained in a finite time.

In practice neither of these methods requires fine adjustment of the parameters.
There is no adjustment method that is at the same time low-cost, universal and statis-
tically well founded. The interested reader will find some empirical, common sense
recipes in the articles mentioned above.

The statistically sound hyperparameter estimators are also the most cumbersome to
use [CHA 96, GOU 92]. They bring in MCMC techniques of a similar nature to those
mentioned in section 5.5.2. As an example, the method known as SEM, applied to BG
deconvolution in [CHA 96], gives the estimates (X, 7, 73,) = (0.08,0.008, 5.8.1075)
in the case of the data of Figure 5.1b. Application of BG deconvolution with these
parameters gives a result of quality between those of Figures 5.3a and 5.5b.

5.4.3. Numerical complexity

It is quite hard to precisely evaluate the numerical complexity of the BG or L2Hy
deconvolution algorithms because of the iterative character of the methods and the
difficulty of predicting the number of iterations needed for convergence. The BG
methods get their efficiency from specialized techniques that exploit the sparsity of
the spikes and only keep their advantage when the spikes come at a low rate (< 0.1).
The specialization of these techniques also makes them more complex and more diffi-
cult to implement than the standard descent techniques used for L2ZHy deconvolution,
which are numerically more costly. The cost nevertheless remains very reasonable:
processing the 300 samples of the synthetic example only takes about one second of a
CG algorithm using the linesearch strategy proposed in [LAB 08], written in Matlab
and run on a PC (Intel Pentium 4, 2 GHz, 1 GB).

5.5. Extensions

The methods presented in this chapter admit numerous extensions concerning:

— the structures of noise covariance matrix R and observation matrix H, which
have so far been taken as diagonal and Toeplitz respectively;

— the estimation of the IR on the basis of observations y, of unknown reflectivity;
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— multichannel deconvolution, to take advantage of lateral correlations among sig-
nals received in neighboring positions, a standard context in NDE (see Chapter 9) and
seismology. This theme has many connections with image restoration and will not be
developed here. For further information, see [IDI 93, KAA 98b, LAV 91].

5.5.1. Generalization of structures of R and H

All the observations on methodology remain valid for any matrices R and H. Due
to the matrix standpoint adopted here, a change in their structure has little effect on the
algorithms — on a macroscopic scale — but the computational complexity may increase
by a factor of N. However, when matrices R and H of the direct problem are strongly
structured, the techniques presented can be generalized without any notable loss of
numerical efficiency.

In the case of colored noise, effective implementations of BG deconvolution have
been proposed in the case of noise modeled in autoregressive form, provided that the
order of the model is not too high [CHA 93, MEN 83]. In fact, the most interesting
extensions concern other structures of H; some particularly noteworthy extensions
are:

— spectral ray analysis where H represents a Fourier matrix. The spike train
restoration problem is dealt with using extensions of BG techniques in [DUB 97,
BOU 06], and by convex and non-convex regularization in [BOU 07] and [SAC 98],
respectively;

— basis selection in decomposition into packets of wavelets: H thus represents a
wavelet transform [PES 96];

— “double BG” [CHA 93] and “double L2Hy” [GAU 01] deconvolution in which
H models any non-homogeneous phase rotations of the convolution kernel (see Chap-
ter 9, section 9.4.2).

Note that, in these examples, matrix H generally has many more columns than rows
and the apparently very under-determined aspect of the underlying problem is over-
come using impulse priors.

5.5.2. Estimation of the impulse response

In almost all applications, the IR — and thus the resulting matrix H — is not an
input of the problem: because the convolution is often only a crude physical model,
the IR has no existence in itself and must be estimated. If possible, specific auxiliary
measurements are used as in instrument calibration. If not, the problem can be tackled
by blind deconvolution, i.e., both the IR and the reflectivity are estimated from the
observed signal. This estimation is obviously valid up to an amplitude factor and a



Deconvolution of Spike Trains 135

time-shift factor, which cannot be identified from the data. The phase of the frequency
response of the IR cannot be identified either if the input signal is Gaussian [LII 82].
From this point of view, a spiky input signal corresponds to a more favorable situation.

The main methods for estimating the IR are based on the various ways of defining,
interpreting and exploiting the non-Gaussian character of the reflectivity. An account
of these methods is given in Chapter 9.

In this section, we will only discuss the methods specifically using BG mod-
els or their variants, such as a Gaussian mixture. The simplest blind BG meth-
ods [GOU 86, KAA 98b] are based on maximization of the generalized likelihood
(GML), defined as the probability distribution of all random quantities (observation,
reflectivity, h) conditionally on all deterministic parameters (noise variances, A, etc.).
The generalized likelihood is formally defined by equation (3.9) in Chapter 3. Unlike
maximization of the exact likelihood — defined as the probability of the observations
alone, knowing the parameters; see Chapter 3, equation (3.3) — generalized maxi-
mum likelihood (GML) techniques have no asymptotic convergence properties. On
the other hand, they are the only ones that can be implemented by simple iterative
deterministic algorithms such as, for example, alternating an SMLR BG deconvolu-
tion step with a step to re-estimate h and the hyperparameters. In the implementation
proposed by Kaaresen [KAA 98b], the GML gives good results for an observed signal
of 1,000 samples synthesized with a wavelet of narrower bandwidth than that used in
our simulations and a favorable SNR of 15 dB, but with an impulse density parameter
fixed in advance (this parameter probably cannot be identified by GML). In addition,
the method seems to be convergent for the estimation of the IR in the sense where a
decrease in the SNR to 7 dB can be compensated for by processing 10 times as much
data.

The most recent contributions on blind BG deconvolution [ROS 03, LAB 06] are
based on MCMC techniques following Cheng et al. [CHE 96]. The MCMC tech-
niques are the most statistically sound, since they give access to the exact likelihood,
but they require intensive calculation. They consist of probabilizing the IR and hy-
perparameters and sampling the posterior law of the reflectivity, the IR and the hyper-
parameters conditionally to the observations. If the estimators chosen for the reflec-
tivity and the IR are conditional expectations, they can be approached by averages of
pseudo-random realizations drawn according to the posterior law. The example pro-
posed by Cheng et al. [CHE 96] is composed of 2,000 samples obtained with three
values of the SNR (26 dB, 18.6 dB and 4 dB) and a wavelet of bandwidth compara-
ble to that of our simulations. The examples at 18.6 dB and 26 dB give good results
on the IR and input, whereas the 4 dB case only gives acceptable results for the IR.
It is difficult to compare the respective merits of the methods put forward by Cheng
et al. and Kaaresen using simulation results, as none of the experimental conditions
coincide. However, Cheng et al.’s method estimates the density of the impulses unlike
Kaaresen’s, for which this parameter is fixed. This illustrates the fact that a method
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giving access to the exact likelihood offers more possibilities than a method based
on maximization of the generalized likelihood. As regards real data processing, the
potential of the MCMC method by Cheng er al. as been investigated by Rosec et
al. [ROS 03] on marine seismic data. They show that these techniques enable us to
improve seismic image resolution in at least two respects: better interface localization
and layer detection.

Finally, although it remains implicit in the above mentioned articles, only the mul-
tichannel blind approaches seem to provide satisfactory results for the processing of
real data.

5.6. Conclusion

We find ourselves faced with a problem of spike train deconvolution whenever
two point sources become indiscernible in the observed signal because of the limited
resolution of the sensor and the small distance between the sources. If we use the
hypotheses of linearity and shift-invariance, after discretization the problem comes
down to a discrete deconvolution in which the input is a discrete-time sparse spike
train. The limited bandwidth of the sensor usually makes inverse filtering methods
ineffective to restore the broadband character of the input.

We have presented two families of techniques aimed specifically at restoring spiky
signals:

— the first favors estimation of the input by optimization of a criterion regularized
on R™ which penalizes non-impulse solutions;

— the second insists particularly on the source detection aspect and places a re-
duced number of spikes by optimizing a criterion that depends on the position of the
impulses. As these positions are discrete, these methods solve a problem of combina-
torial optimization, processed by suboptimal algorithms.

Finally, we have described two methods, L2Hy deconvolution by convex penalization
and Bernoulli-Gaussian deconvolution by SMLR. These methods are representative
of the two families respectively.

L2Hy deconvolution gives solutions with a marked spiky character, in the sense
that they are composed of a majority of samples with a low value and a few samples
with a modulus that is much higher. Impulse detection, if necessary, has to take place
in a second step by thresholding these solutions. Due to the convexity of the optimized
criterion, the solution obtained is continuous and depends on the observations, the IR
and the hyperparameters, which ensures that the solution is less sensitive to these pa-
rameters. In comparison, BG deconvolution produces a solution that includes spike
detection. The solutions provided are thus discontinuous with respect to the parame-
ters. These characteristics of the solutions provided by the two methods are illustrated
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by a synthetic example that allows them to be compared. In the conditions where the
hypotheses of the model are properly fulfilled, BG deconvolution gives solutions of a
quality better than or equivalent to L2Hy deconvolution, depending on the noise re-
alization. In contrast, it is not as robust as the latter to modeling errors such as poor
knowledge of the IR.

This crucial problem of modeling errors will be considered again in Chapter 9
where it will be analyzed by means of an example on real data from non-destructive
testing using ultrasound. Chapter 9 illustrates the gap between the application of the
techniques presented here and the practical processing of data, which, in addition to
the observed signal, requires the specification of the quantities that were assumed to
be known here but which are often unknown in practice, such as the IR and the hy-
perparameters. These quantities are all the more difficult to adjust in practice when
the assumed convolutional model is only a rough, first-order representation of the
underlying physics. Processing real data often makes it necessary to implement ex-
tensions of the methods presented here. Chapter 9 describes one of these extensions,
sections 5.3.5 and 5.5 point the interested reader towards the variants and extensions
that are not covered in detail in this book.
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Chapter 6

Deconvolution of Images

6.1. Introduction

As explained in Chapter 1, constructing admissible solutions for ill-posed prob-
lems such as image deconvolution necessarily implies restricting ourselves to a limited
class of solutions, given some prior knowledge. In the case of images, the generally
expected solution possesses a certain degree of local regularity, measurable by norms
of derivatives or finite directional differences. More precisely, it is legitimate to as-
sume that the variations of intensity are limited except in transitions between regions,
if we exclude the case of strongly textured regions.

This chapter is above all devoted to how to take account of this qualitative property
of regularity “almost everywhere” as prior knowledge. Research work on the subject
is plentiful and the target field of application particularly vast. In Chapters 12 to 14 of
this book we will see that this property is also an essential regularizing tool in imaging
for inverse problems other than deconvolution.

Looking for a discrete solution by minimizing a penalized criterion is one of the
simplest techniques. In some cases, such a discrete solution can be presented as an ap-
proximation of a continuous solution defined in a functional framework. However, the
conditions for a functional solution to exist and be unique are mathematically more
difficult to establish. In practice, immersion in the functional framework is not an
indispensable prerequisite. It is touched on in this chapter, without the in-depth math-
ematical treatment that would be necessary to guarantee the existence of functional
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solutions. Similarly, the connection between penalization of the intensity variables
and calculation of the solution by isotropic or anisotropic diffusion is mentioned.

The Bayesian probabilistic interpretation could also have served as the mathemat-
ical framework, justifying the minimization of penalized criteria by looking for the
maximum a posteriori estimator (see Chapter 3). There again, immersion in this sta-
tistical framework is not an indispensable precondition for handling the basic tools
given in this chapter. On the other hand, it becomes necessary when certain “ad-
vanced” tools are introduced, such as resampling techniques, simulated annealing,
and the estimation of hyperparameters by maximum likelihood. This is why these two
chapters will refer much more explicitly to the Bayesian framework.

This chapter is principally divided into three and progresses in approximately
chronological order:

— Their structural simplicity and ease of implementation justify the fact that the lin-
ear solutions obtained by the minimization of “Tikhonov-type” penalized least squares
criteria play a central, historical role in the “inverse filtering” domain. The definition,
and also the limitations, of these solutions are discussed in section 6.2. As far as their
practical calculation is concerned, Chapter 4 is partly devoted to the subject.

—In the 1980s, following on from work such as that by the Geman broth-
ers [GEM 84], a more sophisticated and ambitious approach appeared, which con-
sisted not only of estimating an image from imperfect data, but also of associating
with it a step for detection of discrete hidden variables materializing outlines or re-
gions. Section 6.3 is devoted to the detection-estimation methods which result from
this.

— Since the 1990s, matters have started to evolve towards greater simplicity. This
has led to penalty functions being chosen from a large family of convex, non-quadratic
functions and the detection step has been abandoned in favor of solving the problem
by convex optimization (section 6.4).

For the sake of completeness, we should add that minimizing penalized criteria
is not the only possible option in image deconvolution. More specifically, multires-
olution methods, based on decomposing the observed image in a wavelet domain,
have been developed in recent years and applied to astronomical [STA 02] and satel-
lite [KAL 03] imaging in particular.

6.2. Regularization in the Tikhonov sense

6.2.1. Principle

6.2.1.1. Case of a monovariate signal

Following the approach developed by Tikhonov in [TIK 77] and earlier articles
(the oldest date from 1963), the penalty function for candidate solutions is a quadratic
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norm on the signal and its derivatives, measuring their regularity. Let us suppose first
of all that a discrete or continuous monovariate function (a 1D signal rather than a 2D
image) x* is to be estimated from imperfect data:

y = Hx™ + noise, (6.1)

where H is a (bounded) linear operator. The apgroach introduced by Tikhonov re-
quires the choice of a regularizing function || Dz||, where D is also a linear operator,
e.g. a differential operator. The estimated solution Z is then defined as the minimizer
of:

J (@) = |ly = Ha|* + X||D]|?, 62)

where A is a regularization parameter (strictly positive). In practice, it is possible to
impose conditions that are not very restrictive and ensure that 7 is strictly convex and
has a unique minimizer. In particular, this is the case if || Dz|| is a norm for z.

The first term of J in (6.2) is a quadratic norm that penalizes the difference be-
tween the data y and the observation model for an admissible function x. In what
follows, we will concern ourselves more with the second term of 7, i.e., the construc-
tion of the regularizing functional. In Tikhonov’s original contribution, z is a function
of a continuous variable of an interval 2 C IR in IR, and:

2 & (r) 2
|| Dz|] zg)/ﬂcr(s)(x (s)) ds, (6.3)

where the weights ¢, are strictly positive functions and x(") is the rth order derivative
of x . Qualitatively, it is clear that such a choice corresponds to a prior hypothesis on
the smoothness of the signal to be estimated x*.

6.2.1.2. Multivariate extensions

Multivariate extensions have been proposed. In dimension d, to penalize only the
gradient of x (noted Vz here), we can define:

IDz|? = /Q va;(s)Hst:/Q zj: (3;(3)>2 ds. (6.4)

The penalty functionals can also involve partial derivatives of higher order. In
imaging (2 C R?), several contributions bring in partial derivatives of order two
(e.g. [TER 83]).

If functional 7 defined by equation (6.2) has a minimizer, this minimizer is the
solution of a Euler-Lagrange equation [AUB 06]). In the case of equation (6.4), this
can be written:

H*Hx — \NAx = H*y (6.5)
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(where A = Z?:l 0?/0s? is the Laplacian with respect to the space coordinates and
H* is the adjoint operator of H), with the boundary condition:

ox

—| =0, 6.6

on|yq (6.6)
where 02 represents the boundary of €2 and n a normal vector outward to 0f2.

6.2.1.3. Discrete framework

Discrete equivalents of functionals such as (6.3) or (6.4) appear in two types of
work.

Some try to approach the minimizer of functional [J by discrete approximation,
usually by means of a scheme involving finite differences. For example, the penalizing
functional (6.4) can be approached by:

M N M N
Z Z(xm,n - xm,—l,n)Q + Z Z(xm,n - xm,,n—l)Q (67)
m=2n=1 m=1n=2

in the case of a rectangular domain €2, divided into squares using M x N sites (m,n)
having the same step distance for the rows and columns. For conventional discretiza-
tion schemes (finite differences, and also finite elements), there are results showing the
convergence of the discrete minimizers towards the function that minimizes J when
the grid becomes finer (see, for example, [TER 83]).

Others directly position themselves in the discrete framework or discretize the
signal to be restored over a fixed number of points right from the start, before pos-
ing the inversion problem. Penalty functions such as (6.7) are then often found, e.g.
in [TIT 85], without reference to the regularization functions they come from.

6.2.2. Connection with image processing by linear PDE

Partial derivative equations (PDE) were introduced for the restoration of noisy
images by Koenderink [KOE 84], on the basis of a mathematical analogy between
the calculation of regular images and the diffusion of heat. In this formulation, it is
assumed that a noisy image y = {y(s), s € Q} has been observed over a continuum €
(typically a block IR?, which is obviously not realistic in practice). A series of images
x(s, t) is defined depending on an outside parameter ¢ (the time or the scale) and an
equation for the evolution of x with time is introduced. The first diffusion equation
applied to images, known as the heat equation, is the following linear parabolic PDE:

0x(s,t)

i = Aa(s.0), (6.8)
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with the conditions (6.6) and

z(s,0) = y(s), (6.9)
The system formed of (6.6), (6.8) and (6.9) applies to image restoration from a noisy
version y (i.e., H = Id in (6.1)). The idea is to “diffuse” the intensity of the image
isotropically as time goes on. It can be shown that this diffusion process corresponds
to the application of a circular, Gaussian, linear convolution operator of variance 2¢
ony:

x(s,t) = (Gexy)(s) with Gi(s) = exp(—HsH2 /At) /4t

In this formulation by PDE, the time parameter can be considered as a scale parameter.
In the image (s, t), the information at scales smaller than ¢ is blurred but the infor-
mation at coarser scales is preserved. For t — oo, x(s,t) tends towards a constant
(the mean of y): the diffusion process must be stopped after a certain time, and this
plays the role of a regularization parameter. To avoid the solution converging towards
a constant solution, and to be able to take account of a degradation process H, (6.8)
can be replaced by a “biased” PDE [NOR 90]:

0x(s,t)
ot
A stationary state of this equation is obtained by making the left hand side zero, thus by

solving the Euler-Lagrange equation (6.5) for © = 1/\. Also note that equation (6.10)
can be written in the form:

= pH* (y(s) — Hx(s,t)) + Ax(s,t). (6.10)

Ox(s,t)
ot

which, once discretized (in time), corresponds to a gradient algorithm for the mini-
mization of functional (6.2).

= —VJ(J?),

6.2.3. Limits of Tikhonov’s approach

When the image to be restored is made up of distinct regions, or when the aim
of the imaging procedure is to display isolated defects in a homogeneous medium (in
non-destructive testing), Tikhonov’s method proves limited in its capacity to detect
discontinuities, or even to indicate their approximate positions.

As an illustration, let us consider the following simulated experiment: let
Yy = [y, ..., yN]T be a vector of noisy data, regularly sampled using a function
x* on [0, 1] which is univariate and piecewise smooth: y, = z*(n/N) + b,. The
function =* and the vector y are represented in Figure 6.1.

With R=2, cg=c; =0, c; = Land |y — Hz||* = XN (yn — 2(n/N))?,
equation (6.2) can be written:

1
J(@) = |\y—Hx|\2+A/ (2" (s))? ds. ©.11)
0
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Figure 6.1. A piecewise smooth monovariate function x* and 50 data items containing noise
Yn, n=1,..., N =50

Let us introduce a discrete approximation for (6.11), by finite differences:

M—1
Ju(@) = [ly — Haol| + AM> > (220 — Tt — Tmia)? (6.12)
m=2
where ||y — HacH2 = ZnN:1 (yn — ng/N)Q, =z, ..., xM]T, and M is a mul-

tiple of N. We then define the estimated vector Z* as the minimizer of .J5;. The point
to point convergence of Z* towards the unique minimizer of (6.11) when M — oo is
a traditional result [NAS 81]. Figure 6.2 represents Z*, a vector of length M = 400,
obtained for the “best” value of A in the L sense, i.e., the value that minimizes

Figure 6.2. Smooth linear estimate * obtained as the minimizer of equation (6.12), for
M = 400 and for the optimum value of X in the Ly sense: C(T, z*) = 18.16%
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C(z*, z*), with:

M M
Cla, %) = ) lem —a*(m/M)|/ Y |a*(m/M)].
m=1

m=1

This procedure for choosing hyperparameters is artificial, since it requires x* to be
known, but it allows relatively fair comparisons among methods for estimating the
signal we are looking for.

The solution Z* (Figure 6.2) is not satisfactory, as it is uniformly smooth. In
comparison, a simple piecewise linear interpolation of successive data gives an error
of the norm L; of 17.04%, which is notably lower.

If the number I and the positions 7 = [rq, ..., 77] of the discontinuities were
known, a suitable approach would be to replace criterion 7 by:

I Tit+1
Tola) =y~ Hal+ 1Y [ @ (s))" ds,
i=0 v Ti

with 79 = 0 and 7747 = 1, a criterion to be minimized in = without the hypothesis of
derivability in 7y, ..., 77. (This is why we do not write the sum of the integrals in the
form fol (2(s)")? ds.) Similarly, in 2 dimensions, if the discontinuities form a known
set I' of curves in the plane, regularity is imposed everywhere except in I'. This idea
can be generalized to any dimension d for a set I' C 2 of dimension d — 1.

The discrete equivalent can be expressed as:

M—1

Jo(x) = |y — Ha|” + AM® >~ (1= lm) (22m — Tmo1 — Tmi1)”,  (6.13)
m=2

where £ = [ls, ..., £37_1] is a binary vector of edge variables: {,, = 1 corresponds

to the presence of a discontinuity! at position m.

In practice, this approach is very limited as our ignorance of the positions of the
discontinuities is an integral part of the problem. The following sections are devoted
to the main ideas and tools introduced in the signal and image processing community
to deal with the question of restoration of piecewise regular functions.

1. Note that these “second order” discontinuities correspond to breaks in the slope. The breaks
in the intensity of x* (Figure 6.1) thus correspond to two consecutive slope breaks: for example,
L, = m+1 = 1 for a break in intensity between x,, and 1.
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6.3. Detection-estimation
6.3.1. Principle

In the mid-1980s, the controlled management of discontinuities made a big step
forward, both theoretically and practically [BLA 87, GEM 84, MUM 85, TER 83].
The idea was put forward of considering the problem of estimating = and that of
detecting the discontinuities (in the form of 7, £ or, more generally, set I" of discon-
tinuities, according to the context) jointly. To do this, joint minimization of criteria
such as Jr(z) in (z, 7) or Je(x) in (x, £) is not adequate. It is not difficult to see
that this strategy leads to a maximum number of discontinuities (i.e., I' = 2 in con-
tinuousand £ =[1, ..., l]T in discrete). This does not happen if a “price to be paid”
a > 0 is imposed per discontinuity introduced [EVA 92, MUM 85]. The result is an

augmented criterion:
M—1

K(x, £) = Jo(@) + o Y by (6.14)
m=2
in the discrete univariate case and, in the continuous univariate case,
Kz, 7) = Jr(z) + al. (6.15)

In the functional case of dimension 2, the penalization of the discontinuities becomes
proportional to the total length of the curves making up I'. More generally, in di-
mension d, it can be written osz_l(F), where H% ! is the Hausdorff measure of
dimension d — 1 [EVA 92, MUM 85].

In equations (6.14) and (6.15), the penalty depends only on the number of discon-
tinuities, not on their relative positions: they are said to be uncoupled. Variants can

Figure 6.3. Smooth piecewise estimate T obtained as the joint minimizer of equation (6.14)
for optimum values of \, a in the L1 sense: C(Z%, z*) = 16.22%
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be envisaged; for example, it could be decided that nearby discontinuities should be
over-penalized by introducing a sliding price to be paid that falls with increasing dis-
tance between neighboring discontinuities. When the penalty depends on the relative
positions of the discontinuities, the edge variables are said to be interactive. In im-
age segmentation, specific models of interactive variables have been introduced (see
Chapter 7).

Finally, we can point out several characteristics common to works such as
[BLA 87, GEM 84, MUM 85, TER 86] in image restoration and computer vision:

— The image discontinuities are modeled explicitly, in the form of a set in the con-
tinuous setting, and more simply by Boolean variables in the discrete setting. These
variables can be qualified as hidden (with respect to the observation procedure) in as
far as they are excluded from observation equation (6.1). Conceptually and practically,
the use of hidden variables provides a wide variety of tools for taking prior knowledge
into consideration in a penalized form.

— In most cases, the augmented criterion is half-quadratic (HQ): a function K is
said to be HQ if it depends on two sets of variables, say « and £, in such a way that
K is quadratic in @ but not in (x, £). Numerous works in image restoration have
exploited this characteristic recently and section 6.5 is devoted to it.

6.3.2. Disadvantages

The calculating cost is the main practical disadvantage of detection-estimation.
Without mentioning the continuous case, numerically heavy methods are already nec-
essary to correctly handle the combinatory problem induced by the introduction of the
binary variables in the discrete case. Most of these methods are based on the principle
of relaxation, in a stochastic (simulated annealing; see [GEM 84] and Chapter 7) or
deterministic (continuation methods such as graduated non-convexity — [BLA 87]; see
also [NIK 98, NIK 99]) framework. Figure 6.3 was calculated by GNC deterministic
relaxation.

Several authors [BOU 93, LI 95] have stressed the lack of stability of the estimate
2" as another weakness of detection-estimation. This lack of stability comes from
the fact that Z%* is not a continuous function of the data. In other words, Hadamard’s
third condition is not satisfied by Z%*, and the problem is still ill-posed despite the
penalization. Figure 6.4 illustrates this aspect, following an example given in [LI 95].
In fact, 2% is a piecewise continuous function of the data, a behavior that is in-
trinsic in the discontinuity detection capacity of such an approach. In fact, solving a
decision problem with multiple hypotheses comes down to partitioning the data space
(here, RY) into as many regions Ej, as there are competing hypotheses [BRE 94].
E is defined as the subset of the values of y for which the hypothesis adopted is the



150 Bayesian Approach to Inverse Problems

Figure 6.4. Instability of %> as a function of the data: continuous line, two estimates

Z%coming from the same data set, except for one value. The data are represented by circles

for one set and by crosses for the other. Parameters A and « are kept constant

kth according to the decision rule considered. Here, there are as many hypotheses as
possible values of £, i.e., 2/ =2, and Z%* is continuous when  is inside any E}, (for
fixed £, £ minimizes quadratic criterion (6.13)). In other words, the discontinuities
occur only at the edges of subsets, i.e., when the variation of the data causes a change
of decision. In certain cases, far from being a disadvantage, this characteristic is de-
sirable since it testifies to automatic decision making. On the other hand, if the signal
restoration is only a decision-making aid for a human expert, detection-estimation is
doubtless not to be recommended as it is both risky and numerically costly.

6.4. Non-quadratic approach
Penalized non-quadratic approaches took on increasing importance in signal and
image restoration just before the mid 1990s [BOU 93, KUN 94, LI 95]. The principle

is to replace Tikhonov quadratic penalization by another even function better able to
preserve discontinuities. For example,

1
To(@) = lly — Hal + A / o(2"(s)) ds 6.16)

is a generalization of (6.11) for the continuous 1D case, and similarly:

AN o T T
m — 4dm—1 " Lm+1
Jo(x) = |ly — Hz|* + - ab( e - ) 6.17)
m=2
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generalizes (6.12) for the discrete 1D case. Or again,

/ o(1V(s)]) ds 6.18)
Q

generalizes (6.4) for the continuous 2D case, and:

2 M Tmn — Tm—1,n 2 MY Tmn — Tm,n—1
YN 6 il YN S (6.19)

m=2n=1 m=1n=2

is a possible generalization of (6.7) for the discrete 2D case (if necessary, parameter
v is a discretization step). Penalty function structure (6.19) is the most usual in image
restoration practice. As [AUB 97, section 2] points out, it does not correspond to a
discretized version (with finite differences) of equation (6.18) but rather to:

/ s (896(3)) ds +/ s (896(3)) ds,

Q 0s1 Q 0s2

which is not invariant under rotation of the image axes. As for equation (6.18), an
associated discrete scheme can be written:

M N 1
V2 Z Z ¢ (; \/(xm,,n - xm—l,n)Q + (xm,,n - xm,n—l)Q) . (620)

m=2n=2

Starting from (6.19) and to approach a model that is invariant under rotation, it is more
usual to add supplementary diagonal terms [HUR 96]:

2 M Tmn — Tm—1,n—1 2 M ITm—1,n — Tm,n—1 6.2
Y N6 e +12) >0 7 , (6.21)

m=2n=2 m=2n=2

than to opt for criterion (6.20). On this subject, see [BLA 87, section 6.1.1].

The essential thing is thus to choose the behavior of function ¢. In order to preserve
the edges between homogeneous regions and thus to authorize large variations of the
estimate at some points, ¢ must increase more slowly than a parabola. The choice
of ¢ and the related arguments are finally very close to the use of robust norms in
statistics [HUB 81, REY 83]. Two groups of functions have mainly been proposed in
the literature.

Lo L functions

These are even, non-constant functions that are convex C*, C? at 0 and asymptot-
ically linear. A simple, often used example is the branch of the hyperbola (Figure 6.6¢

and [CHA 97]):
o(u) =v/n?+u2, n>0.
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The minimizer of (6.17) that corresponds to this choice is represented in Figure 6.5.
It provides a fairly good compromise between restoration of the smooth areas and
preservation of the edges.

Other families of convex functions give a qualitatively close result, for example
the norms L, [BOU 93]:
$(u) =ul’, 1<p<2

(which are not C? at 0, and even not differentiable for p = 1, and increase faster than
the linear regime), or again, the “fair” function [REY 83], which, although it remains
convex, increases a little more slowly than the linear regime:

¢(u) = [u/n| —log(L + |u/nl), 1> 0.

Certain, more rare contributions propose penalizations that are convex but do not
act on the derivatives or finite differences of the function to be estimated. Worth noting
are functions inspired from entropy [O’S 95], such as, for the restoration of positive
images:

M N T M N 2
-1, ,n—1
Z Z(xm,n_xmfl,n) ]-Og e +Z Z(xm,n_xm,nfl) IOg &' (622)
m=2n=1 Lm,n m=1n=2 m,n

Figure 6.5. Smooth, nonlinear estimate £ obtained as the minimizer of equation (6.17),
with ¢(u) = \/n? + u? for optimal values of X and s in the L1 sense:
C@™, z*) = 16.57%

Lo Ly functions

These are non-constant, even functions, C? at 0, increasing on R,y and asymp-
totically constant. In consequence, the price to be paid for a variation of intensity
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(@ u (b) u|"? © VP +u?—n

2
<d> —log(1 '“' © —~

a2 2

Figure 6.6. Examples of penalizing functions, classified by rapidity of increase at infinity.
Among the first four, which are convex, (c) and (d) are LaL;.
The last two, non-convex, are LaLg

increases with its amplitude, but tends towards a constant. A typical example, given
in [GEM 87] and shown in Figure 6.6e, can be written:

2

¢(u) =

U
m7 n > 0.

Lo Ly functions are not convex and the global minimization of functional (6.16) does
not necessarily have a mathematical sense. However, in the discrete setting, the global
minimization of function (6.17) is always mathematically well-defined, as it is posed
in a space of finite dimension. From a practical point of view, of course, the possible
existence of local minima makes global minimization of function (6.17) much more
difficult. The minimizer of (6.17) is not represented here for the example treated;
its behavior is very similar to that of the solution obtained by detection-estimation
(Figure 6.3).

Variants are sometimes recommended in the literature, e.g. [GEM 92] advocates
even, convex functions, increasing on IR, which are thus non-derivable at 0, such

that: ||
u

o(u) = , n>0.
W) =
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Comparisons

In practice, it is observed that the two classes, Lo L and Ly Lo, give very different
solutions in terms of behavior and computing cost.

On the one hand, the Lo L; approach ensures the convexity of criteria Jg and Jy.
This property ensures the existence of a unique global minimum for equation (6.16)
(in an appropriate space, such as the space BV (2) of functions with bounded vari-
ations [EVA 92]). The same is true for equation (6.17). Moreover, the convex crite-
ria do not admit local minima, the convergence towards a global minimizer of equa-
tion (6.17) is thus proved for standard minimization algorithms (of the gradient type
or for descent coordinate by coordinate, e.g. [BER 95]). Another interesting prop-
erty of the solution thus obtained is its “stability” [BOU 93, KUN 94, LI 95], that is to
say, it satisfies Hadamard’s third condition, unlike the solutions obtained by detection-
estimation.

On the other hand, the Lo Ly approach shares the characteristics of the “detection-
estimation” approach: the restored boundaries are very clear, the solution is only
piecewise stable depending on the data and hyperparameters — see Figure 6.7; and
the computing cost of algorithms that avoid the possible local minima is high. The
similarity of the characteristics of the Ly L( and “detection-estimation” approaches is
not an accident, as the next section shows.

J(x)

T =2 To T1 To =12
(@ (b)

Figure 6.7. A small deformation of a multimodal criterion can completely change the position
of the minimizer, when a local minimum becomes global. That is why the behavior of an
estimate defined as the minimizer of a non-convex criterion can change abruptly after a slight
modification of the data or the setting of the hyperparameters

6.4.1. Detection-estimation and non-convex penalization

Blake and Zisserman [BLA 87] observed that a HQ criterion (see section 6.3.1)
with uncoupled edge variables such as equation (6.14) could be considered as an aug-
mented equivalent of a certain non-quadratic criterion J(x), in the sense that:

min  K(-, £) = J.
£e{0,1}M -2
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Qualifying criterion K as augmented stresses the fact that it depends not only on x,
but also on auxiliary variables £, whereas J only depends on . More precisely, from
equations (6.13) and (6.14), we have:

min  K(x, £)
EE{O,I}]W_2
M-1
= —H 2 i </\M31_€m, 2 m -~ 4dm—1 " Lm 2 Em)
ly — He| +m§j:2£mg1{131} (1= ) 2T = Tm1 = 1)’ + @

M-1
= |ly — Hz|* + Z min {a, AM3 (22, — Tyn1 — xm+1)2}

m=2
= J¢T/ (w) Y

where Jy, is defined by equation (6.17) for ¢, (u) = min{u?, n*}, i.e., for the rrun-
cated quadratic function represented in Figure 6.6f, with n = /Ma/\. Conse-
quently, J = Jy, and K have the same minimum and, more importantly, the same
minimizer Z on all closed X of R™M, in the sense that:

Z minimizes J on X <— EIZ/ (i,?) minimizes K on X x {0, 1}M~2,

To find Z in practice, we therefore have the choice of concentrating on the minimiza-
tion of J or on that of K. Blake and Zisserman define K as the detection-estimation
criterion, deducing the expression for J from that for K and dealing with the prob-
lem of minimizing the non-convex criterion J by graduated non-convexity rather than
attacking the combinatory problem posed by the minimization of K.

6.4.2. Anisotropic diffusion by PDE

In the same way as a strong connection can be established between isotropic dif-
fusion by PDE and quadratic penalization (see section 6.2.2), it is also possible to
link anisotropic filtering of the image by PDE and the minimization of non-quadratic
functional criteria (see [TEB 98] and other articles in the same special issue). The
first anisotropic PDE of images, i.e., taking the edges into consideration, was that
introduced by Perona and Malik [PER 90]. The idea is to encourage diffusion in
zones with weak gradients (corresponding to homogeneous areas), while preserving
the areas with strong gradients (corresponding to edges). This anisotropic diffusion is
formally expressed as follows2:

0x(s,t)

FE80  div(el| Va (s, t)]) Va(s, 1),

2. div = Zle 0/0s; is the spatial divergence.
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with conditions (6.6). The coefficient of conduction ¢(.) is chosen as one in the uni-
form zones (with weak gradients) and tends to zero in the zones of strong gradients.
Diffusion is thus delayed at the edges. Here again, the process has to be stopped after
a certain time and this plays the role of a regularization parameter.

If a fidelity to data term is introduced in the PDE, as proposed by Nordstrom
[NOR 90], the solution is likely to converge towards a suitable stationary state, from
any initial condition z(s, 0):

Ox(s,t)

ot
This dynamic equation has similarities with the use of the penalizing functional (6.18).
Euler’s equation expressing a necessary condition for obtaining an extremum of (6.18)

can be written: (119
H*(Hz —y) — Adiv (Mw) = 0.

= pH*(y(s) — Hx(s,t)) + div(c(||[Va(s, t)|) Va(s, t)). (6.23)

2| V||
This equation is verified by any asymptotic solution z(s, +00) of (6.23) if:
pw=1/X and c(t) = ¢'(t)/2t. (6.24)

Functions c proposed by Perona and Malik and the corresponding ¢ are:

c(t) = exp (—t*) = ¢(t) =1 — exp (—t°) + const.

1
=1z

The first function ¢ is Ly Lo, the second is a non-convex function (but with no asymp-
tote) proposed in [HEB 89] for regularizing a reconstruction problem in medical imag-
ing. In the case of a non-convex function ¢, note that the intervention of a PDE such
as (6.23) does not provide a “miracle” method for ensuring the existence of a global
minimizer and performing the calculation.

= ¢(t) =log (1 + t*) + const.

6.5. Half-quadratic augmented criteria

The use of HQ criteria has recently imposed itself as a powerful numerical tool for
image restoration with preservation of discontinuities [BRE 96, CHA 94, CHA 97,
VOG 98]. As mentioned above in the framework of the “detection-estimation” ap-
proach, the HQ criteria first included exclusively binary edge variables that were ei-
ther interactive or uncoupled. Following [GEM 92], this section shows that the HQ
criteria cover a much larger domain. More precisely, many penalized, non-quadratic
approaches admit an equivalent formulation in the HQ framework. This has a double
consequence: from a formal point of view, this equivalence leads to a better under-
standing of the real choices of signal and image models; from a practical point of view,
the HQ formulation furnishes new algorithmic tools for minimizing non-quadratic cri-
teria.
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6.5.1. Duality between non-quadratic criteria and HQ criteria

D. Geman et al. [GEM 92, GEM 95] generalized Blake and Zisserman’s construc-
tion (section 6.4.1) to non-discrete auxiliary uncoupled variables. By reversing the
construction order, they showed the existence of augmented HQ criteria K for broad
classes of non-quadratic criteria J, in the sense where:

greng(-, b)=J (6.25)

for a set B to be defined, in general different from {0, 1}. In a form that was sub-
sequently extended [CHA 97, IDI 01], this construction applies to functions ¢ that
satisfy the following hypotheses:

¢ is even,
¢(+/*) is concave on R, (6.26)
¢ is continuous at zero and C* on R \ {0}

Under these conditions, the following duality relations can be obtained from conven-
tional convex analysis results [ROC 70]:

o(u) = inf (bu® + (b)), (6.27)

B(B) = sup (9(u) — bu?).

u€ER

From equations (6.17) and (6.27), it is easy to deduce that equation (6.25) is true
for the augmented HQ criterion:

K(xz,b) =
M-1 \ M-l
2 3 2
ly — H||” + AM mE:Q b, (2Tm — Tm—1 — Tmt1)” + i mgzz P(bm). (6.28)

Formally, we observe that the first part of this criterion can be identified with J3 _p (),
where J, has been defined for binary £ by equation (6.13). To within a multiplying
factor, the auxiliary variables b,, play the role of 1 — /,,, in equations (6.13)-(6.14),
but the b,,, are not binary.

Whether they are convex or not, most of the functions ¢ proposed in the literature
satisfy (6.26). For example, we have:

24 1/4b if b €]0, boo = 1/217],
o) = VFFE 0> 0= (o) ={ T R b =2

__v _ [ =nvB)? it €0, b = 1/n7,



158  Bayesian Approach to Inverse Problems

6.5.2. Minimization of HQ criteria

6.5.2.1. Principle of relaxation

[GEM 92] points out the structural advantages connected with half-quadratic prop-
erties for the minimization of the augmented criterion K rather than .J. More precisely,
we proceed by relaxation, i.e., by considering the sub-problem with fixed «, then fixed
b alternately until convergence is obtained. These two sub-problems are simple since
one is quadratic and the other separable. [GEM 92] is specifically concerned with the
case where ¢ is non-convex and develops an HQ version of simulated annealing based
on the principle of alternate sampling.

Several other authors [BRE 96, CHA 94, CHA 97, VOG 98] have taken an interest
in the deterministic counterpart, which is well suited to the case where ¢ is convex.
Starting from an initial pair (x, b), they intertwine minimization of x with b fixed and
minimization of b with x fixed:

(@ augmented criterion K (x, b) is a quadratic function of «. Calculating its mini-
mizer for & with b fixed is therefore a simple problem of inverting a linear system. It
is worth noting that this step corresponds to an adaptive version of Tikhonov regular-
ization, in as much as the regularization parameter in front of each quadratic penalty
term in expression (6.28) is multiplied by a factor b,,,;

@) criterion K (x, b) being a separable function of variables b,,, it can be mini-
mized with respect to b in a parallel form. Moreover, the updating equation for each
by, is explicit: it can be shown that the infimum of equation (6.27) is reached for3:

Vu # 0, b(u) = ¢ (u)/2u, (6.29)

prolonged by continuity in 0; the expression for 1) is thus not required for expressing
b(u).

1 2
(a) (b) —— (c) S @
2/ + uZ (n? + u?2)? 1if |u| < n, 0 otherwise

Figure 6.8. Function Z(u) = ¢'(u)/2u, respectively in the case where ¢ is:
(a) quadratic (Figure 6.6a); (b) parabolic (Figure 6.6¢); (c) the Geman and McClure function
(Figure 6.6¢), (d) truncated quadratic (Figure 6.6f)

3. Note that, in this expression of E, the conduction coefficient (6.24) is retrieved.
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6.5.2.2. Case of a convex function ¢

When ¢ is convex, it has been shown that this procedure for descent block of co-
ordinates by block of coordinates, given the name of ARTUR in [CHA 94], converges
towards a unique minimum under broad conditions [CHA 97, IDI 01, NIK 05]. In a
very slightly different formulation, belonging to robust estimation, a similar descent
technique (identified as a reweighted least squares (RLS) method) and the associated
convergence result have been known for a long time [ YAR 85].

Although other descent techniques could be envisaged for calculating =
in the same conditions of regularity (e.g. conjugate gradient algorithm tech-
niques [LAB 08]), the RLS approach has a remarkable advantage. If the inverse
problem under consideration has previously been solved by Tikhonov quadratic pe-
nalization, the non-quadratic extensions can be obtained by trivial adaptation:

— introduce adaptive regularization into Tikhonov’s method, which thus becomes
step (D of the RLS method;

— add step (@ to update auxiliary variables (6.29) (this is the only step that brings
in the expression for ¢); loop.

6.5.2.3. Case of a non-convex function ¢

When the function ¢ is not convex, the RLS technique converges, if the minima are
isolated, towards one of the local or global minima of J [DEL 98], such as other sim-
ple deterministic descent algorithms. It is thus necessary to use numerically heavier
methods such as simulated annealing or GNC to avoid the local minima.

In the same way as there are versions of simulated annealing that take advantage
of the half-quadratic nature of the augmented criterion [GEM 92], there is a certain
interest in using an RLS version of GNC. Let us consider two functions ¢y and ¢,
which are Lo Lo and Lo Lyrespectively. Let us take ¢pg = (1 —6)dg + 6¢; and suppose
that 6 goes from one to zero in small increments. We then find an interesting property:
in step @ of the RLS, the expression for updating (6.29) based on ¢y is a simple
linear combination of the expressions valid for ¢y and ¢, respectively (whereas the
dual function 1)y is not a linear combination of )y and 1)1 ). Finally, as step () does not
depend on ¢y, we thus immediately obtain an RLS version of GNC. The 1D estimate
of Figure 6.3 was calculated using this principle.

6.6. Application in image deconvolution

6.6.1. Calculation of the solution

In this part, we will concentrate on the practical problem of finding the minimizer
of a criterion of the type:

J(x) = ||y — He|]> + \®(x), (6.30)
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where « is a discrete rectangular image composed of M x N pixels, represented in
the form of a column vector (of length M x N), concatenating the columns of the
image. This arrangement is an algebraic device that is usual in imaging and allows the
convolution of two vectors to be represented as the product of a matrix by a vector.
The structure of convolution matrix H is thus Toeplitz-block-Toeplitz (see Chapter 4,
section 4.3.2).

Let us choose a penalization ® () such as (6.19) or (6.20). If function ¢ is chosen
to be quadratic, (6.19) and (6.20) are identical and their common minimizer in R~
is a linear function of the data (Chapter 2, section 2.2.2), the calculation of which is
dealt with in Chapter 4. If the function ¢ is chosen to be Ly L1, (6.19) and (6.20) are
different criteria, both convex. The minimization of (6.30) then comes under the case
treated in section 2.2.3 of Chapter 2. We recall that the minimizer Z (if we assume it
is unique, which is the case if (6.30) is strictly convex) is not, in general, an explicit
function of the data, but that numerous iterative techniques based on successively
decreasing the criterion engender algorithms that converge towards .

Conceptually, descent coordinate by coordinate (also called the Gauss-Seidel me-
thod, or relaxation, or ICM for iterated conditional modes, or ICD for iterative co-
ordinate descent) is certainly the simplest. It is a question of cyclicly solving the
sub-problem of minimizing J(x) as a function of pixel x,,,, the other pixels being
fixed at their current values. One iteration of the algorithm corresponds to a com-
plete scan of the image. Although hardly recommended as a generic minimization
method [PRE 86, p. 303], this method is not always the slowest in the imaging con-
text [SAU 93].

In general, the most efficient algorithms are those that exploit the convolutive na-
ture of the problem. For example, in a gradient descent method, the gradient vector
of the term ||y — Hz||>, which is written 2H” (Hx — y), can be calculated by fast
convolution in the Fourier domain, or in the direct domain by taking advantage of the
sparse nature of H. In the same way, it is possible to use the fact that a finite difference
operator is a convolution. More generally, “modern” algorithms draw profit from the
fast techniques developed for inverting linear systems with specific structures, partic-
ularly of the convolutive type. These techniques are sometimes used as they stand,
or use “elementary bricks” in an iterative structure, e.g. of the weighted least squares
type such as the ARTUR algorithm presented in section 6.5.2.2. Worthy of special
mention is the recent appearance of preconditioning in image restoration [VOG 98].

LEGEND is an algorithmic structure close to ARTUR [CHA 94, IDI 01, ALL 06]
(see also [YAR 85] in the robust estimation framework, [AUB 97, AUB 06] in the
functional case and [GEM 95] for a simulated annealing version). Like ARTUR, LEG-
END minimizes a HQ augmented criterion. It is in its special structure that the interest
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of LEGEND lies. Let us consider a penalized criterion written:

J(@) = |y —Haz|* + 1> ¢(v] x), (6.31)
i€T
where Z = {1, ..., I'} (I < 400) allows us to arbitrarily number the column vectors

v; fixed, for example, to engender finite differences such as (6.17), (6.19), (6.21). An
iteration of the LEGEND algorithm is written:

a® = (2HTH + A\VVT) "1 (2H y + AVbH)), (6.32)
where b is a column vector of size I calculated component by component:
bl(k) _ ,Ug"x(k—l) _ Qg'(viTx(k—l)), (6.33)

and V = [vy, ..., v;]. The normal matrix M = 2H"H + AVVT is taken to be
invertible. Note that one iteration (6.32) performed for b%) = 0 is sufficient to mini-
mize (6.31) if ¢ is quadratic. If ¢ is non-quadratic, several iterations will be necessary
to converge to a fixed point. The computing cost of (6.33) is assumed to be negli-
gible, so the cost of each iteration remains that of the inversion of the linear system
(6.32), the normal matrix of which does not vary during the iterations, a property that
is specific to structures of the LEGEND type.

Depending on the case, matrix V is Toeplitz in 1D, or Toeplitz-block-Toeplitz
in 2D, or made up of blocks having these structures (the exact structure of V also
depends on the boundary conditions at 0€2). Similarly, the convolution matrix H is
Toeplitz or Toeplitz-block-Toeplitz. Matrix M thus has a structure close to Toeplitz,
and the fast calculation of (6.32) can be envisaged.

Convergence towards the minimizer of (6.30), is guaranteed for all (9 if ¢ is a
convex function such as an L L function [IDI 01, NIK 05]. Local convergence is also
ensured in a broader context [ALL 06].

6.6.2. Example

To illustrate this, let us calculate the minimizer of criterion (6.30), penalized in
the form (6.19) (with v = 1), in the case of an LsL; ¢ function, for an image de-
convolution problem. The original image * (202 rows, 99 columns, Figure 6.9¢) is
quantified on 256 grey levels. Blurring is Gaussian circular, with a standard deviation
equivalent to one pixel, and the convolved image (190 rows, 87 columns, Figure 6.9a)
has additive white Gaussian noise with a standard deviation of 3, corresponding to a
SNR of 33 dB. ¢ is the Huber function [HUB 81], a C" function, defined piecewise:

2 .
ey _ U if Ju| <,
Oy (u) = { 2n|u| —n? otherwise. 6.34)
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LEGEND is an appropriate algorithm for calculating the minimizer Z"* As con-
volution by a circular Gaussian kernel is separable (i.e., can be decomposed into
two 1D convolutions, one horizontal and one vertical), the algorithm proposed in
[BRE 96], which is similar to ARTUR whilst making use of the separability, is also
suitable. It is this algorithm that served to calculate the restored images of Figures 6.9d
to f. Note that a conjugate gradient algorithm would also be a valid option [LAB 08].

For a quantitative evaluation of the restoration quality according to the hyperpa-
rameters (7, \), it is known that the norm L; of the error is often preferable to the
norm Lz. Empirically, the quasi-norm L1 /5:

c(n, A) H@W - m*H1/2 = (Z

.7

seemed even better to us. In itself, this choice is not essential. The stakes are lim-
ited in comparison with the problem of non-supervised adjustment of the parameters,
considered in Chapter 8. In addition, good restitution of some local details that are
important from a visual standpoint is not necessarily taken into account in a global
quality measure.

The interest of the trace of ¢(n), \), Figure 6.9b, is therefore primarily didactic. To
obtain this, we proceeded by successive lines (A constant) and from right to left (s
decreasing), initializing each minimization with the result of the previous one. For
n = 100, the calculation was initialized by linear inversion with the circulant approx-
imation. When s is large (on the scale of differences of intensity between neighbor-
ing pixels), criterion (6.19) becomes quadratic, and thus easily minimizable. When
s decreases, the criterion is less and less convex and would eventually become non-
differentiable for n = 0. As a method for minimizing non-differentiable criteria, this
procedure is known as a regularization method [GLO 81].

On the bivariate function ¢(n, ), the “right” settings form a relatively narrow val-
ley that separates the two over-regularized solutions. The points of the valley are not
all equivalent: the restored edges are all the sharper when threshold 7 is chosen to
be small. The optimum threshold in the sense of the norm L/ is = 9. This set-
ting corresponds quite well to a visual judgement: the restored image contains few
artefacts except for the blocky effect on the derrick, hoist and the V-shaped mooring
cable, oriented along the diagonals of the image. A penalization less sensitive to the
orientation, such as (6.20) or the sum of (6.19) and (6.21), would doubtless correct
this fault.

The best setting for A for a very small threshold () = 1) produces a slightly “over-
segmented” restoration which seems less “natural”. This effect is not flagrant on the
image tested as it shows up in shaded areas, which are few in this image (inflatable
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Figure 6.9. Synthetic image-deconvolution problem, approached by minimization of a convex
criterion such as (6.30), where ® is defined by (6.19) for v = 1 and ¢ is the Huber function
(6.34). The error norm in the Ly /5 sense, image edges excluded,was adopted to assess the
quality of the restoration; (b) represents the level lines of
c(n,A) = |27 — &*||1 )2/ (number of pixels), spaced at 0.5. The minimum value, indicated
by a black spot, is 4.24; it corresponds to (d).The quadratic case is obtained for n — oo, in
this case, the minimum value, indicated by a white spot, is 4.30; it corresponds to (e). In
contrast, we obtain the case L1 for n = 0; for the smallest grid value, n = 1, the minimum
value, indicated by a star, is 4.34; this corresponds to (f)
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dinghy and lower part of the hull). We could envisage correcting this defect by pe-
nalizing differences of order two rather than order one. Nevertheless, the choice of a
threshold 7 that is systematically small, or even zero, is not really desirable unless the
aim is to segment the image rather than restore it.

6.7. Conclusion

Within the framework of penalized methods for the restoration of objects that are
regular “almost everywhere” such as natural images, three types of approach have
been presented.

Tikhonov’s original approach corresponds to quadratic penalization. This is both
the oldest and the least costly, as it provides a solution by simple inversion of a linear
system. Except in favorable situations (highly redundant data with little noise), it is not
satisfactory for restoring piecewise homogeneous objects. In the examples illustrating
this chapter, the method reaches, at best, an error norm that is not very competitive, of
18.16% (Figure 6.2).

Convex non-quadratic penalization gives robust estimators that demonstrate a
much better capacity for preserving the boundaries between regions. The error norm
attained becomes 16.57% (Figure 6.5). Moreover, these estimators can be calculated
iteratively by fixed point methods, e.g. gradient methods. Other fixed point descent
methods were proposed in the 1990s [BRE 96, CHA 94, CHA 97]. They work on
half-quadratic augmented forms of the criterion to be minimized. They have the inter-
esting structure of quasi-Newton, fixed-step algorithms [VOG 98], with the guarantee
of convergence [CHA 97, IDI 01, NIK 05, ALL 06].

The detection-estimation approach is the equivalent half-quadratic formulation for
a non-convex penalized approach (more accurately, using truncated quadratic penal-
ization functions). This is the only one that has a real capacity for detecting boundaries
between distinct regions. In the 1D example that illustrates this chapter, this capacity
is expressed by a slight decrease in the L, error norm: 16.22% (Figure 6.3) instead of
16.57% for convex penalization. However, this decrease is obtained at an increased
computing cost. Moreover, it becomes more difficult to set the hyperparameters em-
pirically because of the instability of the solution (as it is a discontinuous function of
the data, it is not generally continuous as a function of the hyperparameters).

It is interesting to end on a “historical” note. Since the pioneering work of the
1960s and 1970s, the evolution of the methods commonly studied and applied in sig-
nal and image restoration has not always been towards increasing complexity. Linear
filtering methods (seen in more detail in Chapter 4), associated with the minimiza-
tion of quadratic criteria, gave way, after the Geman brothers’ work [GEM 84], to
much more costly methods based on discrete hidden variables and taking simulated
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annealing as the optimization technique. Only in the 1990s did the much less expen-
sive use of minimization of convex non-quadratic criteria become preponderant thanks
to works such as [BOU 93], although already present in specific forms in the 1980s
(e.g. in the maximum entropy framework [MOH 88]).
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PART III

Advanced Problems and Tools






Chapter 7

Gibbs-Markov Image Models

7.1. Introduction

Chapter 6 introduced an important class of tools for signal and image restoration
using solutions constructed as minimizers of penalized criteria. For a direct model
y = H(z*) + noise, this approach first requires choices to be made for:

— a function measuring goodness of fit ¥ (y — H (z)), which was taken as quadratic
in Chapter 6;

— aregularizing function ®(z);
— a value for hyperparameter \ that governs the compromise between regulariza-
tion and goodness of fit.

With the proviso that it exists and is unique, solution Z is thus defined as the minimizer
of a criterion:

J(x) =V(y — H(z)) + \P(x). (7.1)

Several “big” questions come to mind concerning Z:

— the choice of ® was discussed in Chapter 6, essentially on the basis of qualitative
arguments: a signal to be estimated may be “smooth”, another “regular almost every-
where”. Are there more “objective” arguments on which to base the choice of ¢ (and
)7,

Chapter written by Jérome IDIER.
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— since the solution Z depends on the hyperparameter A and possibly additional
parameters (e.g. the threshold parameter for Ly L or Lo L functions), is it possible
to estimate these hyperparameters rather than choosing them empirically?;

— how much confidence can be given to Z ? Can a quantified uncertainty be asso-
ciated with it?

Generally, one of the aims of statistical modeling is precisely to take vague or un-
certain information into account. More specifically, we saw in Chapter 3 that Bayesian
inference is a natural framework for approaching inverse problems. Many contribu-
tions in image restoration explicitly use this statistical framework [BES 86, BOU 93,
DEM 89, GEM 84]. It is thus legitimate to give more details of how Bayesian infer-
ence contributes to signal and image restoration and to look more particularly at the
extent to which it provides answers to questions that are difficult to deal with in the
deterministic framework of the previous chapter.

7.2. Bayesian statistical framework

Proposing a probabilistic model for a signal means assuming that the signal is
the realization of a random process in the hope of better structuring the available
information by expressing it in the form of statistical characteristics of this process.
Strictly speaking, and in spite of what often seems to be suggested, this does not mean
that we assume the signal itself is random.

Under certain conditions, the Bayesian statistical framework is appropriate for in-
terpreting (7.1). Adopting this framework means supposing that both the uncertainties
(the noise) and signal * come from random quantities.

From now on, unless stated otherwise, we will take it that the observation, noise
and signal are real vectors, respectively y € RY, b € RN and 2* = 2* € RM:

y=H(z")+b. (7.2)

The cases in which the signal or observation belongs to a space of infinite dimension
lend themselves only partially to a statistical formulation. It has long been known
that Tikhonov’s approach can be interpreted in Bayesian statistics, even without dis-
cretization [FRA 70]. In contrast, in the case of non-quadratic functionals ¥ or @,
the minimization of criterion (7.1) has no systematic statistical interpretation. In sub-
stance, the difficulty stems from the fact that the probability of a random process
indexed on a space of infinite dimension is characterized by an infinite collection of
finite-dimensional distributions. This collection has no direct relation with (7.1) and
does not allow a likelihood function to be defined naturally.
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Let us also assume that functions ® and W verify the normalization condition:

3T, >0, Z,(T,) = / e~ @)/ Te o < 400, (7.3)
]RJW

3Ty, >0, Zy(Ty) = / e YO/ To b < 400 (7.4)
]RN

(T, and Ty, are so-called temperature parameters; their role will become clear later).
We can thus define functions that have the characteristics of probability densities:

1 —®(xz)/T.
— . " I :L‘7 7.
px(x) =px(x;T,) = 7ZI(TI) e (7.5)
1 —W(b)/T;
b) = b;Ty) = 5~ b 7.
pB(b) = pB(b; Tp) Zb(Tb)e (7.6)

We then call px the prior law.

ryx(y|z) =pB(y — H(z)) (7.7

designates the likelihood of the data, knowing «, and

py|x(y|®)px(x) Pxy (T, Y
pxiv(ely) = 2 - Ly __ g
Py (y) f]RM pxy(z, y)d
the posterior likelihood. The joint law for the pair (X, Y") can be written:
pxy(x, ¥) = py|x (¥ | z)px (). (7.9)

The maximum a posteriori (MAP) is the Bayesian estimator most commonly used in
imaging:

MAI

" = argmax px |y (x| y) (7.10)
xT

= arg;nin U(y — H(x)) /Ty + @(x)/T,

from equations (7.5)-(7.9). Consequently, the MAP is the same as the minimizer of
the penalized criterion (7.1) for A = T}, /T,.. This traditional identity has already been
demonstrated and commented on in section 3.4.

7.3. Gibbs-Markoyv fields

Penalty functions appeared in the previous chapter in equations (6.7), (6.12),
(6.17), (6.19), (6.21) and even (6.22), sharing a common characteristic: in the sta-
tistical interpretation of the previous section, they all correspond to a Gibbs-Markov
field prior law. We can therefore conclude that “Markov” tools, and tools that can
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be interpreted as such, are both very widely used in signal and image restoration and
relatively simple to handle despite their reputation, since it is possible to “do Markov”
without being aware of it.

Nevertheless, to be able to discuss more advanced questions such as those posed in
the introduction to this chapter, it is necessary to make the definitions and fundamental
properties of Gibbs-Markov fields explicit. Let us start with the notion of a Gibbs field
on a finite set and the associated vocabulary.

7.3.1. Gibbs fields

7.3.1.1. Definition

Consider a finite set of variables © = {z1, ..., xg}, e.g. the pixels of an image,
having values in a set £. Depending on the case, we may be interested in £ = R,
E=RME ={1,...,256}, etc. We define a set of sites S = {1, ..., S} by
bringing together the indices of the elements of . In the case of a rectangular image
of size I x J, the sites are the pairs (¢, j), artificially ordered from 1 to S = I.J.

Let C be a set of C' cliques, i.e., subsets of S and the same number of real functions
of &, noted W, ¢ € C, respecting the following constraint: although noted W,(x),
the value taken by W, this function only depends on the variables x. = {x5, s € ¢}
and not on all of x. The set of functions W, is called a Gibbs potential.

If £ is R or a subset of R of non-zero measure (typically, R or an interval of R),
situations that can be globally designated as the continuous casel, we define a Gibbs
field X having a value in £, of energy:

P = Z W, (7.11)
ceC

at temperature 7', as the random process with the following pdf:

1 —e@yrT

7T , (7.12)

px(x) =
where the normalization constant:
Z(T) = / e 2@/ g,
gS

called the partition function here, is assumed to be finite.

1. In this chapter, the opposition between continuous case and discrete case concerns the pixel
values, whereas Chapter 6 distinguished between continuous functions and discrete functions
according to their support, i.e., their domain of definition instead of their range.
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In addition, a Gibbs field is said to be homogeneous if the definition of functions
W, respects invariance under translation (which implicitly assumes that @ is spatially
organized): for any pair of cliques ¢, ¢’ that are superimposable by translation:

We(x) = Wo(2'), YV, ' such that z, = x,.

The definition of a Gibbs field is comparable to equations (7.5) and (7.6): the pro-
cess inducing a probability law from an “energy” is identical in the three cases. On
the other hand, a Gibbs field differs from a generic random process by the “local”
structure of its energy (7.11), a “macroscopic” quantity defined as the sum of “micro-
scopic” contributions.

In the case where the variables € = {1, ..., xg} take discrete values (the dis-
crete case), e.g. pixels with quantified grey levels, we define the probability of a Gibbs
field X with discrete values in a similar way:

Pr(X =x) = ) e 2@/T (7.13)

where @ is again defined by (7.11) and the partition function is now written:

= Y et

xeEs

By a variety of construction procedures, ranging from the simplest (all-pole filter-
ing of white, multivariate noise; unilateral fields) to the most sophisticated (study of
(7.13) at the limit S — o0), we can also define Gibbs fields on networks of infinite
size [GUY 95], or with continuous indices, e.g. Gaussian fields [MOU 97] or spatial
point processes [BAD 89]. As the use of these extended models remains infrequent
in image restoration, the definition of Gibbs fields on finite networks will be quite
sufficient for our purposes.

7.3.1.2. Trivial examples

The special case of a Gibbs field admitting only singleton cliques ¢ = {s}:

pX(a:): exp{ ZW } He «(@)/T — HpX (xs),

seS SGS SES

corresponds to a hypothesis that the components of the field are independent. At the
other extreme, when C contains set S itself, all the random processes on S become
Gibbs fields. However, “Gibbsian” analysis is obviously of no interest in these two
trivial cases.
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7.3.1.3. Pairwise interactions, improper laws
As a Gibbs energy, a penalty function such as:

I

J I J
Z Z(afz] —zim15)% + Z afz = Tij-1) (7.14)

1=2 j=1 =1

can be decomposed over horizontal and vertical cliques composed of pairs of adjacent

sites, {(Z - la.j)a (17])} and {(Zv.] - 1)5 (Zv.])}

Similarly, many other penalty functions used in image restoration can be written
Y s Ors(@r, @), where  ~ s describes a set of pairs of sites that are “spatial neigh-
bors”. These functions are Gibbs energies for which the interactions are limited to
pairs.

Among these functions, the most used can be written ®(x) = >, é(z, — ),
following the example of (7.14). As the energy of a (homogeneous) Gibbs field, this
expression poses a problem if £ = IR, since it is easy to show that VT, Z(T) =
400 by a linear invertible change of variables ¢ = x1, to = 22 — 21, t3 = 23 —
x1, ..., ts = x5 — x1. The prior law exp {—®(x)/T'}, which is not normalizable, is
said to be improper.

When the prior law is improper, the posterior likelihood p x|y can still be the pdf
of a proper law since, from (7.8) it can be written:

pxjy (@ |y) = e VT HE@N/ T ®@)/Te 7| (T, Ty) (7.15)

where Z,. (Ty, Ty) = [pu e YW HE@ED/To=®@)/Te gz < 00 is a less restrictive
condition than (7.3)-(7.4). As shown in [SAQ 98, p. 1031, footnote], an improper law
can be “managed” as the limit of a family of pdfs, e.g. by introducing the augmented
energy:

=Y bnslan — ) + 2 el — D).

r~s

7.3.1.4. Markov chains

In this subsection and the rest of the chapter, we will use the shortened notation
p(a|b) for the conditional density p4 z(a|b), unless it is ambiguous. In the same
way, we will use p(a) for pa(a).

In the continuous case, a Markov chain is defined as a collection of random vari-
ables X = (X, ..., Xg) that admit a joint probability density px such that:

Vse{2, ..., 8}, (z1,...,25) € E°, plxs|z1, ..., xs—1) = p(Ts|Ts-1)-
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For example, an autoregressive signal of order one is a Markov chain. In the case
when s is a time index, we can say that the random evolution with time of such a
process depends only on the most recent past.

Markov chains are Gibbs fields. In fact, we have:

p(x) =p(x1) [[ plaa |21, ., wem1) = plar) [] plas] 2am1) (7.16)

s>1 s>1

from the sequential Bayes’ rule and the definition of a Markov chain; or again:

p(x) = exp{logp(x1) + ) logp(xs Ixs1)}. (7.17)

s>1

Inversely, it can be shown by descending recurrence that a Gibbs field, the cliques of
which are the pairs {s — 1, s} ,s =2, ..., S, is a Markov chain [QIA 90]. In a much
more general context, there is again a “Gibbs-Markov” equivalence, which we will
look at in the next section.

7.3.1.5. Minimum cliques, non-uniqueness of potential

Is the singleton {1} a clique for Gibbs field (7.17)? Yes, for a potential composed
of the S elements — logp(x1), —logp(xs | z1)... No, if the first two terms are re-
placed by their sum —logp(z1) — logp(z2 | z1). More generally, we can consider
that any non-empty subset of a clique is a clique; or, looking at things the opposite
way, we can restrict ourselves to maximum cliques only, i.e., those that are not subsets
of any other set.

For a given Gibbs energy, both conventions “maximum cliques and subsets” and
“maximum cliques only” make the list of cliques unique. However, there remain
several potentials to describe the same energy (except in the trivial cases of disjunct
cliques, in the convention “maximum cliques only”), since the sum W, + W of the
contributions associated with two cliques ¢ and d having a non-empty intersection can
also be written (W, + W ;) + (Wy — W/, ,) for any function W/ ; defined on cN d.

7.3.2. Gibbs-Markov equivalence

7.3.2.1. Neighborhood relationship

Let X be a random field defined on S = {1, ..., S}, with values in £, admitting
a density px strictly positive on £°. Let V,, s € S be subsets of S, V, being called
the set of neighbors of s. We will only concern ourselves with sets V5 that induce a
neighborhood relationship that is antireflexive (s is not its own neighbor: s ¢ V) and
symmetric (if s is a neighbor of r,  is aneighborof s: s € V, <= r € V;). In what
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follows, we will note the neighborhood relationship as ~ in the sense where r ~ s is
equivalentto r € V.

This definition of the relation ~ is abstract. In practice when the idea of neigh-
borhood pre-exists in S, it is frequent (but not obligatory) to make the neighborhood
relationship coincide with it. For example, if the pre-existing idea of neighborhood is
induced by a distance A, we can define Vs = {r # s, A(r, s) < D}, by choosing the
neighborhood “range” D > 0. If S C ZP, if A is the usual Euclidean distance and if
D? is an integer, we thus define the neighborhood relation of order D?.

®
© O
®O00O®
© O
®

Figure 7.1. A site of 7> admits four neighbors of order one, four more neighbors of order two,
no neighbor of order three, four of order four. More generally, a site of Z¥ has 2" C; =2p
neighbors of order one, 22 Cf, = 2p(p — 1) of order two, 2° CS =4p(p—1)(p—2)/3 of

order three; but the rest of the sequence shows that the general term is not 2¢ C}}

7.3.2.2. Definition of a Markov field
X is said to be a Markov field for the neighborhood relationship ~ if:
VseS, x 6557 p(xs|m8\s) :P($s|wv3)' (7.18)

In other words, the probability of X, conditionally on all the other variables of X,
does not depend on S variables, but only on the values taken by X and its neigh-
bors. Once again, we find the possibility of specifying the model of a signal or image
through its local properties.

This definition concerns the continuous case. In the discrete case it is transposed
in the form: Vs € S, x € £9,

PI‘(XS = Tg |X3\S = :cs\s) = PI‘(XS = Tg |XVs = SCVS). (719)

Specifying the local characteristics of X, i.e., the S conditional laws “ X, knowing
X S\s s is sufficient to define the law of X. In the discrete case, this assertion is proved
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by the identity:

)

Pr(x) _ H Pr(xs |21, .-y Ts—1, Wsi1, - -, WS)
Pr(ws | @1, ...y Ts—1, Wsi1, - .., WS)

valid for any pair 2, w € £° [BES 74] and transposable to the continuous case.

It could be thought that this identity allows Markov fields to be constructed from
freely specified conditional laws (7.19). This is not so. Except for “lucky accidents”,
arbitrarily specified conditional laws do not correspond to any joint law. In this sense,
(7.18) and (7.19) are not constructive definitions but, rather, characteristic properties.
To specify a Markov field, it is necessary to proceed indirectly, first specifying a joint
law, then checking that it satisfies the Markov condition (7.18) or (7.19) as the case
may be. This condition is automatically satisfied by Gibbs fields, as the next subsec-
tion shows.

7.3.2.3. A Gibbs field is a Markov field

We consider the continuous case here. The discrete case lends itself to a devel-
opment that is equivalent throughout. Let us examine the structure of the conditional
laws p(x, | s\ s) when X is a Gibbs field:

@) )
p(wS\s) fgp(w)dxs

_ e { Y Wel®)/T} /Z(T)
Jeexp{=Ycc Wel®)/T} /Z(T) das’

The equations of the first line are true whether X is a Gibbs field or not. The Gibbsian
structure appears on the second line and entails simplifications for all the multiplying
terms that do not depend on x, i.e., 1/Z(T) and any exp {—W.(x)/T} term indexed
by a clique c that does not contain s. After simplification,we obtain:

exp {_ Ecgs WC(CC)/T}
ff,‘ exp {_ ans WC(:B)/T} dws ’

where the sums are restricted to the cliques that contain s. It is important to note
that this expression does not depend on all the variables z,, r € S: those that do
not belong to any clique containing s are not included. It results that property (7.18)
is true: a Gibbs field is a Markov field for a neighborhood structure described by
Vs ={r,3c/re€c>s}.

p(xs | mS\s) =

p(xs | mS\s) =

7.3.2.4. Hammersley-Clifford theorem

Are there Markov fields that are not Gibbs fields? This question was answered by
an equivalence theorem stated by Hammersley and Clifford in an unpublished report
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in 1968. This theorem says that, in the discrete case, Markov fields verifying the pos-
itivity condition Va, Pr(X = x) > 0 are Gibbs fields, whose cliques are singletons
or sets of sites that are two-by-two neighbors. The demonstration, even when mod-
ernized, is too technical to be presented here. It can be found in [WIN 03, section 3.3]
and in [BRE 99, section 7.2], for example. This result is important from a theoretical
point of view since it indicates that Gibbs and Markov fields are essentially the same
mathematical objects, called Gibbs-Markov random fields (GMRFs) in what follows.

7.3.3. Posterior law of a GMRF

Analysis of the posterior law of a GMRFX brings us a result that is useful in image
restoration: under not very restrictive conditions, this law is itself that of a GMREF, for
which it is interesting to study the neighborhood structure. For a GMRFX of energy
(7.11) and in the observation conditions of section 7.2, it has already been pointed out,
in equation (7.15), that the energy of the posterior law can be written

U(y — H(x))/T, + @(x)/T. (7.20)

This corresponds to the Gibbs potential of the prior law augmented by terms express-
ing the co-log-likelihood —log py|x = —logpp(y — H(x)). Thus, in general, we
can say that the posterior law is that of a Markov field for which the neighborhood
graph comes from the decomposition of the log-likelihood over cliques. A finer anal-
ysis is possible case by case.

Consider, for example, the common situation of a Gaussian linear observation y =
Hx + b, where b is the realization of Gaussian noise independent of «, of mean mp
and invertible covariance R . The conditional co-log-likelihood of the observations
is thus quadratic. As a function of z, it can be decomposed in the form:

—logpp(y — Hz) = (y — Hx)"Rz' (y — Hx)/2 + const.
= —y"Rp'Hz + 2" H"Rz'Hz /2 + const.

==Y s+ > Pretras/2+ const. (7.21)

where o and ;s are the components of vector HR]_S,ly and matrix HTR;H re-
spectively. The only cliques involved in expression (7.21) are singletons and pairs.
All the sites become neighbors if HTR;H is a full matrix. The more sparse it is,
the fewer new connections appear in the posterior-law neighborhood graph. In the
extreme, if H and R g are diagonal matrices (which is the case of denoising or inter-
polation), the prior and posterior neighborhood structures are identical.
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7.3.4. Gibbs-Markov models for images

In this section, we will draw up a schematic classification of GMRF published
in the image processing literature, which takes its inspiration from [BES 86]. Note
that most of these models are mathematical expressions of the qualitative notion of
“regularity almost everywhere”, already frequently mentioned in the previous chapter.

7.3.4.1. Pixels with discrete values and label fields for classification

The oldest models use discrete values, no doubt for two reasons: first, for a long
time, the capacity of computers limited image coding to one byte per pixel or even
less; second, estimating an image on a limited number of hues is a way of grouping
the pixels together in classes, taking their neighborhood into account, i.e., approaching
a contextual classification problem.

Ising’s model is the simplest and the oldest of non-trivial, discrete-valued GM-
RFs [PIC 87]. It is a binary model with interactions in pairs having a neighborhood
of order one. Defined on Z2, it was proposed by Ising in 1925 to explain the behavior
of ferromagnetic materials, in particular phase transition. This occurs below a certain
temperature, called the critical temperature, by non-zero correlation among infinitely
distant pixels. In imaging, the models are defined on networks of finite size so the role
of phase transitions has been little studied [MOR 96]. The energy of an Ising field is
written:

O(x)=ad z. 4B ws, (7.22)
with & = {—1, 1}. If a # 0, the first term favors states of opposite sign to a. If
8 > 0, the low-energy (so most probable) configurations are composed of dissimilar
neighbors and the behavior is repulsive. In contrast, 3 < 0 produces attractive behav-
ior between neighbors. This is the desired behavior for classification since it favors
homogeneous regions.

Ising’s model can easily be generalized to K colors, e.g. in the form of an energy

written:
K K K
O(x) =D agnk+ Y Y Brvw,
k=1 k=1 1=k
ny being the number of pixels of color k and vy; = vy the number of pairs of
neighbors of colors respectively k and [. We find (7.22) for o; = —a—; = « and

Bin=p0-1,-1=—P-11=0.

In the case of ordered colors, such as grey levels, the (j; can be chosen as increas-
ing functions of |k — [| to encourage gradual changes of shade. Minimizing a criterion
such as ||y — |* + A®(x), where y is an image observed over a number of shades at
least equal to K, then gives a version of y reduced to K levels, favoring homogeneous
regions.
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In the case of non-ordered colors, the model can be simplified by considering, for
example, B = B < 0if k = [, 0 otherwise. We thus obtain Potts’ model. The
case of “non-ordered colors” may seem marginal but it brings us to the concept of
the label field, which is fundamental in the modern approaches to image classifica-
tion. From a very general point of view, we can consider that contextual classification
consists of distributing the pixels into classes that are homogeneous in a sense to be
defined, and marked by labels that are not colors or grey levels. Choosing a spatial
model for the labels, such as Potts’ model (or an improved version such as the chien-
model [DES 95]), encourages the formation of aggregates of pixels assigned to the
same class (this is known as contextual classification). A second level of K models
(one model per class), enables the pixel law to be specified region by region, and thus
the homogeneity for each class to be defined. In this way, it is possible to distin-
guish regions by their mean intensity, their variance or their texture. In the case of
textures, the second-level models can be specialized GMRF (such as the autobinomial
model [BES 74]; see also [CRO 83]) but also marked point processes, assemblies of
primitives, fractal models, etc. [WIN 03].

Image modeling for classification can also have the aspect of a sophisticated stack
of models, which contrasts with the relatively rustic character of the models the most
used in image restoration. There is an explanation for this difference: whereas classi-
fication seeks to give a simplified representation of a complex but known object (i.e.,
an image), the aim of restoration is to give the most faithful possible image starting
from imperfect knowledge of it. The poorer the data, the less useful it is to model
details, such as texture, which it will, in any case, be impossible to restore.

In what follows, we will take the continuous case (£ = R) and give greater place to
GMRFs which are more suited to image restoration than to classification. In essence,
the Gibbs energies of these models are the penalty functions presented in the pre-
vious chapter: first quadratic energies, then half-quadratic energies associated with
detection-estimation, and finally non-quadratic energies, convex or non-convex.

7.3.4.2. Gaussian GMRF

Penalty (7.14) is the energy of a Gaussian GMRF (improper). More generally, a
quadratic energy defined as positive (M symmetric positive matrix):

S S S
q)(w) = iBTMiL' - 2mTw T = Z Z M, szrxs — Z myTs + U (723)
s=1

r=1s=1
corresponds, at any temperature 7, to a Gaussian GMRF. The improper case is reached
when M is positive in the broad sense only.

By identifying ®(z)/T with (x — m,)T R (x — m,)/2 to within an additive
constant, the mean and covariance of X can be found:

m, =M "'m, R, =TM'/2.
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Moreover, it is clear from (7.23) that the cliques of a Gaussian GMRF are singletons
and pairs and that the neighborhood relationship can be “read” directly in the matrix
M (or in R 1): 7 is a neighbor of s if s # r and M,, # 0. Gaussian GMRFs pos-
sess many other structural properties, including the explicit character of the partition
function on R*:

/ exp {—%(w —m,) R (@ —ma) | dz = (2) 2 R,[7. (7.24)
RS

7.3.4.3. Edge variables, composite GMRF

The detection-estimation approach of Chapter 6 (section 6.3) favors half-quadratic
penalty functions, the simplest of which can be written:

(@, £) =Y (1= l)(@r —z)* + Y Ly, (7.25)

revs r~s

where the neighborhood is of order one; more rarely, it is of order two as in (6.13).
Each variable ¢, ¢ has the value 0 or 1 and models the presence (¢,,s = 1) or absence
(¢rs = 0) of a discontinuity between pixels  and s, and « is the price to be paid per
discontinuity. Interpreted as a Gibbs energy, (7.25) defines a composite (x, £) GMRF,
distributed over pixel sites and edge sites, and having a value in £° x {0, 1}0, where
C' is the number of pairs of neighboring pixel sites.

rO D O D O rO T Trs s
rs 3 | — | — rs 3
OQgo
;00000 50 |
(a) Interspersed pixel sites and edge (b) Vertical (c) Horizontal
sites cliques cliques

Figure 7.2. Spatial structure of composite GMRF of energy (7.25)

Composite GMRFs integrating continuous and discrete variables are defined nei-
ther by density function nor by discrete distribution but in the form of a mixed product:

p(x|L)Pr(L=2¢)= % e~ @ /T 7(T) = Z/ e @ O/T g (7.26)
Y/ xr

In the case of (7.25), Z(T') = +oc if £ = R. The law thus defined is improper.

It could be thought that the two terms of (7.25) correspond to p(x | £) and Pr(L =
£) respectively. However, to reason correctly, Pr(L = £) of (7.26) should be deduced
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by marginalization. Let us do this starting from the energy ®.(x, £) = ®(x, £) +
¢ ||lz||*, making the law of (X, L) proper if & > 0:

1
Pr(L =4) = 70 /gs e P@O/T g

_ ﬁexp{—%%gm} /gs exp{—% ]| — %2(1 — ) (@ — xs)Q}da:.

The last integral is the partition function of the Gaussian GMRF X | L: from (7.24),
Zyp(T) = (xT)S/2|M|~"/? if € = R, where M is defined by:

My =+ Z (1—-"4ps); Mg =—2ifr ~ sand/{.s =0, 0otherwise.

Finally, the law of L is not iid, since Z,;(1") depends on £:

Pr(L=1¢) = Zgl(lf;) exp{—% Z&,s} * exp{—% Zérs}.

r~s rr~Ss

7.3.4.4. Interactive edge variables

The role of edge variables is to surround homogeneous regions, thus segmenting
the image. Classification and segmentation are not identical operations as the second
works without pre-specified classes.

The minimization of a criterion such as (7.25) does not guarantee that the outlines
will be closed. To give more importance to closure, [GEM 84] introduced interactive
edge variables. This does not signify that these variables become correlated; we noted
above that they already are in the model induced by energy (7.25). The new feature is
a set Cy, of cliques composed of four edge sites that are added to penalize interrupted

outlines:
O, £) =D (1—Lles)(@r —3:)° + o Y Gelb). (7.27)

r~s ceCr

The values of G.(€) proposed by [GEM 84] are indicated in Figure 7.3. The resulting
criterion (7.27) is not exactly the one proposed in [GEM 84], since the model put for-
ward in this article was based on pixels with discrete values (with non-ordered colors,
see p. 182). To guarantee systematic closing of the outlines, G, would have to be
infinite for type ) configurations. However, this condition would not respect the pos-
itivity condition of the Hammersley-Clifford theorem and would make the posterior
energy minimization problem (even more) tricky.

The interactivity of the edge variables not only encourages outline closure but
also allows their appearance to be modified. Horizontal or vertical straight edges are
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[

celCr, 3 4 E ] ] | N . N .

[ 1 1
Type 0] ® ® ® ® ®
G.(£) 0 2.7 1.8 0.9 1.8 2.7

Figure 7.3. Clique c composed of four edge sites and values of G.(£) for various
configurations of £. The “activated” variables (s = 1 are represented in black. G.(£) is
invariant by symmetry and rotation

favored: type (@ configurations are less costly than type (3). Other interactive edge
models have been proposed in the same vein, e.g. to refine the outlines [MAR 87] or
reduce directional effects [SIL 90].

7.3.4.5. Non-Gaussian GMRF's

Among the non-Gaussian GMRFs, those most used in image restoration are of
order one and their energy is a function of interpixel differences:

O(x) = lar — ), (7.28)

rT~Ss

where ¢ is typically an Lo L1, Lo L function [KUN 941, or a related function such as
#(u) = |ul” [BOU 93]. The use of these models as priors in a procedure for estimation
in the MAP sense is the same as adopting the non-quadratic penalized approach of
section 6.4 (which can usefully be looked at again).

7.4. Statistical tools, stochastic sampling
7.4.1. Statistical tools

Section 7.3 sets the penalty functions of the previous chapter in a Bayesian prob-
abilistic framework. Some of the “big” questions posed in the introduction now find
a natural answer, at least from the formal standpoint. In particular, it becomes possi-
ble to quantify the uncertainty via the density of the posterior law px|y (z |y) (see
Chapter 3), and to extract simpler indices from this law, such as the posterior mean
and covariance:

T =E(X|y) = /gsme|Y(:L'|y)dm (7.29)
R” =Cov(X |y) = E((X —z™) (X — fL'\PM)T | y)

= /gs(a} —z™)(z — ™7 pxjy (x| y) de. (7.30)
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The posterior mean ™ has S components. It is a Bayesian estimator than could
be a rival for the MAP. Its use in image restoration was advocated by Marroquin
[MAR 87] but has failed to become widespread.

The posterior covariance R® = (R{") is a matrix of size S x S. It can be used to
generate a confidence region for the estimated intensities. For example, from the stan-
dard deviations o, = (var (X, |y))'/? = /R, we can define a Cartesian product
with intervals I(u) = @, Is(1) and extremities:

bE=2™+ po,, p>0.

This approach neglects the correlations in the posterior law but is attractive as it is
relatively simple and visual: the b are error bars on each pixel, estimated by Z%.

Another fundamental statistical tool, this time concerning hyperparameter estima-
tion, is the likelihood of the data, obtained by integrating X out of the problem. In the
continuous case, the result is the data probability density, which also depends on the
hyperparameters of the problem:

py(y: 0) = /g pxy(e,y) dw = /5 pnly -~ H(@)px(@)de.  (731)

Vector 0 designates the set of hyperparameters on which estimators Z constructed us-
ing the joint law (7.9), such as £¥** and "™, depend: temperature parameters 7, and
Ty, determining the regularization coefficient A = T}, /T, together with all other de-
grees of freedom parametrizing ® or ¥ (e.g. the threshold of the Lo L; or Lo L func-
tions). Finally, to recall that the density py (y) depends on 6, it is noted py (y ; 6).

The maximum likelihood estimator 8™ is defined as maximizing py (y; 6) (see
section 3.5). This is the preferred tool for tackling inverse problems in a non-super-
vised framework, which is the question covered in the next chapter.

The practical use of these statistical tools raises two important questions at two
very different levels.

At the information level, what meaning should be given to these statistical quanti-
ties? For example, let us assume that 1 defines a 95% confidence region:

Pr(X eI(p)|y) = /I( )p(w |y) dx = 0.95. (7.32)
m

As the context is Bayesian, this is a mean confidence region, which takes account
of the uncertainties connected with the measurements y, quantified by the noise law,
and also our uncertain knowledge of x, quantified by the prior law. In accordance
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(a) original image x*, (b) noisy image y = «* + b,
37 x 30 pixels with bis iid N(0, oy, = 20)
quantified intensities between
0 and 256

™M =E(X|y) (d) standard deviations (os) g

Figure 7.4. Mean and posterior standard deviation, (c) and (d) respectively, for a prior
Gibbs-Markov energy law (7.28), with ¢ of type L2 L1. These quantities were calculated by an
MCMC method (see section 7.4.2.2). They depend on three parameters: the standard deviation
of the noise, fixed at its true value o, = 20, and (T, 1)), the GMRF temperature and threshold
of function ¢, chosen empirically. The grey-level scale is dilated for the standard deviation, the

maximum value of which does not exceed 16

with Bayesian principles, this prior should sum up a state of knowledge gained inde-
pendently of the data. In these conditions, it can be observed empirically that equa-
tion (7.32) is true in the sense where the same experiment, repeated N times in the
same state of knowledge, would find the event X € I (1) realized about 0.95 N times
if N is large. In most practical situations, it is obvious that the Gibbs-Markov models
of section 7.3.4 disobey these principles, in the sense that they only take account of
a part of the prior information available. The information taken into consideration is
sufficient to produce usable estimators and indications of the associated uncertainties
but it does not allow these uncertainties to be accurately quantified. The meaning
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of the standard deviations of Figure 7.4d is thus only qualitative. As expected, they
decrease inside a homogeneous domain such as the background and increase at the
edges. However, their precise value is not significant. For example, we can verify that
x* ¢ I(7), i.e., there are sites s such that |Z% — z%| > 7o. For these sites, the value
of o5 is clearly underestimated. Similarly, the posterior mean of Figure 7.4c is not
sufficiently contrasted.

From an operational point of view, to evaluate quantities (7.29), (7.30) and (7.31),
it is necessary to be able to calculate the integrals over £°. The first two can be written
component by component as simple integrals:

= E(X, |y) = / repx. iy (s | ) dos,
£

var (X, | ) = / (s — &) v (2 | y) das,
£

but these expressions do not allow a direct calculation as the marginal densities px, |y
are themselves integrals over £°~L As for equation (7.31), we will concern ourselves
with its maximization rather than its evaluation, which does not simplify the problem,
at least at first glance.

Outside special cases such as the Gaussian case, the calculations may appear insur-
mountable, or at least incompatible with practical uses. Fortunately, special pseudo-
random techniques, called Markov Chain Monte Carlo (MCMC) techniques, help us
get around many of the calculation difficulties. These techniques are introduced in the
next section. The reader may refer to [ROB 04] for a more comprehensive presenta-
tion in a generic inferential context, and to [BRE 99, WIN 03] in the context of spatial
statistics and image analysis.

7.4.2. Stochastic sampling

By sampling, we mean the pseudo-random generation of realizations of a prob-
ability law. In imaging, and particularly as far as GMRFs are concerned, sampling
has several roles. The most obvious is in image synthesis. GMREF realizations can
be used to “dress” objects, by giving them a suitable textured appearance [CRO 83].
The realizations of GMRFs of energy (7.28), with ¢ of the Lo L1 type, such as that
represented in Figure 7.5, have a “grained” texture.

In image restoration, it is the posterior law px |y —,, that it is interesting to simu-
late, in the aim of calculating Bayesian estimators such as the posterior mean ™ =
E(X |y). In fact, if XM, X®) . X is a series of random variables having
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Figure 7.5. Simulation of a GMRF of energy (7.28), where ¢ is the Huber function (L2 L1
Sfunction), on a 80 x 100 grid. The value of the boundary pixels is kept to zero
to avoid the improper character of the law

the law p x|y —,, we have:

F(X®) (7.33)

Mx

E(F(X)|Y =y)
k:

almost surely for any function F' for which this series is ergodic. In particular, we
can approach £™ through the empirical mean of K realizations of the posterior law if
these realizations are extracted from a series that is ergodic for the mean.

In the case of an independent series, the ergodicity is guaranteed provided that
E(F(X)|y) exists, which is the case if E(|]F(X)| |y) < oo. This is the strong law
of large numbers. We could thus envisage applying equation (7.33) starting from an
iid series XM, X @ ... X5 of instantaneous law p x|y —,. The standard Monte
Carlo method works precisely on this principle [HAM 64, Chapter 5]. Unfortunately,
this method is not suitable as generating a single sample of the law px |y —, already
involves an iterative process too costly to be repeated enough. We will nevertheless
examine this procedure because it remains at the heart of the MCMC methods, which
are better suited to the situation (see section 7.4.2.2).

7.4.2.1. Iterative sampling methods

Generating realizations of random quantities is a field of study in itself, which
employs a vast range of techniques. When the quantities to be generated are of small
dimensions (typically a real random variable) there are direct techniques for many
families of probability laws. One of the most commonly used is the change of variable
using a law with well-controlled sampling, the “generic” law in this respect being the
uniform law [PRE 86, section 7.2]. For more complicated laws, rejection techniques
are worthy of attention [PRE 86, section 7.3].
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When the dimension of the quantity to be sampled exceeds a few units, direct
techniques become inefficient, except in special cases such as the Gaussian case: a
random vector X with values in R® for which the law is V'(m, R) can be sampled
in the form A E +m, where E is a normalized Gaussian vector (i.e., of law A/ (0,1)),
provided that the matrix A verifies AA”T = R (A is not necessarily square). In
other words, sampling a Gaussian vector of arbitrary covariance comes down to a
problem of factorizing the covariance (R = A AT), generating independent Gaussian
variables, then making linear combinations (X = AFE + m).

In more general cases, sampling by Markov chain becomes inevitable. A series
XO x@ o x®E g generated, which is a Markov chain and converges in
distribution towards the desired law. In the rest of this section, we assume that this
law has a density p, making it implicit that this notation can designate a conditional
density, such as px|y .

The series (X (*)), Markovian by construction, is obtained as follows: a first quan-
tity X (1) with values in £° is generated from an arbitrary law, preferably a simple
one. The following components are approached gradually by random transformation.
This transformation is defined by a conditional density ¢(x’ | ) called the fransition
kernel. There are several possible forms for the kernel. The oldest is the Metropo-
lis algorithm [MET 53] (Table 7.1a). The more recent Gibbs sampler [GEM 84] is
specifically adapted for sampling a GMREF, in as much as the transition takes place by
sampling of the conditional laws p(x | xs\s), that are local according to (7.18) (Ta-
ble 7.1b). These are two particular cases of a more general structure, the Metropolis-
Hastings sampler [HAS 70].

The first property expected of these structures is convergence in distribution to-
wards p. Whether this property is satisfied obviously depends on the structure of the
transition kernel t(x’ | x), i.e., on the probability law that governs the generation of
X *+1) when X ®) is known. We have the following result, which is a simplified,
restricted statement of [ROB 04, theorem 6.53].

Let (X))o be a homogeneous, aperiodic Markov chain, having a transition
kernel ¢ that admits the law 7 of density p for the invariant law:

|t |2)p(@) dw = pie)
ES
Thus, X %) converges in distribution towards 7.
The homogeneity corresponds to the fact that the transition kernel does not evolve
during the iterations. The meaning of the invariance of 7 is the following: if the law

of X™®) is 7, that of X*+1) is also w. On this subject, note that the equilibrium
condition t(x' | x)p(x) = t(x | x’)p(x’) implies the invariance of 7. Aperiodicity is
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(a) Metropolis algorithm

Initialization: choose X (*) arbitrarily.

1) Current configuration: X (¥) = .

2) Propose «’ by sampling a symmetric proposition kernel p(x’|x) =
p(z|z).

3)If p(z') > p(x), XFHD = 2/, Otherwise, still accept X #+1) = g’
with the probability p(z’) /p(z); in case of rejection, X *+1) = g

(b) Gibbs sampler

Initialization: choose X (1) arbitrarily.
1) Current configuration: X (¥) = .
2) Choose a site s “at random” (e.g. equiprobably).

3) Sample X (k1) according to p(zs [ s\ ), the conditional law deduced
from p.

Table 7.1. Metropolis and Gibbs algorithms for sampling probability density p

a more technical concept [ROB 04, section 6.3.3] that allows cyclic behavior to be
excluded. These conditions are naturally respected by simple, intuitive choices. For
example, for the proposition kernel p of the Metropolis algorithm (Table 7.1a, step 2),
in the case of S = R, the random walk ' = x + € ensures the symmetry of p if €
follows a centrosymmetric density law pe: pe(—€) = pe(€).

For the choice of the site to be resampled in the Gibbs sampler (Table 7.1b, step 2),
it is logical to favor equiprobability but the convergence in distribution also occurs
for deterministic strategies of site exploration. This option makes the Gibbs sampler
partially parallelizable: pixels that are not two-by-two neighbors can be resampled
independently, and therefore simultaneously. In this way, Figure 7.5 was generated
by “chequer-board” style updating, half the sites being resampled at each iteration
(alternatively, all the “whites” or all the “blacks”).

Sampling and optimization are related problems. The simple fact of never accept-
ing the proposition X *+1) = 2’ if p(z’) < p(x) (Table 7.1a, step 3) would transform
the Metropolis algorithm into a random search optimization method. Similarly, the
Gibbs sampler is a “stochastic version” of the Gauss-Seidel descent technique (sec-
tion 2.2.2.2.1). In this respect, it can be said that Markov chain sampling methods
are to sampling as iterative methods of criterion descent are to optimization. Like the
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descent techniques, sampling techniques can have a multitude of variations. For in-
stance, [GEM 92] and [GEM 95] stress global updating methods based on sampling
semi-quadratic energy models that are supposed to be faster than methods proceeding
pixel by pixel. These algorithms are “stochastic versions” of the descent algorithms
presented in Chapter 6.

7.4.2.2. Monte Carlo method of the MCMC kind

Rather than in the convergence in distribution, the interest of iterative methods lies
in a “generalized law of large numbers” for the calculation of stochastic quantities:
Property (7.33) is true when (X (*)); s is a Markov chain obtained in the conditions
of the previous subsection. At first glance, this result is surprising since the density of
the successive variables X (*) is not necessarily p; the important thing here is that it
approaches p when k increases.

The MCMC methods take advantage of this result by approaching a statistical
expectation through the empirical mean of a finite number of successive iterations of
a sampler. This is how Figures 7.4c and d were obtained. First, K = 500 samples
XM .. X converging towards the posterior law of the GMRF were generated
by a chequer-board Gibbs sampler (going from k to k£ + 1 corresponds to a complete
update, all the “whites” then all the “blacks”). We deduce from this:

K K
—~ 1 Z (k) ~ 1 (k) [2]
m_K—kQ—I—l X, U_K_k0+1§:(X ) )
k‘:k’g k:ko

and finally & = (o — m?l) /2], where [P} means taking the exponent term by term.
The summations leading to 772 and ¥ can be performed recursively during sampling. In
addtion, the introduction of a burn-in time ko means that the first kg samples, for which
the distribution is the furthest from the objective, are not used [GEY 92, section 3.7].
The choice of kg for a fixed K is the result of a “bias-variance compromise”, which is
empirically set at ky = 10 here.

A more thorough mathematical presentation of MCMC methods would lead us
to consider the speed of convergence of the various structures. Like minimization
algorithms, sampling algorithms lend themselves to analytical calculations of the con-
vergence rate [ROB 04]. In fact, some sampling algorithms are extremely long. The
most important thing is to come to a qualitative understanding of why. The main pit-
fall to be avoided is cyclic sampling of conditional laws X | X s\, when the random
variables X, are strongly dependent. Although it is true that a Gibbs sampler pro-
ceeding in this way is likely to converge towards the joint law, the convergence will
be very slow, successive samples being strongly correlated and the empirical means
calculated having a residual variance that decreases slowly. This problem is similar to
the more common one posed by trying to find the minimum of a narrow valley by a
Gauss-Seidel technique (Chapter 2, section 2.2.2.2.1), which is illustrated in [PRE 86,
Figure 10.6.1].
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7.4.2.3. Simulated annealing

The posterior expectation Z™ = E(X | y) can be approached by empirical means
coming from an MCMC method. More generally, as shown in [MAR 87], the same
is true for other Bayesian estimators with separable cost. This is not the case for the
MAP (7.10). When the posterior energy is convex (or even quadratic) in x, it would
be absurd to try to calculate Z"*" using a stochastic algorithm. On the other hand,
when this energy has local minima, or when the state space is a large discrete space,
the idea of using a stochastic search method to find Z¥** is attractive as traps such as
local minima can then be avoided.

Simulated annealing possesses this property, which was first demonstrated in the
discrete case [GEM 84], then extended to the continuous case (see the references given
in [GEM 92]). Its basic structure is an iterative sampling method made inhomoge-
neous by the slow decrease of a temperature parameter during the iterations. The brief
presentation below considers the continuous case. Let p be the density of the law to
be maximized and let
))1 /T

with

21)= [ o))" da

be the renormalized density at temperature 7. Finally, let ¢t (x’ | ) be a transition
kernel allowing pr to be sampled.

Simulated annealing combines two properties. One concerns the behavior of the
inhomogeneous sampling method that generates a random series (X (*)),cn follow-
ing tpa (2" | x), where (T'(k)),c is a deterministic, decreasing series tending to-
wards zero. If the initial temperature is “sufficiently high” and if the decrease is “suf-
ficiently slow”, it can be shown that the law of X (%) has a density close to pr(x), when
k is large. The other property concerns the behavior of pr as a function of 7'. As il-
lustrated in Figure 7.6, this density becomes uniform at high temperatures, whereas it
is concentrated on ZY4* at a temperature tending to zero.

The first simulated annealing algorithm in image processing (deconvolution, seg-
mentation) proposed by [GEM 84] is based on a Gibbs sampler working in the discrete
case with interactive edge variables. Faster forms were subsequently put forward, by
moving on to the continuous case with sampling of models having half-quadratic en-
ergy [GEM 92, GEM 95]. Nevertheless, simulated annealing remains little used as an
optimization method in imaging. It is clearly more costly to minimize a multimodal
criterion by simulated annealing than a convex criterion by a well chosen descent al-
gorithm. And when the convex or non-convex nature of a criterion depends on the
choice of model, calculating cost and simplicity are often decisive arguments.
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e M M A

(a) pa(x) (b) p2() (©) p(z) (d) p1/2(®) (e) p1/5(z)

Figure 7.6. Probability densities deduced from one another by temperature changes:
pr(x) o (p(x))". When T increases, the density becomes uniform over its definition set.
Conversely, a decrease in T accentuates the differences between the probabilities of the most
probable and least probable events. When T "\, 0, the probability becomes evenly distributed
over the values of x maximizing p(x). In the case of a unique maximizer, the limit law is a

Dirac distribution
7.5. Conclusion

In the Bayesian probabilistic framework, local penalty functions can be interpreted
as Gibbs potentials and criterion minimization as finding a maximum a posteriori.
Does this probabilistic interpretation provide the tools for constructing more objective
models than the qualitative approach of Chapter 6? The answer is “yes” in certain
specific cases: the Kolmogorov model for imaging through atmospheric turbulence
(Chapter 10) and the Poisson process for counting particles in corpuscular imaging
(Chapter 14). However, for many imaging problems, the models are still “hand built”.
Thus, Gibbs-Markov fields are often defined by specifying an ad hoc Gibbs energy.
Although it may be true that the probabilistic framework enables, among other things,
the characterization of Gibbs-Markov models by a conditional independence property,
this property is not constructive, in the sense that it does not allow models to be ef-
fectively specified, apart from a few notable exceptions such as Markov chains and
unilateral fields [IDI 01].

In addition, the Bayesian probabilistic framework gives a sense to mathematical
operations such as marginalization and conditioning, which have no natural equiv-
alents in the deterministic framework. This allows estimators other than the maxi-
mum a posteriori to be defined, and also enables uncertainties to be quantified (sec-
tion 7.4.1) and “second-level problems” such as hyperparameter estimation to be for-
malized (Chapter 8).

Finally, on the subject of calculation aspects, it is incontestable that the emergence
of MCMC methods in signal and image processing was an important practical ad-
vance. In particular, these numerical tools enable statistical indicators to be evaluated
in a realistic environment (small amounts of data and presence of noise), whereas
very few analytical results are available on the behavior of the estimators outside the
asymptotic regime.
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Chapter 8

Unsupervised Problems

8.1. Introduction and statement of problem

We are going to consider the “generic” problem of estimating a physical quan-
tity degraded by a linear process and corrupted by noise, which will be taken to be
white. This formulation, with reasonable approximations, includes many problems
commonly encountered in signal and image processing, such as segmentation, decon-
volution and the reconstruction of one- or multi-dimensional quantities. Here, we will
limit ourselves to the case where the quantities of interest are indexed by discrete, fi-
nite variables, a usual situation in the processing of sampled data of finite dimension.
The system considered is thus governed by the equation:

y=Hz+b (8.1)

where y, « and b are vectors that contain the observed data, the unknown quantity to
be estimated, and the samples of the noise respectively. H is the matrix representing
the linear degradation acting on x.

As shown in the previous chapters, the estimation of « is often an ill-posed prob-
lem and regularization is generally required if acceptable results are to be obtained.
In this chapter, we adopt the Bayesian framework from the start, so the information
about x is summed up in the form of the posterior law:

p(z|y) < p(y|z) p(z), (8.2)

where p(y | ) and p(x) denote the conditional density of y when x is known and the
density of the prior law for @ respectively. Without loss of generality, we can write

Chapter written by Xavier DESCOMBES and Yves GOUSSARD.
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p(y | ) and p(x) in the form:

pylz) =ply|z; ) ccexp{-Vs(y — Ha)}, (8.3)
p(x) =p(x; 0) x exp{—Pg(x)}. (8.4)

This means that specifying laws p(y | ) and p(x) is equivalent to specifying the func-
tions ¥ and ®, which, moreover, depend on parameters denoted ¥ for ¥ and @ for .
Once these functions have been specified, the quality of the results is strongly de-
pendent on the accuracy with which the linear degradation H is known and the values
attributed to @ and 9. In some situations, H can be determined precisely, either from a
knowledge of the phenomena under study or by preliminary tests. Similarly, it is often
possible to specify the values of 8 and ¥ empirically, by trial and error on simulated
problems for example. However, approaches of this type are not always applicable,
e.g. if H is impossible to identify beforehand or undergoes large variations over time
(case of communication channels), or if the method needs to be used by people who
are not signal or image processing specialists to treat a variety of cases requiring the
values 0 or ¥ to be adapted. In such situations, it is desirable to estimate not only x,
but also H, 6 and 9 (or some of these quantities) from the observed data y. This is
the problem of unsupervised estimation, which is the subject of this chapter.

Unsupervised estimation is a vast, difficult field. A variety of methods have been
developed and it is impossible to present them fully here. For this reason, we will
concentrate on a particular type of problem that will nevertheless allow us to bring
out the difficulties intrinsic in unsupervised estimation and present a set of important
methods in a consistent way. The type of problem we have chosen is that of a penalty
function ® that is linear with respect to the parameters! and Markovian, and can be
expressed as:

Pg(x) = Z 0;N;(x) (8.5)

where each N;(x) expresses local interactions between elements of & that are neigh-
bors (see Chapter 7). It should be stressed that many prior distributions in current
use correspond to functions ¢ having the above form. This is the case for Gaussian
densities in particular.

First of all, we will consider that H is perfectly known and equal to identity matrix
I, and that the noise, b, is zero. This academic case of a directly observed random field
will allow us to point out the difficulties in estimating 6 and present the fundamental
concepts and basic techniques. Next, we will tackle the situation where H is known
but different from the identity matrix and where noise b is present. This will make it
necessary to adapt and extend the techniques introduced previously.

1. The probability laws thus defined form exponential families.
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From the choices mentioned above, it appears that the techniques described in this
chapter will be particularly suitable for the case where @ represents an image. It should
be noted that the extension to 3D quantities does not pose any methodological prob-
lem; the extra difficulty comes essentially from the volume of data to be processed. In
contrast, the 1D case can present great simplifications due to the causal structure of x.
Such simplifications will be pointed out as necessary as we go along.

8.2. Directly observed field
First, we consider the case of complete data, i.e., of a field X, the realization of

which, xg, is known, and from which we intend to estimate parameters 6. Taking
once again the model of an energy linearly dependent on the parameters, we have:

] - IAVE @)} (8.6)

where Z(6) is the partition function (normalization constant):

Z(0) = /exp{ ZGN } (8.7)

It should be noted that the integral defined in equation (8.7) is taken with respect to
variable z, i.e., in the configuration space. It is therefore not possible to envisage
its numerical evaluation by computer. Furthermore, it is impossible to formulate it
analytically except in very special cases.

p(x; 0) =

8.2.1. Likelihood properties

To make the derivations simpler, we prefer to handle the log-likelihood, which
according to (8.6) is given by:

log L(0) = — > _ 0;Ni(wo) — log Z(6). (8.8)
If we take the first derivative of this functional, we obtain:
() = —Ni(zo) — Li/ex ~ Y 0Ni() | da
- 7 0 Z(G) 891 p : 14Vq
1
= —N;(xo) + m/Ni(v) exp{— Z:@Ni(a:)} dx

00;
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where Eg(N;(x)) represents the moment — i.e., the mathematical expectation — of
N;(x) with respect to the law p(x ; €). Similarly, we can obtain the expression for
the elements of the Hessian H, in the form:

2log L(6
) = ol (a) Eo(N (a)) — Eo(Ni(x)N,(a)) = —cov(Ni(@) z))
Matrix H is negative, as it is the opposite of a covariance matrix. The log-likelihood
is therefore concave. Algorithms of the gradient descent or conjugate gradient type
are thus suitable for calculating the maximum likelihood (ML) for 0, as there are no
local extrema. On the other hand, calculating the Hessian requires the evaluation of
the moments Eg(N;(x)) and Eg(N;(z)N;(x)). As an analytical calculation of these
quantities is not feasible, it is necessary to sample the distribution by Monte Carlo
methods in order to evaluate them.

8.2.2. Optimization

8.2.2.1. Gradient descent

The maximization of the log-likelihood can be carried out using a Newton-type
iterative scheme:

0" =0" — H 'Volog L(6™).

For the sake of simplicity, we can approach the expectations expressing the gradient
and the Hessian by the corresponding value on a sample. In this vein, Younes has
proved that the convergence of the following algorithm is almost sure [YOU 88]:

Ni(:c”H) — Nl(xo)
(n+1)V

ol =07 + (8.10)

where "1 is a sample of the law p(x; ") and V a sufficiently large positive con-

stant. Note that it is nevertheless necessary to sample the law ar each step of the
algorithm, which makes its use impossible in practice because of the computing time
needed.

8.2.2.2. Importance sampling

The notion of importance sampling provides a less costly solution [DES 99,
GEY92]. Let us consider the ratio of the partition functions for two distinct parameter
vectors:

z0) _ Jexp{—3,0iN;(z)} dx
Z(w) [exp{—=>,wiNi(x)}dx

(8.11)
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We then have:

Z(0) _ J exp{— >0 — wi)Ni(a:)} exp{— > wiNi(a:)} dx
Z(w) Jexp{—>, wiNi(x)} dx

— Jexp{=2,(6i —wi)Ni(2) }p(z; w) dae
Jexp{— 32, wiNi(z)} dz
= B (exp{ =, (6; — wi)Ni(x)}) .

Let us slightly modify the definition of the log-likelihood by adding a constant (which
leaves the argument of the minimum value unchanged):

Z(6)
Z(w) "

log Ly(0) = — > 0;Ni(o) — log (8.12)

The first derivatives can then be written:

0log L, (0)
06;

— tan) - Gl [0 {5,0 - N o) oo ) e
Ee, (Ni(w) exp{— >, (0; — wj)Nj(ﬂf)})
E, (eXp{— >0 — wj)Nj(fB)})

and the second derivatives can be expressed as:

— _Ni(wo) + (8.13)

52 log L, (0) E. (Ni(;c)e— > k(9k—wk)Nk(fﬂ)) E. (Nj (;c)e— > k(9k—wk)Nk(fﬂ))

90,00; (Bo (e~ ZrOr—w)Ne(@)))?

- Ew(Ni(w)Ni(fB)efE’“(e’rwkwk(m))Ew(e;z'“(ekiwk)m(w)), (8.14)
ENESTE)

The expressions obtained, although apparently more complex, lead to much faster
algorithms. Here, the various statistical moments are taken with respect to the law
p(@ ; w). In theory, it is thus sufficient to sample the law once with respect to a given
set of parameters w. The moments concerning the law for the various values 6™ are
then evaluated on the samples of the law p(x; w). In practice, some precautions
should be taken however. If the two vectors of parameters € and w are too far apart,
the estimation of the expectations will not be accurate. If the estimation of the ex-
pectations is to be robust, there must be enough overlap between the two distributions
p(x; w) and p(x ; 6). During optimization, if the current value 8™ is too far from w,
the law must be resampled taking w = 6".
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The algorithmic scheme then becomes the following:

1) calculate the image statistics N;(xo);

2) initialize 0° and set n = 0;

3) sample the distribution with the current values of the parameters 6";
4) estimate a confidence interval around 0";

5) find ™" as the maximizer of the log-likelihood defined by equation (8.12)
with w = 6" using formulae (8.13) and (8.14);

6) if 0" is at the edge of the confidence interval, set n = n + 1 and go back to
3; otherwise 8 = 0",

8.2.3. Approximations

Estimation in the ML sense thus proves very costly in computing time even if
importance sampling is used. Other estimators, approximating ML, give algorithms
that are sub-optimal but much more efficient from the computing time standpoint.

8.2.3.1. Encoding methods

The encoding method proposed by Besag [BES 74], is a first, simple alternative to
ML. It consists of defining disjunct subsets of the image such that the pixels of a given
subset are conditionally independent.

Let us assume that X is a Gibbs-Markov field (GMRF):
Vs € S,p(xs |xe,t # 8) = p(as |z, t € vs) (8.15)
where v, is a neighborhood of s. Let S’ be a subset of S such that:
{s,t} C S = sé¢u,té¢uvs. (8.16)
The likelihood relative to the encoding set S’ can then be written:

L°(0) = p(zs,s € S |m,t €S\ S') = H p(xs |z, € V). (8.17)

seS’

In the case of a GMRF, the N; () are written as a sum of local functions:

Ni(@) = Y nias,s € c(i)) (8.18)

c(i)eC
¢(1) is called a clique and contains a finite set of pixels such that:

{s,t} Cc(i) = t € (8.19)
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The log-likelihood relative to the encoding set S’ can then be written:

log L¢(0) = Z logp(xs|xe,t € vs)

seS’
:Z( Z&( Z ni(r,r € c(i )))—long(xt,t€us)>.
seS’ c(i)>s

The advantage is that, here, we are dealing with a local partition function, which can
be evaluated without resorting to sampling:

Zs(0) = /exp{ ZQ ( Z ni(r,r € c(i )))}dws (8.20)

c(i)>s

Several estimators can be obtained by considering different encoding sets. How-
ever, for each estimator, only part of the data is used and the “optimum” way of com-
bining the various resulting estimators is still an open question. In the literature, the
estimator considered is usually defined by the mean of the estimators over the various
encoding sets.

Let us take the example of 4-connexity. The neighborhood of a site s = (u,v) is
then defined as follows:

Viuw) = {(u —1,v); (u+1,v); (u,v—1); (u,v + 1)} (8.21)
The probability of the realization of = can then be written:
flx;0) =
Zig exp (- Z (91n1(x(u,y)) + 02n2(2 (w0, (ut1,0)) T+ 93n3($(u,u),(u,v+1)))> .
(u,v)€eS
Two encoding sets can be defined:
S ={(2u,2v), (2u,2v) € S} U{(2u+1,2v+1), 2u+1,2v+1) € S},
Sy ={(2u+1,2v), (2u+1,2v) € S} U {(2u,2v + 1), (2u,2v+ 1) € S}.

8.2.3.2. Pseudo-likelihood

At the cost of an approximation, pseudo-likelihood allows all the data to be taken
into account [BES 74]. It is defined simply by extending equation (8.17) to the com-
plete set of sites:

PLO) = [] plas |2t € vs). (8.22)
seS
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As for the encoding method, equation (8.22) only brings in local partition functions.
If the pixels are conditionally independent, the pseudo-likelihood is equivalent to the
likelihood. If not, it is just an approximation. It often gives more accurate results than
the encoding method.

8.2.3.3. Mean field

The mean field approximation is a technique that was initially developed in sta-
tistical physics to study phase transition phenomena. It was then applied to image
processing [CEL 03, GEI 91, ZER 93, ZHA 93] based on GMRF models. At each
site, the mean field approximation neglects the fluctuations of the other sites, approx-
imating their states by the mean. The random field is then approximated by a set of
independent random variables.

The energy function defined in equation (8.5), approximated by the mean field,
can be written:
Dy’ (25) = Do (@ = (x5, m1,1 # 5)), (8.23)

where m; represents the mean of site ¢. Let us write function ®}", (x,) in the form:
0.s(@s) = P (ws) + D (m, t 7 5), (8.24)

where ®4° (24,t # s) does not depend on 5. The Markov structure (local interac-
tions) implies that function @“gf;”(xs) only depends on x5 and the means of its various

neighbors my, t € vs.

The mean field approximation consists of approximating the marginal law in x,,
defined by:

() = ﬁ / | ep (@) dn, (8.25)
by the law:
P = gy oXP{ -~ (), (8.26)
which can also be written:
() = %@ exp{ @) (a,) ). (8.27)

The Markov property then allows the mean field approximation to be written as the
local conditional probability:

Py (zs) = p(as | Tp = My, t € vs). (8.28)

Thus, at each site, we have defined marginal laws associated with independent ran-
dom variables. The mean field approximation of the random field under consideration
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can then be written as follows:

p"(x) = ] p¥¥(z). (8.29)

seS

Mean field estimation thus consists of maximizing the likelihood defined by:

L (8) = p" (@) = [ ] p¥"(@o(s)). (8.30)
sesS

It is worth noting that the likelihood obtained by the mean field approximation is very
close to the pseudo-likelihood. The difference lies in the conditional variables since,
here, neighboring sites are fixed at their means whereas, for pseudo-likelihood, they
are fixed at the values of the realization under consideration 2 = x((t). The difficulty
lies in estimating the ms as, unlike in the case of pseudo-likelihood, the values of the
conditioning variables are unknown here. In order to estimate these values, we state
that the mean of a site s, calculated for the approximation in s, must be equal to
that used for the approximation of the laws of the sites that are neighbors of s. By
definition, the mean of a site s, in the approximation sense, is given by:

MF MF 1 MF, v
ms = E¥(xs) = /a:spS (zs)drs = 777(0) /xs exp{—(b&s (z4)} das.

This expectation depends on the means of the neighbors of s. We thus have an equa-
tion of the type:
MF
ms = p"(my, t € vg). (8.31)

If we consider each of the sites, we obtain a system of equations. Solving this sys-
tem by an iterative algorithm gives an approximation of the mean values m,. The
likelihood, given by (8.30), is then easy to maximize as the terms of the product are
independent.

8.3. Indirectly observed field
8.3.1. Statement of problem

We will now concern ourselves with the case where the system is governed by
equation (8.1) in which the noise process is present. We also assume that the linear
distortion H is known but can be different from the identity matrix. The aim here is
to estimate parameters 6 and ¥ that control the probability distributions p(x ; €) and
p(y | @ ; ¥) respectively. Here again, we will limit ourselves to ML estimators, so the
estimates are defined by:

(5, 1A9) =argmaxp(y; 0,9). (8.32)
0,9
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An initial difficulty arises from the fact that, in most cases, it is not possible to obtain
the closed-form expression for p(y ; €, 1), even to within a normalization factor. We
only have the relation:

py: 0,9) / Dy, @; 0,9) dx — / pylz; Oplx; O)de  (833)

where p(y |« ; 9¥) and p(x; 0) are part of the problem specifications but where the
integral above cannot be evaluated analytically. Expectation Maximization (EM) tech-
niques provide a fairly general approach for maximizing p(y ; 8, ) on the basis of the
joint likelihood p(y, x; 0,9) = p(y | x; I9)p(x; 0), but without explicit evaluation
of the integral present in equation (8.33). We should stress that bringing in the quan-
tities p(y | x; ¥) and p(x; @) will lead to the difficulties mentioned in section 8.2.
We now present the EM algorithm before examining its application to hyperparameter
estimation.

8.3.2. EM algorithm

Let 6 be a vector parameter that we intend to estimate by maximizing the like-
lihood p(y; @), where y is a vector of observed data. The EM algorithm is an it-
erative procedure that produces an increase in the likelihood at each iteration and
uses an auxiliary variable X whose role is, roughly, to make the extended likelihood
p(y|x; O)p(x; 0) easier to evaluate than the original likelihood p(y ; 8) [DEM 77].
Let 8° be the current value of the estimate and let us define the following quantities:

Q6.6 ) 2 [ ple|ys 6°) logp(y. w: 6) da. (8.34)
0y A Covy p|y; 6°)
D(0||0)—/p(w|y,0)log7p(m|y;0) dx. (8.35)

We observe that Q (8, 8° ; y) can be interpreted as the following mathematical expec-
tation:

Q(0,6°; y) =E(logp(y.x; 0) |y; 6°) (8.36)

and that D(@ || °) is the Kullback pseudo-distance between the probability densities
p(z|y; ) and p(x |y ; 6°), which is always positive or zero [DAC 86]. In addition,
it is easy to obtain the relation:

logp(y; 0) —logp(y; 6°) =Q(0,0°; y) — Q(6°,6°; y) + D] 6°). (8.37)

By the positivity of the function D(0[/8°), any value of @ such that
Q(0,6°; y) > Q(8°,0°; y) produces an increase in the likelihood. The general
idea of the EM algorithm is to increase the likelihood at each iteration by choosing the
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value of 0 that maximizes (6, 0°: y). One iteration of the algorithm comprises the
following two steps:

Expectation (E): calculation of Q(8, 0" Y), (8.38)
Maximization (M): 6! = arg max Q(e, 0" ; Y). (8.39)
0

It can be shown that this algorithm has a rate of convergence sufficient to ensure con-
vergence towards a local maximum of the likelihood [DEM 77]. The EM algorithm
will only be of interest if the calculation and then the maximization of Q(6, 0" i Y)
are simpler than the maximization of the likelihood p(y ; 8).

8.3.3. Application to estimation of the parameters of a GMRF

Using the EM approach to maximize the likelihood p(y; 6,1) first requires us
to choose the auxiliary variable X. Here, the obvious choice is to take the indirectly
observed field as the auxiliary variable. It remains to be seen whether, with such a
choice, it is possible to evaluate the quantity () defined in equation (8.34), and then
to maximize it with respect to the hyperparameters. We recall that p(y | ) and p(x)
take the form given by (8.3)-(8.4). By putting these expressions into (8.36), we ob-
tain [ZHA 94]:

Q(6,9) =
E(—®g(z) —log Z(0) |y; 6°,9°) + E(—Ty(y — Hz) — log Z(9) | y; 6°,9°)

where the dependence of @ on the parameters 8° and 9" and on y has been omitted
in order to lighten the notation. The expectations are taken relative to the probability
density p(z | y ; °,9°) and it is clear that evaluating them analytically, which would
require specific calculation of integrals similar to that of equation (8.34), is not possi-
ble in general. However, because of the Markov nature of X, the MCMC techniques
described in the previous chapter are well suited to the numerical evaluation of such
expectations. Using the stochastic sampling techniques presented in section 7.4.2, it
is possible to draw N values {x,,1 < n < N} at random, distributed according to
p(z|y; 8°,9°). The mathematical expectation of a quantity g(X) thus verifies the
relation:

E(g(X)|y; 6°,9%) = lim Zg (@)

and, for “sufficiently” large NV:

.00 g0 Nl
E(g9(X)|y; 6°,9") P

HMZ

Thus, the hyperparameters of a GMRF can be estimated by an EM algorithm accord-
ing to the following procedure:
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1) determine initial values 6° and 190;

2) at iteration k (current value of hyperparameters: 0" and 9"*):
— draw N values {x,,,1 < n < N} according to p(z | y; 6%, 9"),
— approximate E (—®g () — log Z(8) | y; 6%,9") by:

N
é Z —Pg(x,) — log Z(O))

and E (—VUy(y — Hz) —log Z(9) |y; Ok,ﬂk) by:

1>

&MZ

@52 5 2 (Voly — Ha) ~log 29):

—ort! = arg maxg @5 et 9t = arg max,g @,kg;
3) stop iterations by a convergence criterion typically based upon the difference
between successive estimates of € and .

We must obviously ask ourselves about the difficulties involved in evaluating then
maximizing the quantities Qg and Q. It should be stressed that, as far as Qg is
concerned, we find ourselves in a situation resembling that studied in the first part of
this chapter, except that the direct observation of a realization of X is replaced by the
indirect observation of N realizations. This change has few practical consequences
in as much as most of the difficulties come from the normalization term Z(8), which
is independent of the number of realizations. We will therefore need to use the tech-
niques presented in section 8.2: evaluate (g, then maximize it with respect to 6, at
each iteration, k, of the EM algorithm. Thus, the resulting procedure is numerically
very heavy. As for the parameter 19, the difficulty depends on the nature of the noise
b. If we keep to simple noise models, the evaluation of (0 and its maximization with
respect to ¥ can be carried out relatively easily. For an identically distributed, inde-
pendent, zero-mean, Gaussian noise, it is possible to obtain a closed-form expression
for Z(¥9), then 9" ™! [BRU 00, RED 84].

8.3.4. EM algorithm and gradient

The EM algorithm is not the only procedure that enables recursive maximization
of the likelihood. Often, when it is possible to use an EM algorithm, it is also possible
to maximize the log-likelihood by a gradient technique. If we return to the framework
defined in section 8.3.2; the gradient of the log-likelihood is defined by:

Vologp(y; 6) = Vop(y; 6). (8.40)

N
p(y; 6)
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Under weak conditions of regularity for the extended likelihood p(y, x ; €), we can
differentiate under the integral sign and write:

1
Ve lo ;0:7/V ,x; 0)dx
ologp(y; 0) oy 0) op(y )

1 Vop(y,x; 0)

= plx|y; 0)dx

7w:0) | paly; 6 "=V
Vop(y,x; 0)

= [ 2D T x|y 0)dx
p(y,x; 0) p(z]y; 6)

_ / Vologp(y, a; 0) p(x|y; 0) de (8.41)

=E(Velogp(y,x;0)|y; 0). (8.42)

Equations (8.41-8.42) show that the gradient of the log-likelihood takes an expression
analogous to that for quantity @, the term log p(y, = ; €) being replaced by its gradient
with respect to 6.

The above equations suggest that it is possible to estimate the parameters of a
GMREF by a gradient method according to a scheme very close to that of an EM tech-
nique. If we go back to the notation of section 8.3.3, we see that the gradient of
logp(y,x; 6,9) with respect to the hyperparameters can be broken down into two
terms that can be expressed:

VoZ(0

Vologp(y,x; 6,9) = Vologp(a; 0) = —VePo(x) — 2(0() |
VoZ(9
Vo logp(y,; 0,9) = Vylogp(y|z; 9) = —VeVs(y — Ha) - Z(z;) |

The estimation of € and 9 by a gradient method can thus be implemented according
to the following procedure:

1) determine initial values 6° and 9°;

2) at iteration k (current values of hyperparameters 0" and 9%):
— draw N values {x,,,1 < n < N} according to p(X |y ; 8%, 9"),
— approximate E (Vg log p(y, z; 6%,9%)|y; 6%,9%) by:

N
Gl £ % ) (‘Ve%k (zn) — VBZ(ak)/Z(ak))

and E (V,g logp(y, x; Ok,ﬂk) ly; 0’“,19’“) by:

N
S (Vo aly — Ha) — Voz(94)/2(54))
n=1

1>

Gy
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— 0" = 0" 4 1/FGl and 9FT! = 9¥ 4 FGE, where 1/ is the step of the
gradient algorithm;

3) stop iterations by a convergence criterion typically based upon the difference
between successive estimates of € and .

If we compare the EM and gradient approaches, we see that, in both cases, the dif-
ficulty of evaluating the likelihood p(y ; 0) is avoided by making use of the extended
likelihood p(y,  ; 8). Also in both cases, the mathematical expectation is evaluated
numerically by resorting to stochastic sampling techniques (see Chapter 7). As far
as differences are concerned, the EM approach includes a maximization step while
the gradient approach requires the evaluation of derivatives with respect to the hyper-
parameters. The difficulty involved in one or the other approach depends largely on
the form of p(y,«; €) and the choice between them is thus very dependent on the
problem to be tackled.

Concerning questions of convergence, both approaches are local iterative tech-
niques that can only be guaranteed to converge towards a local maximum of the like-
lihood, which, in general, is not convex. Both approaches have a linear convergence
rate but the effective speed of convergence depends strongly on the conditioning of
the estimation problem and the distance between the current value of the parameters
and the solution. Here again, the choice of an approach must be adapted to the char-
acteristics of the problem at hand. It is worth mentioning that, when both approaches
are possible, we can envisage using one of them for the first iterations and the other
for the rest, or even alternating between the two so as to maximize the convergence
speed. An example of this type of technique is to be found in [RID 97].

8.3.5. Linear GMRF relative to hyperparameters

To illustrate what we have just seen, we give a few details below on the use of EM
and gradient techniques when X is a field whose energy is linear with respect to the
parameters. p(x) thus takes the form given in equation (8.6). We also assume that
matrix H is known and that the additive noise b is Gaussian, zero-mean, independent,
identically distributed with variance ¥. We thus have:

p(b) = (279)~ "2 exp { - )" /20| (8.43)

where P is the size of b.
Whatever the technique used, each iteration requires IV realizations of X to be
drawn according to p(x |y ; 0k, 19’“). This is a traditional operation, amply described

in Chapter 7. Its computational volume essentially depends on the extent of the sup-
port of H and on the complexity of the neighborhood system of field X.
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__ If we use an EM technique, we next have to evaluate then maximize the quantities
Q% and Q% relative to 6 and 9 respectively. Note first of all that the term Q% does
not present any difficulty since, according to equation (8.43), the normalization term
Z(19) is known explicitly and is equal to (2719)%/2. From this, we simply deduce that
the equation for updating ¥J is:

N
1
9FFt = NP E ly — He,|”. (8.44)
n=1

The main difficulty occurs at the level of @’5 and, more precisely, the normalization
term Z(0). As mentioned in section 8.3.3, the expression for @(’3 is very close to
that for the log-likelihood of a directly observed field given in equation (8.8) and all
the techniques for determining @ for a directly observed field presented in section 8.2
can, in principle, be used for the step of maximization with respect to 8 of the EM
algorithm. However, in practice, it is not possible to envisage using a cumbersome,
iterative, optimization method at each iteration of an EM algorithm that is itself quite
heavy. If the current values of the parameters 6" and ©" are not too far from the
solution, we can consider using the importance sampling technique, taking 0" as the
reference parameter, or even keeping the same reference parameter over several iter-
ations of the EM algorithm. However, to avoid being faced with an insurmountable
volume of calculations, it is more often than not better to use the approximations de-
scribed in section 8.2.3.

Now let us look at the gradient approach. Once the N realizations of X have
been drawn according to p(x |y ; 0", 9* ), it is necessary to evaluate quantities G
and G@. Here again, the term in 9 causes little difficulty; it is easy to show that it can
be calculated explicitly and has the expression:

N 2
Gk = — - — — 8.45
9 N ngl 2192 29 ( )
As far as the evaluation of G’g is concerned, the calculations are similar to those lead-
ing to equation (8.9) and each component of G can be written:

N
1
(G8), = N 7; Ni(xn) + Egr(Ni(x)) . (8.46)
The evaluation of Egx (N;()) thus makes it necessary to sample X at each iteration,
this time according to the law p(x; Ok)z. To avoid this operation, we can also ap-
proach p(x ; 6) here as indicated in section 8.2.3, then calculate the gradient of the
approximation obtained.

2. Note that the resulting procedure has the stochastic approximation algorithm proposed
in [YOU 91] as a special case, for which the author gives the convergence conditions.
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The elements presented above point out the difficulty of unsupervised problems
and the complexity of the methods for solving them. In the example above, whatever
the approach chosen, at least one, and possibly two, stochastic sampling steps are
necessary at each iteration. The approximations that may lighten the implementation
of the approach cannot avoid reducing its robustness and reducing the quality of the
estimator. Great caution is therefore advised when employing such techniques.

8.3.6. Extensions and approximations

8.3.6.1. Generalized maximum likelihood

As mentioned above, estimating the hyperparameters of an indirectly observed
quantity generally necessitates a great volume of calculations, leading to the interest
of any approach intended to reduce this numerical complexity. Generalized maximum
likelihood (GML) methods were developed precisely with a view to simplifying the
calculations.

These techniques fall within the Bayesian framework used up to now. They con-
sist of simultaneously estimating the quantity of interest X and the hyperparameters
(0,19) by maximizing the generalized likelihood p(x,y ; 6,1). We have:

(x*,0%,9%) = argmaxp(z,y; 6,9) (8.47)
x,0,9

where *, " and 9™ are the estimates of x, 8 and 9 respectively in the GML sense.

Maximizing the generalized likelihood jointly with respect to all the variables
is still difficult. For this reason, we generally use a sub-optimal iterative block-
maximization procedure according to the following scheme:

" = argmax p(x,y ; 0k,19k) (8.48)
x

(O 9 = argmax p(a*t!, y; 0,9) (8.49)
6,9

where k is the iteration index. Decomposing the joint law in the form p(z,y; 6,9) =
p(y | x; 9)p(x; ) decouples the estimation of the hyperparameters as follows:

08! = arg maxp(:c’“rl ; 0), (8.50)
0

I = argmaxp(y |21 9). (8.51)
)

This approach is attractive in that the quantity of interest, &, and the hyperparame-
ters are estimated in a single framework by means of a single criterion: the general-
ized likelihood. Furthermore, the determination of by equation (8.48) corresponds
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exactly to the estimation of « with a MAP criterion, the hyperparameters taking the
value (0’“, 9* ). In a similar way, the determination of the hyperparameters using equa-
tions (8.50-8.51) coincides exactly with their estimation by ML with the data observed
directly, « taking the value **% At each iteration, we just need to solve a problem of
the same type as the one covered in section 8.2, which is a remarkable simplification
with respect to the EM or gradient methods described in sections 8.3.2 and 8.3.4.

Nevertheless, the use of this approach leads to difficulties essentially linked with
the characteristics of the GML estimator and the relevance of the generalized like-
lihood criterion. Unlike the estimators of the maximum simple or posterior likeli-
hood [DAC 86], the characteristics of the GML estimator are not well known and it is
difficult to link the estimates obtained with the true values of the parameters, even in an
asymptotic framework. Furthermore, it sometimes happens that the generalized likeli-
hood has no upper bound in the natural domain of the parameters (, 8, 1), which can
cause the iterative procedure defined by equations (8.48-8.49) to diverge [GAS 92].

From a practical point of view, several authors have reported obtaining interesting
results with the GML approach, both in the processing of images modeled as GM-
RFs [KHO 98, LAK 89] and in the processing of one-dimensional signals [CHA 96].
It is clear that the GML approach deserves attention because of its simplicity of imple-
mentation but the theoretical difficulties highlighted above should put us very much
on our guard when interpreting the results obtained.

8.3.6.2. Full Bayesian approach

The general idea underlying what are known as full Bayesian approaches is to
probabilize the hyperparameters of the problem by introducing second rank priors.
Staying within the framework of the hypotheses adopted in section 8.3.5, this means
that we probabilize quantities 8 and ¥ for which the corresponding prior probabilities
will be noted p(0) and p(13) respectively. The quantity of interest  and hyperparam-
eters 6 and ¥ are estimated from the full posterior likelihood p(x, 8,9 | y). Note that
this makes sense since € and 19 are now probabilized.

The question then arises as to how to use the full posterior likelihood. The most
immediate approach would be to maximize it jointly with respect to &, 8 and 9. How-
ever, this maximization can prove tricky, depending on the form given to the second
ranking priors. Above all though, the characteristics of the corresponding estimator
are as poorly known as those of the GML estimator described in the section 8.3.6.1.
To convince ourselves of this, we just need to note that when p(6) and p(¥) are den-
sities that are uniform over the domain of the parameters, the full likelihood becomes
identical to the generalized likelihood and maximizing the full likelihood then has the
same limitations as those of the GML approach. This is why full Bayesian approaches
are based on sampling quantities X, 6 and 9 according to probability p(x, 0,9 | y),
the sampling being performed in practice using the stochastic sampling methods pre-
sented in section 7.4.2. We thus construct a Markov chain {(X*, ok 9* )} the elements
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of which are chosen at random by means of the following complete conditionals:

" p(x |y, 0%, 9%) < p(y|z,9") p(x | 6%), (8.52)
0" p(0]y, 2T ) x p(z"1| 0) p(6), (8.53)
I p(9 |y, 2 0N o p(y |2, 9) p(v). (8.54)

Sampling X according to equation (8.52) has already been mentioned several times in
this chapter and poses no particular problems. At this stage, two main choices remain
to be made: (i) the choice of p(0) and p(+?) that both makes the second rank priors
pertinent and gives the possibility of evaluating full marginals, or sampling according
to the latter; (if) the choice of the estimator which will use the quantities produced by
the sampler of equations (8.52) to (8.54).

Concerning point (if), as we saw in section 8.3.3, the sampling methods allow
the mathematical expectation to be calculated empirically by simple averaging once
the Markov chain has reached its equilibrium state. This mathematical expectation is
taken with respect to p(x, 8,9 | y), which, for 8 and ¥, gives the estimators according
to the posterior mean (= E(6|y) and 9 = E(9|y). Averaging the values of 8 and
¥ provided by the sampler thus approaches the above estimates. We also observe that,
although the stochastic sampler uses full conditional probabilities, the estimate ob-
tained is marginalized with respect to all the quantities other than the observations y.

For point (i), the way to proceed largely depends on the availability of precise prior
information on the hyperparameters. If this information exists, the problem is close to
that of traditional Bayesian estimation, the difficulty being to formalize the prior infor-
mation in the form of a probability law and adjust the trade-off between the accuracy of
the prior model and the complexity of the resulting estimator. However, in general we
have only very little prior information on the hyperparameters, except perhaps support
information. A simple, prudent solution is then to take a function that is uniform over
the definition domain of the parameter as the second rank prior. A conjugate prior
can also be chosen, i.e., such that the second rank prior and the corresponding full
conditional belong to the same parameterized family of probabilities. This technique,
which is fairly widespread in the literature [CHE 96, DUN 97, MCM 96], seems to
correspond to esthetic rather that practical concerns as introducing a conjugate prior
rarely simplifies the main problem, that of sampling the hyperparameters according to
the full conditional. To do this, all the techniques conventionally used in statistics can
be employed [PRE 92].

Once the hyperparameters have been estimated according to the above procedure,
we can go on to estimate X in a supervised framework by using either one of the
methods presented in Chapter 7 or the same technique and the same estimator as for
the hyperparameters [MCM 96]. By averaging the values of x obtained during the
iterations defined by equations (8.52) to (8.54), we obtain an approximate value of
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E(X |y), so it is not necessary to use a different procedure to estimate X. This type
of approach is adopted in [CHE 96] for a one-dimensional problem and in [DUN 97],
where a simplified image model involving a Markov network is also used. The choice
of one approach or the other for estimating X is essentially a question of finding an
acceptable compromise between simplicity of use and quality of results. We should
also stress that, by adopting the full Bayesian approach, it is possible to include lin-
ear degradation H among the quantities to be estimated. This possibility has been
successfully used in a one-dimensional framework [CHE 96] but the same does not
appear to be true in 2D, perhaps because of the volume of the calculations and the
convergence of the stochastic sampler.

8.4. Conclusion

In this chapter, we have presented the main tools for estimating the hyperparam-
eters when solving multidimensional inverse problems with Markov regularization.
One of the major characteristics of the techniques presented is their complexity or
heaviness, from both the methodological and algorithmic points of view. It is thus
legitimate to wonder if it is really useful or desirable to resort to such methods.

Of course, it is always possible to set the hyperparameters empirically. For a given
application with a well specified type of data, the parameters can be fixed after a cal-
ibration phase. However, as a general rule, the results of the estimation of X vary
greatly depending on the hyperparameters and the determination of an acceptable
range of values can be difficult, particularly for an operator who is not a specialist
in signal or image processing. Furthermore, for a given problem, the range of accept-
able values can vary according to the experimental conditions. The development of
unsupervised methods is thus of real interest.

Here, we have only presented methods based on the use of a likelihood. There are
other approaches for estimating hyperparameters, such as cross-validation [GOL 79]
or the “L-curve” [HAN 92], but their application to the problem treated here seems
neither very realistic from an algorithmic point of view nor well founded from a
methodological one.

As already pointed out, the methods we have described are relatively complex,
which may be seen as an indication of the difficulty of the problem of hyperparameter
estimation. We can wonder if the quality of the results is proportional to the efforts
needed to obtain them. From this point of view, the situation is contrasted. For 1D
signals, synthetic or real, the likelihood-based techniques generally produce accept-
able results. In 2D, in a simulation framework where the image to be processed is a
realization of the GMREF that regularizes the inversion, the results are very encourag-
ing (see, for example, [FOR 93]). On the other hand, for real data, the same approach
shows a significant lack of robustness with respect to the image to be processed. The
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parameters that lead to the best results are not always those obtained by maximum
likelihood [DES 99]. This seems to suggest that GMRFs, although useful for regu-
larizing the estimation of X, do not model images coming from the real world very
faithfully. This is why the search for more effective estimation methods and also for
models that are more robust and more faithful to the solution sought is an interesting
path to follow in the aim of improving the methods for estimating hyperparameters. It
is also why, as things stand at the moment, it is necessary to be meticulous in making
validations when such methods are employed.
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Some Applications






Chapter 9

Deconvolution Applied to Ultrasonic
Non-destructive Evaluation

9.1. Introduction

In non-destructive evaluation (NDE) using ultrasound, a wave is emitted at the
outer surface of the part under inspection and propagates through the material. At each
discontinuity the incident beam meets, a wave is reflected and the receiver located
on the surface of the part thus receives a succession of reflected waves. Thus, the
received signal results from the interaction of the wave with the material and gives
information on the discontinuities in the medium. The operator’s goal is to find out,
from the received signal, whether the part has defects and, if so, to determine their
characteristics. In concrete terms, a discontinuity shows up in the measurements as
an echo having a duration equivalent to the period of the incident wave. However,
the wavelength is of the same order as or even longer than the distance between two
discontinuities and the presence of two defects close together gives a single common
echo. Deconvolution helps with the interpretation of the signals by getting around the
lack of resolution of the measurements.

We will start by presenting the difficulties involved in interpreting the measure-
ments by means of an example of a weld evaluation using ultrasound. Then, the direct
model will be introduced in the form of a convolution: the data is taken to be the
result of the convolution between the discontinuities and a convolution kernel formed
from the transmitted wave. When the waveform is known, it is possible to infer the
discontinuities by applying the approaches already proposed in Chapter 5 concerning
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spike train deconvolution. In reality, the incident wave is very often unknown and
estimating the discontinuities is similar to solving a blind deconvolution problem for
which the discontinuities and the kernel are unknown. The heart of this chapter is
therefore devoted to the blind deconvolution techniques put forward for various types
of applications. Finally, in the case of NDE, the contributions made by deconvolution
are illustrated on the weld evaluation example.

9.2. Example of evaluation and difficulties of interpretation

Checking a weld was chosen as the example because the data concerned is notori-
ously difficult to interpret. The characteristics of welding and the evaluation principle
will be recalled first. Then the conclusions drawn simply from the exploitation of the
raw measurements will be presented. Finally, we will define the objectives fixed for
the processing to help with the interpretation of the measurements.

The data used in this chapter were provided by EDF-R&D, the R&D division
of the French power utility EDF. The expert NDE knowledge required to write the
chapter was generously contributed by Daniel Villard, EDF-R&D, to whom we are
most grateful.

9.2.1. Description of the part to be inspected

The part to be inspected is a stainless steel/stainless steel weld with a notch 3 mm
high and 0.2 mm thick made by electro-erosion at the level of the welding cord, paral-
lel to the weld axis, see Figure 9.1. This notch is representative of a crack; it consti-
tutes a planar defect, so called by opposition to “volume” defects, which are thicker.

weld
40 mm
|

3mm high notch,
0.2mm thick

Figure 9.1. Cross-section of the part to be inspected

9.2.2. Evaluation principle

The evaluation takes place at the upper surface of the block (Figure 9.2). Both the
emitter and the receiver are embedded in the sensor, which scans the surface of the
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part, perpendicularly to the welding axis, emitting 2 MHz longitudinal waves inclined
at 60° to the normal of the surface of the block.

Two sorts of echoes are generated in response to the incident wave: a corner echo
backscattered by reflection at the bottom of the notch and a diffraction echo created
at the top of the notch and scattered in all directions (see Figure 9.2). The latter is
only generated when a diffracting point is present and would be absent in the case of
a volume defect. It is thus characteristic of a planar defect. For some positions of the
sensor, these two echoes may appear simultaneously because of the width of the beam.
The evaluation should thus (i) detect a planar defect characterized by the presence of
a diffraction echo in addition to the corner echo and (ii) determine the height of the
defect from the time difference between the two echoes.

sensor shifting

Figure 9.2. Corner and diffraction echoes

9.2.3. Evaluation results and interpretation

The signal recorded for a given sensor position is called an A-scan. The image
produced by expressing the A-scans obtained for successive sensor positions as grey
levels is called a B-scan. The B-scan corresponding to the evaluation described above
is shown in Figure 9.3a. The presence of a high amplitude echo can be distinguished
over a large part of it. This echo appears to be slanted, which signifies that the time to
cover the path decreased as the sensor moved.

Using this echo, the operator can detect the presence of a defect but cannot find its
characteristics. It is very difficult to distinguish between corner and diffraction echoes.
In A-scan number 40, which is given as an example (see Figure 9.3b), the diffraction
and corner echoes merge into one another: the top and bottom of the notch are very
close together and result in a common echo.

In the evaluation case, the raw data are very difficult to use; it is impossible to state
that the defect is planar and, a fortiori, to determine its height. Interpreting the data is
thus a problem.
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Figure 9.3. Raw data corresponding to the system of Figure 9.2

9.2.4. Help with interpretation by restoration of discontinuities

It can be seen from the example above that one of the main difficulties in interpret-
ing ultrasonic test data stems from the lack of resolution of the measurements. The
presence of several reflectors very close together results in a common echo. Thus,
processing that could bring out the discontinuities masked in the data would be of
great help for the interpretation. In the above mentioned example, this would enable
the two reflectors associated with the angle and the top of the notch to be separated
and the height of the defect to be deduced. In what follows, we will therefore study
processing methods for restoring discontinuities.
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9.3. Definition of direct convolution model

As the aim of the processing is to restore the discontinuities, the part is repre-
sented by a function that is characteristic of what we are looking for. The reflectivity
is chosen for this purpose as this function is related to the spatial derivative of the
acoustic impedance: it is non-zero at a discontinuity (the impedance changes) and is
zero everywhere else (the impedance is constant). Starting with this representation,
the reflectivity is connected to the measurements by a convolution model: each A-
scan is interpreted as the result of convolution between the reflectivity function and a
kernel representing the wavelet that propagates in the object. A rigorous justification
of this model would necessitate a series of restrictive hypotheses on the properties of
the material under study: the velocity, C', of the wave in the medium must be constant,
so the material must have only small inhomogeneities. Finally, the propagation is as-
sumed to be one-dimensional and the measurements are considered A-scan by A-scan.
We will use the notations r(d) for the reflectivity at depth d, h(t) for the convolution
kernel, and y(t) for the measurement. The observation equation can thus be written:

y(t) = /h(s)r(C(t ~8) ds.

The numerical framework of the processing performed on the data leads us to
choose a discrete representation of the model. Thus, a sampled echogram y is assumed
to be the result of a one-dimensional, discrete convolution between wavelet h emitted
by the sensor and the sequence of reflectivities r situated along the path followed by
the beam. To take account of measurement and model errors, this convolution result
is perturbed by additive noise b, assumed to be independent of r, white and Gaussian.
The direct model for an echogram can thus be written in the form:

y=Hr+b 9.1
where H is a Toeplitz matrix composed of elements of h.

This model is rather rough. In particular, it does not take account of the atten-
uation and deformation of the wave during propagation. Also, the width of the ul-
trasound beam is not modeled: this would make it necessary to use a two- or even
three-dimensional kernel [SAI 85]. Finally, reflections connected with the structure of
the material are not modeled although they may be non-negligible for some types of
steel. Rigourous modeling of ultrasonic wave propagation in a material is a very com-
plex task and use of the simplified model in the form of a convolution is rarely seen in
the NDE community. However, the direct model is chosen for processing and, from
this point of view, the convolution model provides a good compromise between repre-
sentativeness of the physical phenomena and the possibilities for efficient exploitation
of the processing.
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9.4. Blind deconvolution

In as far as the insonified medium is made up of homogeneous zones, the reflec-
tivities can be modeled by a succession of spikes where each spike corresponds to a
discontinuity. In light of this prior information on the reflectivity and the direct con-
volution model (9.1), estimating the reflectivities is similar to solving a spike train
deconvolution problem for which the input and the kernel are the reflectivity and the
wavelet respectively. In the case where the wave is known, the spike train decon-
volution techniques presented in Chapter 5 should enable the discontinuities to be
recovered. In fact, the incident wave is often unknown and it is necessary to solve
a blind deconvolution problem where both the input and the convolution kernel are
unknown.

This section will first give an overview of the various approaches to be found in
the literature for solving blind deconvolution problems. An extension of the L2Hy
and BG spike deconvolution methods will then be presented. The resulting methods
make it possible to take account of phase deformations occurring in the wavelet as
it propagates and corresponding to an enrichment of the direct model, introduced via
bivariate reflectivity. They are christened DL2Hy and DBG, the “D” referring to the
double reflectivity. Initially put forward to take phase rotations into account in ultra-
sound imaging, these methods also palliate possible phase imperfections in the wavelet
introduced for the deconvolution. Finally, an original blind deconvolution approach
will be developed using sequential exploitation of a sub-optimal wavelet estimation
technique and the DL2Hy and DBG deconvolution methods.

9.4.1. Overview of approaches for blind deconvolution

This subsection presents the principal approaches suggested for solving a blind
deconvolution problem. The presentation centers around the methodology and thus
concerns a broader field of application than ultrasound imaging. We recall that, in the
specific case of deconvolution in NDE, the input and kernel are the reflectivity and the
wavelet respectively.

The most widespread approach to be found in the literature gets around the lack
of knowledge of the kernel by finding an estimator of the input that does not depend
explicitly on the kernel. This first path is followed by the predictive deconvolution,
minimum entropy deconvolution, and “multipulse” techniques. A second approach
estimates the kernel then applies a spike deconvolution technique. Finally, some ap-
proaches set out to estimate the kernel and input jointly.

9.4.1.1. Predictive deconvolution

The first work on blind deconvolution was carried out for geophysical applica-
tions. Among these works, the 1950s studies by Robinson on predictive deconvolu-
tion [ROB 67] have conditioned much research activity up to the present day. In this
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approach, the convolution model is implicitly noise-free; the measurement is the result
of input filtering using a recursive filter according to:

q
Yn = Z g Yn—t + Tn, (92)
(=1

which comes down to considering the kernel as the IR of a stable, causal, autore-
gressive filter. If the input is also assumed to be white, predictive deconvolution first
estimates the prediction coefficients, and then identifies the ir;put to the prediction
error. The estimator of the prediction vector @ = [aq, ..., a,4]" is obtained by min-
imizing a least squares criterion formed from equation (9.2), for an ad hoc boundary
hypothesis such that y,, = 0, Vn < 1:

2
q
a = arg min Z (yn - Z as yn_g> . 9.3)
a n =1

The input is then given by the prediction error of the minimum norm as:
q
?n =Yn — Zaf Yn—t, 94
=1

and any reference to the coefficients of the IR has thus disappeared from the definition
of the estimated input.

This approach only makes use of the second order characteristics of the measure-
ments. In addition, the estimation of vector a according to (9.3) is equivalent to solv-
ing an AR spectral analysis problem: it gives a recursive filter having an amplitude
spectrum which matches that of the measurements. For some boundary hypotheses,
the filter obtained is causal and stable. In the literature, this filter is said to be mini-
mum phase [ORF 85]. Other stable (but not causal) AR filters with the same amplitude
spectrum could be identified by taking the poles outside the unit circle.

This way of looking at deconvolution where, on the one hand, only the spectral
characteristics of the kernel are used and, on the other, the reflectivity is identified
with the error of estimation of the coefficients of a filter, is still widely shared today.

The restriction to only second order characteristics is often put forward to ex-
plain the limited performance of predictive deconvolution. Many studies have been
conducted to exploit higher order (higher than two) statistics of the measurements
and thus design estimators sensitive to the phase. However, these approaches require
a large number of measurement points, which severely limits their field of applica-
tion [LAZ 93].

Finally, the choice of a criterion for the quadratic prediction error comes down
to implicitly supposing that the input is Gaussian. This shows us that, to the great
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displeasure of many supporters of predictive deconvolution, this approach introduces
prior information on the input. Thus, application of an L, (p < 2) norm on the
prediction error recovers spikier inputs than in the case of conventional predictive
deconvolution without, however, reaching the performance of L2LP deconvolution. In
fact, not taking observation noise and modeling errors into consideration constitutes
the weak point of approaches connected with predictive deconvolution.

9.4.1.2. Minimum entropy deconvolution

In the seismic-reflection context, Wiggins [WIG 78] proposes finding the input by
linear filtering of the measurements, in the form (9.4), but his method for obtaining
the coefficients of the filter differs from predictive deconvolution. Wiggins defines the
“varimax” norm to measure the disorder in a signal. Assuming the input to be made up
of impulses, he finds the filter coefficients that minimize the disorder of the input. As-
sociating the notion of disorder with entropy, the author calls his approach minimum
entropy deconvolution. Here again, any reference to the kernel has disappeared; im-
plicitly, the latter remains the IR of a causal recursive filter. The empirical approach in
fact consists of finding the “inverse filter” of the convolution kernel by cleverly taking
advantage of prior information on the input. Nevertheless, its performance remains
limited by the implicit hypothesis of filter causality and the failure to take observation
noise and modeling errors into account.

9.4.1.3. Deconvolution by “multipulse” technique

This approach was put forward in [ATA 82] as a speech encoding method of the
LPC (linear predictive coding) type but its principle can be adapted to pulse train de-
convolution [COO 90]. It is close to that of the minimum entropy method: model the
input in AR form, as in predictive deconvolution, and introduce the pulse character
of the input. Here, this character is imposed in an ad hoc way by locating the max-
imum prediction error peaks and iterating (or not) a procedure alternating detection
of the peaks, re-estimation of the amplitudes of the previously detected peaks and re-
estimation of the coefficients of the filter. Overall, this method suffers from the same
restrictions as Wiggins’ method.

9.4.1.4. Sequential estimation: estimation of the kernel, then the input

Using a deconvolution method suited to the case of a known IR, the solution of a
blind deconvolution problem can be carried out in two stages: estimation of the ker-
nel, then estimation of the input with the help of available deconvolution techniques.
Historically, this way of proceeding did not find favor because efficient deconvolution
tools were not available. However, now that more efficient deconvolution methods
have been developed, this approach seems natural to us. Relative to conventional
deconvolution, the extra difficulty lies in estimating the kernel from the measure-
ments when the input is unknown. In fact, little work has been done in this direction.
The main method for estimating the kernel presented here was initially proposed by
Vivet [VIV 89] for NDE, but it can be extended to other applications.
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With the hypothesis of the input being white and there being no noise, the ampli-
tude spectrum of the measurements corresponds to that of the kernel. The proposed
method thus consists of obtaining a wavelet having an amplitude spectrum identical
to that of the measurements. As recalled in section 9.4.1.1, the estimator (9.3) pro-
vides precisely the coefficients of such a filter in recursive form. In the absence of
knowledge on the phase of the wavelet, the kernel selected is the truncated IR of the
minimum phase filter. This IR is calculated by recursively applying

q
hyp = Qo hn—g + 0On, 9.5)
=1
with h,, = 0, Vn < 0 as initialization. With reference to the name of the filter, this
kernel is also called “minimum phase”.

The main limitation of this approach is, of course, the arbitrary choice of the phase
of the kernel. This limitation can be compensated by the extensions of the deconvolu-
tion techniques that will be presented below.

9.4.1.5. Joint estimation of kernel and input

In the framework of a Bayesian approach, the way of working proposed for spike
train deconvolution can be extended perfectly naturally by using a joint density that is
a function of the kernel and the input (see Chapter 3). For this purpose, a prior model
is defined for the kernel in the same way as for the prior model of the input. Typically,
in the case of geophysical or NDE applications, the prior model of the kernel can be a
correlated Gaussian process corresponding to smoothness prior information. Various
paths can then be explored to exploit the joint density.

We will look at the maximum a posteriori estimator first, using Bernoulli-Gaussian
(BG) prior models for the input [GOU 89] at the beginning, then convex L, mod-
els [GAU 96, GAU 97]. The calculation requires the minimization of criteria whose
properties are poorly knownl. It is carried out by alternately minimizing the crite-
rion according to the kernel and the input. In both cases, the results of the pro-
cessing on simulated data appear convincing. However, in the case of NDE appli-
cations [GAU 96], this approach has proved to be less efficient than the one proposed
in the subsections that follow.

Finally, more recently, the estimator of the posterior mean [CHE 96] has been
proposed for a BG-type input. To this end, a series of samples corresponding to real-
izations according to the posterior joint density are generated using a Gibbs sampler
(see Table 7.1). Then the estimator of the posterior mean is approached by empirical
means on the available samples.

1. Here we can again voice the reserves mentioned in Chapter 3 concerning the generalized
maximum likelihood — see section 3.5.
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9.4.2. DL2Hy/DBG deconvolution

In the direct model proposed in section 9.3, the wave is assumed not to deform as
it propagates. However, this hypothesis is not very realistic in ultrasound imaging. In
particular, the form and/or the polarity of the echoes is reputed to vary with the type of
defect encountered. These phenomena probably correspond to changes in the phase of
the wave but remain poorly understood. The direct model can be improved by taking
into account possible wave deformations, modeled by phase “rotations” of the wavelet
at the level of each reflectivity. Modeling the rotations leads to the definition of a
double reflectivity, with which some prior information is associated. This approach
was first put forward in Bernoulli-Gaussian deconvolution [CHA 93], then extended
to convex prior models [GAU 97]. It was initially developed for ultrasonic NDE but
would be suitable for other applications, in particular when the wave undergoes phase
deformations.

9.4.2.1. Improved direct model

Let h be a function of a real variable. g, its Hilbert transform (HT), is defined as
the function that has the same amplitude spectrum as h but whose phase is shifted by
7 /2. Function hg, such that hy = h cos 6+ g sin 6, has a phase that is shifted by 6 with
respect to that of h; but, hy and h have the same amplitude spectrum. Thus, a signal
with a phase that has been shifted by a constant can be expressed as a linear combina-
tion of the initial signal and its HT. By making use of the linearity of the convolution,
the model of the phase rotations for each reflectivity can be transferred on to a split
reflectivity sequence (r, s), where r and s are convolved by the wavelet and its HT
respectively. The direct model can thus be expressed as y = Hr + Gs + b, where y
is the observed trace, H the convolution matrix corresponding to the known wavelet,
G the convolution matrix associated with the HT of the wavelet, and b white, zero-
mean, Gaussian noise independent of = and s. This model is purely an enrichment of
the direct model with respect to the simple convolution model: the double reflectivity
is simply introduced to help model the wavelet phase rotation phenomena.

9.4.2.2. Prior information on double reflectivity

The deconvolution process inverts this direct model to estimate an (7, ) pair. As
before, the inversion requires prior information to be brought in. The reflectivity is
taken to be spiky: the components of r and s are, a priori, zero except for where
discontinuities occur. Similarly, the reflectivity at one point is not, a priori, connected
with the reflectivity at other points along the path: for i # j, the pairs (r;, s;) and
(rj, s;) are independent.

9.4.2.3. Double Bernoulli-Gaussian (DBG) deconvolution

In order to exploit these prior hypotheses, [CHA 93] introduces the triplet (g, 7, s)
composed of independent variables g;, r;, s; where:
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— q is a Bernoulli process indicating the presence/absence of a discontinuity;

— conditionally on g;, the pair (r;, s;) is Gaussian, zero-mean, and has a covariance
matrix r,q;I, with r, being the prior reflectivity variance.

Then, as in “simple” Bernoulli-Gaussian deconvolution (see Chapter 5), [CHA 93]
proposes a sequential estimation approach based first on determining vector g from
the measurements, then jointly estimating (7, 8) conditionally on g. The estimators
can be obtained by tweaking the algorithms described in Chapter 5. The deconvolution
method thus obtained is called “double” Bernoulli-Gaussian (DBG) deconvolution.

9.4.2.4. Double hyperbolic (DL2Hy) deconvolution

[GAU 97] has adapted the principle of “double” deconvolution to convex prior
models, in the following form:

(7, 8) = argmin<||y —Hr + Gs|* + )\ZP(H,&')), A >0,
r,8 ;

where )\ is a regularization parameter and the bivariate function p allows the prior
information on the double reflectivity sequence to be included. The desire to obtain a
strictly convex, differentiable criterion naturally leads to a choice of a function p that
is also strictly convex and differentiable. Moreover, considering the prior information,
the monovariate restriction of this bivariate function must behave in a way very similar
to that seen in the simple deconvolution case. The transposition of the hyperbolic case
to the bivariate case leads us to look for a function p(u, v) that is quadratic for small
values of u and v and conic for large values of one or other of the variables. The
“bivariate hyperbolic” function p(u,v) = v/T? + u? + v? has these properties (see
Figure 9.4). The parameter T' allows the quadratic zone to be dilated or reduced,
which introduces more or less strong interdependence between u and v: the smaller
T is, the more v and v are linked (at the extreme when 7" tends to infinity, « and v are
independent).

The associated estimator is finally given by:

(r,8) = argmin(“y —Hr + Gs|* + )\Z VT2 +7r? + sf)
r,8 p

As the criterion to be minimized is jointly convex in = and s, the solution can be
obtained by a descent algorithm. Considering the regularization function chosen, the
method associated with this estimator is called double hyperbolic (DL2Hy) deconvo-
lution.

9.4.2.5. Behavior of DL2Hy/DBG deconvolution methods

The behavior of these methods is mainly the result of the modeling of the prior
information. Thus, the discussion of the behavior of L2ZHy/BG methods can be ex-
tended to DL2Hy/DBG cases. Since the DBG deconvolution includes a decision step,
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Figure 9.4. Graphic representation of a bivariate hyperbolic function

it gives more marked peaks than DL2Hy deconvolution. From another point of view,
the absence of a decision process in the DL2Hy case makes DL2Hy deconvolution
more robust with respect to variations in the data and the hyperparameters.

9.4.3. Blind DL2Hy/DBG deconvolution

On the basis of the elements above, a sequential approach to blind deconvolution
can be proposed using the two following steps [GAU 97]. First of all, the convolution
kernel is estimated by AR estimation, as in section 9.4.1. Then the input is estimated
by conventional DL2Hy or DBG deconvolution. In this case, the phase of the kernel
is chosen arbitrarily, but the DL2Hy/DBG deconvolution makes it possible to adapt to
phase rotations of the kernel and thus, in particular, to compensate for a phase shift in
the wave introduced into the deconvolution process.

From now on, this approach will be referred to simply as “blind DL2Hy/DBG
deconvolution”. Its application should not be restricted to cases where a phase rotation
is foreseen; the DL2Hy/DBG deconvolution no doubt gives the method a degree of
adaptability sufficient to compensate for kernel deformations more general than just
phase rotations. Thus, using DL2Hy/DBG deconvolution allows us to take account of
any phase changes of the kernel and also to make up for imperfections of the kernel
estimation technique.

9.5. Processing real data

The performance of the deconvolution will be illustrated using the weld evaluation
example of section 9.2. In this data, the top and bottom of the notch appear in a
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common echo. The aim of the processing is to bring out the reflectors associated with
the extremities of the notch so as to characterize the presence of a planar defect and
estimate the height of the notch.

For this work, the wave emitted by the ultrasonic sensor was measured experimen-
tally, but such measurements are not always available. To carry out blind deconvolu-
tion of the raw B-scan of Figure 9.3a, a “minimum phase” wavelet of 50 samples was
estimated for each A-scan from eight AR coefficients. Figure 9.5 shows the estimated
wavelet for A-scan number 40 and the measured wave. Comparing them reveals the
limits of the wave estimation technique: in particular, the energy of the wavelet is
concentrated in the first instants (whence the term “minimum phase”), which is not
the case for the measured wave.

All the processing performed is one-dimensional: a deconvolved B-scan is simply
the result of the juxtaposition of the separately processed A-scans. First, the realistic
case of blind deconvolution will be tackled. Then, the reflectivities restored using
the measured wave for the deconvolution will be presented. Finally, elements for
comparing the DL2Hy and DBG approaches will be provided.

1 T T T T T T T T T 1,

0.5F
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B
&
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0 05 1 15 2 3 35 4 45 0 0.5 1 15 2 25
Time (is)
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Figure 9.5. (a) Estimated wavelet for A-scan # 40, using AR modeling,
q = 8; (b) measured wavelet

25
Time 15)

9.5.1. Processing by blind deconvolution

The result of the predictive deconvolution of Figure 9.6 illustrates the failure of
this approach, which does not bring out the two distinct reflectivities corresponding to
the top and bottom of the notch at all. In the rest of this section, the discussion will
concern the behavior of the L2Hy/BG and DL2Hy/DBG approaches implemented by
using an estimated wave for each A-scan.
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Figure 9.6. Predictive deconvolution of the A-scan of Figure 9.3b for ¢ = 8

The L2Hy deconvolution brings out peaks connected with the top and the bottom
of the notch, expressing the presence of this planar defect in the weld, Figures 9.7a
and b. The result of BG deconvolution is comparable (see Figure 9.7c). However, the
assistance provided by these methods is perturbed by the splitting of the reflectivities,
probably due to poor estimation of the phase of the wavelet.

The use of DL2Hy deconvolution allows us to place ourselves directly in the more
favorable framework described in section 9.4.3 and, particularly, to improve the pre-
vious results: the two reflectivities connected with the extremities of the notch ap-
pear even more clearly than in the L2Hy deconvolution case (compare Figures 9.8a
and 9.7a); the splitting of the reflectivity has disappeared (Figure 9.7b relative to Fig-
ure 9.8b). Finally, DBG deconvolution gives a comparable result here too (Figure 9.7¢
relative to Figure 9.8c).

Blind deconvolution considerably improves the resolution of ultrasonic evaluation:
the reflectivities initially drowned in a common echo appear separately after deconvo-
lution. Exploiting the time difference between the reflectivities would enable the depth
of the notch to be estimated easily. The DL2Hy/DBG deconvolutions give better re-
sults than the L2ZHy/BG methods and effectively compensate for the poor estimation
of the wavelet phase.

9.5.2. Deconvolution with a measured wave
Using the measured wave in L2Hy deconvolution brings an improvement over the

blind L2Hy version (see Figures 9.7a and 9.9a) but does not reach the performance
levels of blind DL2Hy deconvolution (Figures 9.8a and 9.9a). The measured wave
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Figure 9.7. Blind L2Hy/BG deconvolution of the data of Figure 9.3. The wavelet was

estimated beforehand, A-scan by A-scan, by AR estimation, ¢ = 8
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doubtless does not precisely correspond to the wave actually transmitted and more-
over, unlike L2Hy deconvolution, DL2Hy deconvolution allows deformations of the
wave as it propagates to be taken into account to some degree.

DL2Hy deconvolution gives a slightly “cleaner” deconvolved B-scan than when
the estimated wavelet is used (see Figures 9.8a and 9.9b). This better result can no
doubt be explained by the better fidelity to reality of the spectral content of the mea-
sured wave.

Thus, blind DL2Hy/DBG deconvolution gives results which, although degraded,
are very close to those obtained using the measured wave. When we consider the
more realistic situation in which the measured wave is difficult to obtain, the approach
proposed for blind DL2Hy/DBG deconvolution appears particularly efficient.

9.5.3. Comparison between DL2Hy and DBG

As mentioned in the presentation of the results of blind deconvolution, the DL2Hy
and DBG deconvolutions produce similar results. Thus, the comparison made here
concerns the detailed behavior of the methods. The study is centered on restoring
the reflectivities that are the most interesting from an application point of view with
respect to those of the reflectors for the top and bottom of the notch. It was carried
out for the case where the measured wave was used in order to study, in particular, the
stability of the results for the various A-scans.

Close-ups around the interesting reflectors restored by the DL2Hy and DBG de-
convolutions are shown in Figures 9.10a and 9.10b. From these B-scans, the results
do indeed look very similar. However, the comparison can be made finer by studying
the amplitudes of the two reflectors and the time difference between them.

Theoretically, the corner echo travels in a single direction while the diffraction
scatters in all directions. Therefore, except for the limit case when the bottom of the
notch is at the edge of the ultrasound beam, the amplitude of the reflector associ-
ated with the bottom of the notch should be higher than that of the second reflector.
This amplitude difference is indeed found in the case of DL2Hy deconvolution (see
Figure 9.11a). However, in DBG deconvolution, the reflector connected with the top
of the notch sometimes has an amplitude comparable to that restored for the bottom
(see Figure 9.11b). Furthermore, if we compare Figures 9.11a and b, it appears that
the variation of the amplitudes of the reflectors is more stable in the case of DL2Hy
deconvolution than for DBG.

The time difference between the two reflectors allows the height of the defect to
be estimated from the speed of propagation and the angle of incidence of the beam.
Theoretically, this difference should be stable from one sensor position to another. The
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Figure 9.9. Comparison between L2Hy and DL2HY deconvolution of B-scan of Figure 9.3a by
measured wavelet; (A, T") = (100, 0.005) in both cases

processing results for the number of samples between the two reflectors is reported in
Figure 9.11c for each sensor position. Overall, the difference is smaller for DBG
than DL2Hy. The difference is not discriminating, however, as the uncertainty on the
height measurement depends on other parameters such as errors of estimation of the
velocity at which the wave propagates in the material. In contrast, the dispersion of
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Figure 9.10. Comparison between DL2Hy and DBG deconvolution of B-scan of Figure 9.3a

by measured wavelet (close-up of zone of interest)

the difference is greater in the DBG case: between five and eight samples, whereas
it is between seven and eight in the DL2Hy case. Here again, DL2Hy is more stable

than DBG.
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number of samples separating the reflectors connected with the top and bottom of the notch for
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9.5.4. Summary

This processing of real data illustrates how NDE can gain from deconvolution. In
particular, blind DL2Hy/DBG deconvolution provides a great improvement in resolu-
tion and enables an accurate inter-reflector distance measurement. This approach im-
proves testing performance and opens up new perspectives. NDE experts sometimes
find these results disconcerting as they give access to information that was masked in
the measurements. The application of these new techniques by non-destructive evalu-
ation specialists should therefore be preceded by the decisive step of an introduction
to deconvolution. The results provided by DL2Hy and DBG deconvolution are quali-
tatively similar. However, the stability study on the amplitude of the reflectivities and
the distance between reflectors shows that DL2Hy deconvolution is the more robust
of the two. The interest of robustness does not appear clearly in the case of a notch
but can prove decisive in the case of a crack.

9.6. Conclusion

Its lack of time resolution is a limitation of ultrasonic inspection: two reflectors
that are close together are merged into a single echo. It is possible to model measure-
ment acquisition as the result of one-dimensional convolution between a sequence of
reflectors representative of the object under inspection and a kernel associated with the
incident wave. In this framework, improving the resolution of ultrasonic evaluation
has been treated here as a blind pulse train deconvolution problem.

We have given an overview of blind deconvolution techniques going beyond the
NDE framework, then presented an original approach for blind pulse train
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deconvolution based on imperfect estimation of the kernel followed by DL2Hy/DBG
pulse deconvolution. The second step compensates for both the imperfections in the
wave estimation technique and possible phase deformations of the kernel during prop-
agation.

Applied to ultrasonic NDE, this approach pushes back the limits of inspection by
providing a marked improvement in the time-resolution and appreciable help for the
interpretation of measurements. These new results are surprising for NDE experts and
must be accompanied by an effort at explanation and training from signal process-
ing specialists. From this point of view, presenting deconvolution as a problem of
minimizing a penalized criterion has the advantage of simplicity.

The approach put forward for blind deconvolution could be applied to other types
of imaging by propagation of mechanical waves: biomedical ultrasound scans, seismic
reflection in geophysics, etc. Concerning the use of DL2Hy/DBG deconvolutions
only, they would be suitable for numerous pulse deconvolution problems, particularly
when the kernel is poorly known or tends to deform with time.

From a methodological point of view, DL2Hy/DBG deconvolution can be adapted
to the case of a two-dimensional kernel. Applied in ultrasonic NDE, it has been suc-
cessfully achieved by Labat e al. [LAB 05] in the aim of improving the resolution
in the lateral direction. In parallel or independently, the introduction of a prior two-
dimensional model for the reflectivity would enable the lateral continuity of the reflec-
tors to be taken into account [IDI 93]. Finally, a way of taking correlated structures in
the noise into consideration could be easily introduced by modifying the data fitting
term and would be advantageous for dealing with measurements containing strong
structural noise.
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Chapter 10

Inversion in Optical Imaging through
Atmospheric Turbulence

10.1. Optical imaging through turbulence
10.1.1. Introduction

The theoretical resolving power of a telescope is limited by its diameter. In real in-
struments, this theoretical limit, called the diffraction-limit resolution, often cannot be
reached because of the presence of optical aberrations. These aberrations may come
from the telescope itself or from the light wave propagation medium. In the case of
ground-based astronomy, aberrations are mostly due to atmospheric turbulence. Sev-
eral techniques have been developed to improve the resolution of observation instru-
ments and avoid the degradation caused by turbulence. In this section, we recall some
essential ideas in optical imaging, in particular on the optical effects of turbulence,
then review the various techniques of high-resolution imaging through turbulence.

Section 10.2 gives a brief presentation of the inversion approach and the regular-
ization criteria used in this chapter. Section 10.3 is an introduction to wavefront sen-
sors (WFSs) and the processing problems that arise from their use. WFSs are devices
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that measure optical aberrations and are essential components of many high resolution
optical imaging instruments today.

Three imaging techniques are illustrated by the inverse problems associated with
them. These inverse problems are: image restoration for deconvolution from wave-
front sensing and for imaging using adaptive optics, discussed in section 10.4, and
image reconstruction for optical interferometry (section 10.5).

10.1.2. Image formation

10.1.2.1. Diffraction

Image formation is well described by the scalar theory of diffraction, presented
in detail in reference works such as [GOO 68, BOR 93]. A modern introductory
overview can be found in [MAR 89]. Image formation can be modeled by a con-
volution, at least within the instrument’s so-called isoplanatic patch. At visible wave-
lengths, this patch is typically of the order of a degree when only aberrations due to
the telescope itself are considered and a few arcseconds (1 arcsec = 1/3600°) for a
telescope observing space through turbulence.

The instantaneous point-spread function (PSF) of a telescope or “telescope + at-
mosphere” system is equal to the square modulus of the Fourier transform (FT) of
the complex amplitude of the field » = Pexp (jp) present in the aperture of the
instrument when the object observed is a point source:

h(€) = ‘FT_l (P()\u) eﬂ'ﬂ*u)) (2 €) (10.1)

where )\ is the imaging wavelength and imaging is assumed quasi-monochromatic.
This PSF is conventionally normalized to a unit integral. In expression (10.1), the FT
is the field transformation performed by the telescope between the pupil plane and
the focal plane, and the square modulus is due to the detection being quadratic i.e., in
intensity. Vector &€ = [¢, (] is composed of angles in the sky, in radians. For a perfect
telescope in the absence of turbulence, P is constant in the aperture and ¢ is zerol.
For a real telescope, the variations of the field P exp (jp) are due both to aberrations
belonging to the telescope and to those introduced by the turbulence.

In what follows, we assume that P is simply the aperture indicatrix, i.e., that the

variations of intensity in the input pupil are negligible. This hypothesis is generally
valid in astronomical imaging and is called the near-field approximation.

1. The corresponding PSF is called the Airy pattern.
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Equation (10.1) indicates that the optical transfer function, or OTF, is the autocor-
relation of ¢ = P e’% dilated by the inverse of the wavelength, which is written

h(u) = Pel* @ Pel®(\u). (10.2)

In the absence of aberrations, i.e., when the phase ¢ is zero, the OTF is the autocorre-
lation of the aperture P. It has a spatial cut-off frequency equal to D/Arad~% where
D is the diameter of the aperture, and is strictly zero beyond it. The ultimate resolution
of a telescope (sometimes called a monolithic telescope in contrast to the interferom-
eters described below) is thus limited by its diameter D. Today’s technology limits
diameters to ten meters or so for ground-based telescopes and a few meters for tele-
scopes on board satellites because of size and mass constraints. Optical interferometry
(OI) is a technique that allows us to go beyond the resulting resolution limitation.

10.1.2.2. Principle of optical interferometry

This technique consists of taking the electromagnetic fields received at each of the
apertures of an array of apertures (basic telescopes or mirror segments) and making
them interfere. For each pair (k,¢) of apertures, the data contains high-resolution
information at (or around) the angular spatial frequency By, ¢/, where By ¢ is the
vector separating the apertures, or baseline. This spatial frequency can be much larger
than the cut-off frequency D/ of the individual apertures.

Depending on the type of interferometer and beam combination, it is possible ei-
ther to form and measure an image of the object directly (the interferometer is then
called an imaging interferometer) or to measure a discrete set of spatial frequencies
of the object of interest (the interferometer can then be called a “correlation inter-
ferometer” as it measures the correlation of the electromagnetic fields between aper-
tures [CAS 97]). The reader interested in a more precise description of the different
types of optical interferometers is invited to consult [ROU 01].

For a monolithic telescope, as for an interferometer, the transfer function is the
autocorrelation of the input pupil (see equation (10.2)) provided that, if the interfer-
ometer is of the correlation type, the apertures are assimilated to points. For a long-
baseline interferometer, i.e., when the baselines are large relative to the diameter of
the individual apertures — which is generally the case for correlation interferometers —
the difference between imaging and correlation interferometers becomes negligible as
far as the information recorded in the data is concerned. The transfer functions of a
monolithic telescope, an imaging interferometer and a correlation interferometer are
illustrated in Figure 10.1. For an imaging interferometer, the processing required is, to
a good approximation, a deconvolution, with a PSF still given by equation (10.1) but
more irregular than with a monolithic telescope because of the shape of the aperture.

For a correlation interferometer, the nature of the data processing problem chan-
ges: here, the aim is to reconstruct an object from Fourier coefficients, a problem
called Fourier synthesis. This is the problem that will be tackled in section 10.5.
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Figure 10.1. Cross-sections of transfer functions of a monolithic telescope (left), a
three-telescope imaging interferometer (center) and a two-telescope correlation
interferometer (right)

An intuitive way of representing data formation in a long-baseline interferome-
ter is Young’s double hole experiment, in which the aperture of each telescope is a
(small) hole letting through the light coming from an object located at a great dis-
tance. Each pair (k, /) of telescopes then gives a fringe pattern with a spatial fre-
quency of By, ¢/, where By, is the vector linking telescopes k& and ¢. The con-
trasts and positions of these fringes can be measured and grouped together naturally
in a number called the “complex visibility”, which, in an ideal situation and in the
absence of turbulence, gives the value of Z(By, ¢/\)/x(0) (Van Cittert-Zernike theo-
rem [GOO 85, MAR 89]).

10.1.3. Effect of turbulence on image formation

10.1.3.1. Turbulence and phase

The inhomogeneities in the air temperature of the atmosphere generate inhomo-
geneities in the refractive index of the air, which perturb the propagation of light waves
through the atmosphere. These perturbations lead to space and time variations of the
pupil phase ¢, which can be modeled by a random process. In this section we recall
a few results that enable the turbulent aperture phase to be modeled up to the second
order. We will use the assumption, which is generally well verified, at least for scales
of less than about ten meters, that the random variations of the refractive index of the
air obey Kolmogorov’s law: they follow a Gaussian probability law with zero mean
and power spectral density (PSD) proportional to |V|711/ ® where v is the 3D spatial
frequency [ROD 81].

By integrating the phase along the optical path and in the framework of the near-
field approximation, the spatial statistics of the phase in the telescope aperture can
be deduced for a plane wave entering the atmosphere. The phase in the aperture is
Gaussian since it is the result of the sum of all the index perturbations from the upper
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atmosphere down to the ground [ROD 81]. The PSD of this phase is [NOL 76]:
Sp(u) = 0.023ry /3y 1173 (10.3)

where u is the 2D spatial frequency in the aperture, u is its modulus, and 7 is the key
parameter quantifying the strength of the turbulence, called Fried’s diameter [FRI 65].
The smaller rg, the stronger the turbulence. Typically, its value is about 10 cm in the
visible range at a relatively good site.

The typical variation time 7 of the turbulent phase in the aperture is given by the
ratio of characteristic scale r of this phase to mean wind speed Av (which, more
accurately, is a standard deviation of the distribution of the moduli of wind veloci-
ties [ROD 82]):

T =ro/Av. (10.4)

For rp ~ 10cm and Av ~ 10 m.s~%, we obtain 7 ~ 10~2s. Thus, we talk about long

exposures for images corresponding to an integration markedly longer than this time
and short exposures for images with shorter integration times. For a full treatment of
the time statistics of the turbulent phase, see [CON 95].

10.1.3.2. Long-exposure imaging

The turbulent long-exposure OTF is the product of the so-called static OTF, hAS, of
the telescope without the atmosphere and an atmospheric transfer function, %, which

has a cut-off frequency r/A [ROD 81]:

h(uw) 2 (hy(uw)) = h*(w) h*(u) with h%(u) = exp{—3.44 (\u/ro)*/3}, (10.5)

where the angle brackets (-} denote a temporal mean over an arbitrarily long time.
Thus we see that, for a telescope with a large diameter D >> r¢, the long-exposure
imaging resolution is limited by the turbulence and is no better than for a telescope of
diameter 7.

10.1.3.3. Short-exposure imaging

As noted by Labeyrie [LAB 70], when the exposure time is short enough to freeze
the turbulence (typically less than 10 ms, see equation (10.4)), the images retain the
high-frequency information in the form of speckles, having a typical size A\/D and
random positions. This is illustrated in Figure 10.2, which shows the simulated image
of a star viewed through turbulence (D/ry = 10) using short (left) and long (right)
exposures.

It is possible to quantify the high-frequency information present in short-exposure
images by evaluating the speckle transfer function (STF), defined as the second order
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Figure 10.2. Images of a star simulated without atmospheric turbulence (left) and through
turbulence (short exposure in center and long exposure on right). The strength of the
turbulence is D /ro = 10. Image sampling respects Shannon’s condition

moment of the instantaneous transfer function, (|h(u)|?). For a large-diameter tele-
scope (D > rp), if we take an approximation on the turbulence statistics, we can find
an approximate expression for the STF [ROD 81]:

(|he(w)]?) =~ (hy(w))? + 0.435 (ro/D)* b (w) (10.6)

where h% is the transfer function of a perfect telescope (i.e., with no aberration) of
diameter D.

This expression allows us to describe the STF as the sum of the square of the long-
exposure transfer function, which is low-frequency (LF), and a high-frequency (HF)
component that extends up to the cut-off frequency of the telescope with an atten-
uation proportional to (D/rg)% Thus, if we process a set of short-exposure images
using a more judicious method than a simple average, it is possible to recover a high-
resolution image of the observed object.

10.1.3.4. Case of a long-baseline interferometer

Equation (10.5) applies whatever the shape of the instrument’s aperture and thus,
in particular, applies to an interferometer. In a long exposure, the contrast of the

fringes measured for a baseline By, ¢/ A is therefore multiplied by ho (Bg,¢/ ) and so
strongly attenuated as to make the measurement of z(By, ¢/ ) unusable.

In a short exposure, for an interferometer where each aperture has a diameter
smaller than the Fried’s diameter, r(, or where turbulence is corrected using adaptive
optics (see section 10.1.4.3), the impact of turbulence on the interferometer measure-
ments is easy to model: in the Young’s holes analogy mentioned above, each hole &
adds a phase shift (or piston) ¢ (t) to the wave going through it, because of aberra-
tions introduced by the turbulence in front of this aperture. The interference between
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two apertures k and £ are thus out of phase by the “differential piston” ¢, (t) — @i (t),
which, in a short exposure, is expressed by a random displacement of the fringes
without attenuation of the contrast. The contrast attenuation in long exposures results
from the averaging of these random displacements. Section 10.5 will present aver-
aging techniques that get around the differential pistons. The short-exposure transfer
function, at frequency By, ¢/, can be written:

he(Bre/X) = 1 (t) (PO =2x(0) (10.7)

where 75, ¢(t) is a number that is often called the “instrumental visibility”. In the
absence of the many potential sources of visibility loss (residual perturbations of the
wavefront at each telescope, differential tilts between telescopes, differential polariza-
tion effects, non-zero spectral width, etc.), the value of 7y ¢(t) is the inverse of the
number of apertures interfering simultaneously (equation (10.2) considering that P is
a sum of Dirac delta functions). In practice, this instrumental visibility is calibrated
on a star known to be unresolved by the interferometer. Taking this calibration into
account, we can thus replace 7, ¢(¢) by 1 in equation (10.7).

Note that the measurement baseline By, o between apertures & and ¢ depends on
time: the aperture configuration as seen from the object changes as the Earth rotates.
This is used in “super-synthesis”, a technique that consists, when the source emis-
sion does not vary in time, of repeating the measurements in the course of a night of
observation to increase the frequency coverage of the interferometer.

10.1.4. Imaging techniques

The aim of high-resolution imaging through turbulence is to restore the HFs be-
yond the cut-off frequency o/ of the long-exposure imaging. This is made possible
by various experimental techniques that avoid the time-integration of phase defects
introduced by the turbulence. A measure of the quality of the technique is thus the
resulting signal-to-noise ratio (SNR) at high spatial frequencies.

10.1.4.1. Speckle techniques

The first high-resolution techniques were based on the acquisition of a series of
short-exposure images and the calculation of empirical moments. Speckle interferom-
etry2 [LAB 70] uses the quadratic mean of the FTs of the images, which allows the
autocorrelation of the observed object to be estimated. Knox and Thomson [KNO 74],
then Weigelt [WEI 77] put forward processing methods using the cross-spectrum and

2. The term interferometry could mislead the reader into thinking that the instrument used here
is an interferometer. This is by no means the case; the interferences in question arise from the
aperture of a monolithic telescope.
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the bi-spectrum respectively of the short-exposure images so as to estimate the object
and not only its autocorrelation. These methods require the averages to be taken over
a large number of images, even for simple objects, both to make the estimation of the
statistical quantities valid and to improve the SNR.

10.1.4.2. Deconvolution from wavefront sensing (DWFS)

A notable enhancement of short-exposure imaging through turbulence was thus
brought about, not by improving the processing of measurements but by changing the
experimental technique itself. In 1985, Fontanella [FON 85] proposed a new imaging
technique: deconvolution from wavefront sensing. This technique, based on the use
of a device called a wavefront sensor (WES), was experimentally validated shortly
afterwards [PRI 88, PRI 90].

The aim of WFSs, which had so far only been used for controlling the surface qual-
ity of telescope mirrors, is to measure the aberrations of optical systems (the phase ¢
of equation (10.1)). Some of them, such as the Hartmann-Shack sensor used in de-
convolution from wavefront sensing, work even if the object of interest is extended
(rather than being a point source).

The technique of deconvolution from wavefront sensing consists of simultaneously
recording a series of short-exposure images and Hartmann-Shack wavefront measure-
ments. In practice, at least ten or so short-exposure images are typically needed to
give correct spatial frequency coverage up to the telescope cut-off (equation (10.6)).
The number of images required is greater if the observed object is not very bright.

Deconvolution from wavefront sensing is a considerable improvement on the other
short-exposure techniques mentioned above. First of all, like the Knox-Thomson or
bi-spectral techniques, it enables us to recover not the autocorrelation of the object
but the object itself. Then, unlike the previous short-exposure techniques, this one
does not need images of a reference star to be recorded, and it is called self-referenced
speckle interferometry for this reason. Finally, its measurements are efficient in terms
of photons collected: as the short-exposure images must be quasi-monochromatic to
keep the speckles unblurred, all the remaining photons can be diverted towards the
WES without any loss of signal on the image channel. This technique thus makes
it possible to record more information than the previous short-exposure techniques
and, unlike those techniques, has a SNR that is not limited by the speckle noise at
high flux [ROD 88b], because of its self-referenced nature. This explains why speckle
interferometry has fallen into disuse nowadays.

Section 10.4.2 gives more details on the data processing in this technique, which is
a double inverse problem (estimation of wavefronts from WFS measurements, which
allows the instantaneous PSF corresponding to each image to be calculated, and esti-
mation of the object from images and WFS measurements).
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10.1.4.3. Adaptive optics

The imaging technique with the best performance in terms of SNR is adaptive
optics (AO), which provides a real-time compensation for the aberrations introduced
by atmospheric turbulence, generally by use of a mirror whose surface is deformed at
all instants via a servo-loop, according to the measurements made by a WES.

This technique thus enables long-exposure images (typically exposed for between
a few seconds and several tens of minutes) to be recorded while retaining the HFs
of the observed object up to the cut-off frequency of the telescope. The HFs are
nevertheless attenuated as the correction is only partial [CON 94] and deconvolution
is necessary. This deconvolution, for which the PSF is often imperfectly known, is
presented in section 10.4.3.

The most commonly used WEFS is the Hartmann-Shack sensor (see section
10.3.2). The associated deformable mirror has actuators made of, e.g., stacked piezo-
electric material controlled by high voltages. The AO technique was proposed by
Babcock as early as 1953, and developed from the 1970s for defence purposes, first
in the USA, then in France, but it was not until the late 1980s that the first AO system
for astronomy came into being [ROU 90]. Any reader interested in a detailed account
of AO should consult a reference work such as [ROD 99].

10.1.4.4. Optical interferometry

This section describes some of the major steps in the development of ground-based
stellar interferometry and takes its inspiration partly from [MON 03].

10.1.4.4.1. The first measurements of stars

The use of interferometry for observing stars was first suggested by Fizeau in 1868,
the aim being simply to measure the size of celestial bodies. However, it was not until
1890 that the technique was implemented experimentally by Michelson [MIC 91],
who measured the diameters of Jupiter’s moons by masking a telescope with two fine
slits four inches apart. In 1920-21, he and Pease measured the diameter of the star
Betelgeuse using a 20 foot (6 meter) interferometer [MIC 21].

Pease’s unsuccessful attempts to reach a baseline of 50 feet marked the start of
a difficult period for optical interferometry. At the same time, the advances made
in radar during the Second World War led to the development of interferometry at
radio wavelengths. Resolutions smaller than a milliarcsecond were reached in radio
interferometry while its optical counterpart rather fell into neglect because of the many
technical difficulties involved in coherently combining the beams from two telescopes.
In optics, it is impossible to record the phase, and the beams therefore have to be
combined in real time. Another handicap for optics is that the effects of turbulence
evolve much faster than for radio.
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10.1.4.4.2. Renewed interest in optical interferometry

The first coherent combination of optical beams emitted by a star using a long
baseline interferometer was achieved by Labeyrie in 1974 [LAB 75], with a base-
line of 12 meters on a 2-telescope interferometer called I12T. This was followed by a
more ambitious version composed of telescopes 1.5 meter in diameter with a base-
line of up to 65 meters, which was named the Grand Interférometre a 2 Téléscopes
(GI2T) [MOU 94]. Up to that time, interferometry had been used with two aper-
tures to measure the spatial spectrum of an astronomical scene from which a few
parameters were extracted to validate or reject an astrophysical model. In particu-
lar, only the modulus of the spatial spectrum could be used. In addition, without the
phase, it is generally impossible to determine the geometry of the observed scene. In
1987, by masking a monolithic telescope, Hannif et al. showed that it was possible to
obtain interferometric arrays [HAN 87], i.e., to form interference fringes simultane-
ously for each pair of telescopes of the array. This technique, in addition to providing
several measurements at once (15 frequencies per exposure for a 6-telescope inter-
ferometer), gave access to the phase of the spatial spectrum of the object [BAL 86],
thus making interferometric imaging possible for scenes more complex than a uni-
form disk or a binary system. The remarkable potential of this method encouraged
several teams to build such instruments. In 1995, the COAST interferometer made
the first simultaneous combination with three telescopes [BAL 96], and was followed
a few months later by NPOI [BEN 97] then IOTA [IOT] (now decommissioned).
Since these instruments are evolving quickly, the interested reader is advised to visit
http://0olbin. jpl.nasa.gov/ for up-to-date information.

10.1.4.4.3. Future of interferometry

The technology needed to build optical interferometric arrays has now come of age
and draws upon the sister fields of integrated optics, adaptive optics and fiber optics:

— integrated optics has been successfully used in multi-telescope simultaneous
combination for several years, in particular on the IOTA interferometer [BER 03] (the
experimental data processed at the end of this chapter were obtained with this system);

— adaptive optics on large telescopes such as those of the Very Large Telescope
Interferometer makes it possible to observe objects of low luminosity;

— fiber optics provides monomode fibers that will allow telescopes to be connected
interferometrically over very large distances. The OHANA project plans to combine
the seven largest telescopes on the summit of Mauna Kea in Hawaii to form an inter-
ferometer. The array thus formed will have a maximum baseline of 800 m [PER 06].

In parallel with the development of these large correlation interferometers, the
technology for making imaging interferometers is now available. These instruments
should eventually lead to considerable savings in volume and mass relative to an
equivalent monolithic telescope, which would make them ideal candidates for space
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missions. On the ground, they would be an alternative to giant monolithic tele-
scopes (of several tens of meters). The first of them is the Large Binocular Telescope
LBT [HIL 04], which will combine two eight-meter telescopes corrected by adaptive
optics.

Segmented telescopes, such as those of the Keck Observatory [KEC], have been
in use for several years and are at the boundary between imaging interferometers and
telescopes. Their primary mirrors are composed of joined petals that are easier to
manufacture than a monolithic mirror and this technique has been chosen for the future
European giant telescope E-ELT (for European Extremely Large Telescope) and the
US TMT (for Thirty Meter Telescope).

In addition to the correlation and imaging interferometers described in this section,
there are other sorts of interferometers. P. Lawson [LAW 97] has collected together
a selection of reference publications in this field as a whole. In this chapter, we shall
only deal with the problem of processing the data collected by means of a correlation
interferometer observing space from the ground through turbulence.

10.2. Inversion approach and regularization criteria used

Inversion in optical imaging through turbulence is generally an ill-posed problem
in the case of a monolithic telescope and an under-determined problem in the case of
an interferometer.

In deconvolution from wavefront sensing and in adaptive optics, we need to solve
an image restoration problem for which the Bayesian approach already described in
this book can be used directly. In the case of so-called conventional deconvolution,
where the PSF is taken to be perfectly known, the estimated object is defined as the
minimizer of a compound criterion containing a data fidelity term .J,, and a prior fi-
delity term J,. In OI the image is to be reconstructed from heterogeneous data and
with a knowledge of the transfer function which is very incomplete because of the
turbulence. There are several possible approaches for handling this type of data; the
details are given below.

In all cases it is necessary to regularize the inversion to reach acceptable solutions.
This will be done here by using a regularization term .J,, in the minimized criterion
to obtain the solution. The regularization criteria used in this chapter are taken from
those described below and are all convex.

Quadratic criteria are the most widely used. We will use a criterion of this type
in DWES and OI with a parametric model of the object spectrum such as the one
proposed for adaptive optics in [CON 98b]. An advantage of these criteria is that it is
possible to estimate the parameters of the model easily, by maximum likelihood for
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example. See [BLA 03] for the identification of the spectrum model of [CON 98b]
with simultaneous estimation of the aberrations and [GRA 06] for an application to
adaptive optics with known PSF. This model can also be identified from the data in
OI [MEI 05a].

For objects with sharp edges such as artificial satellites, asteroids or planets, a
quadratic criterion tends to oversmooth the edges and introduce spurious oscillations,
or ringing, in their neighborhood. A solution is thus to use an edge-preserving cri-
terion such as the so-called quadratic-linear, or Ly L1, criteria, which are quadratic
for weak gradients of the object and linear for the stronger ones. The quadratic part
ensures good noise smoothing and the linear part cancels out edge penalization (see
Chapter 6). Here, for DWES (section 10.4.2) and AO (section 10.4.3), we will use an
isotropic version [MUG 01] of the criterion proposed by Rey [REY 83] in the context
of robust estimation and used by Brette and Idier in image restoration [BRE 96]:

Jo(x) = p6> Y (Ax(l,m)/5 — log (1+ Az (L, m)/5)) (10.8)

T

where Az (¢, m) = \/Ve (¢, m)? + V (¢, m)?, with V; = and V; x as the gradient
approximations by finite differences in the two spatial directions.

For objects composed of bright points on a fairly smooth background, such as are
often found in astronomy, we can consider an Lo L; prior that is white, i.e., where
pixels are independent. Such a prior is obtained by using the regularization of equa-
tion (10.8) but with A = . This is what we will do for all the interferometric data of
section 10.5.4. Unlike for the case of quadratic regularization with an object spectrum
model, the tuning of the hyperparameters has to be supervised here.

10.3. Measurement of aberrations
10.3.1. Introduction

The WES is a key element of modern high-resolution imaging instruments as it
allows the instrument aberrations and the atmospheric turbulence to be measured so
that they can be compensated for, either in real time (AO) or by post-processing.

Many WEFSs are currently available, and a thorough review is given in [ROU 99].
They can be divided into two families: focal-plane sensors and pupil-plane sensors.

Present-day AO systems use either a Hartmann-Shack sensor [SHA 71], which is
well described in [FON 85], or a curvature sensor [ROD 88a]. Both belong to the
pupil-plane family and use a fraction of the incident light, which is diverted by a
dichroic beam-splitter. For AO, both have the appealing properties that they work
with a broad spectral band (because they can be well described by geometrical optics)
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and that the relationship between the unknown aberrations and the data is linear, so
the inversion can be performed in real time. The next subsection presents the principle
of the Hartmann-Shack sensor. This sensor will be seen later in the DWFS technique
and is the most widely used in AO.

The focal-plane family of sensors was born from the very natural idea that an
image of a given object contains information not only about the object, but also about
the wavefront. A focal-plane sensor thus requires little or no optics other than the
imaging sensor; it is also the only way to be sensitive to all aberrations down to the
focal plane.

Section 10.3.3 briefly presents the focal-plane wavefront sensing technique known
as phase diversity [GON 82]. This technique is simple in its hardware requirements
and, like the Hartmann-Shack, works on very extended objects. Finally, it should
be noted that there are special WFSs called co-phasing sensors that can measure the
differential piston between apertures, which are aberrations specific to interferometers.
Phase diversity can be used both as a WFS and as a co-phasing sensor. Differential
pistons are not yet corrected on the interferometers in operation at present.

10.3.2. Hartmann-Shack sensor

The principle of this sensor is illustrated in Figure 10.3: an array of Ny, X Ny
micro-lenses is placed in a pupil plane (image of the telescope entrance pupil). It
samples or, in other words, cuts up the incident wavefront. At the focus of the array,
a set of detectors (CCD camera, for example) records the N2, sub-images, each of
which is the image of the object observed through the part of the pupil cut out by
the corresponding micro-lens. When the wavefront is perturbed by aberrations, each
micro-lens sees approximately a tilted plane wavefront and the corresponding sub-
image is thus shifted relative to its reference position by an amount proportional to the
mean slope of the wavefront. In the case of aberrations due to atmospheric turbulence,
N1 should be chosen so that the size of each micro-lens relative to the entrance pupil
of the instrument is of the order of the Fried’s diameter ry. The position of the center
of gravity of each sub-image is measured, thus giving a map of the mean slopes of the
wavefront on a Ny, X Ny grid3.

3. It is possible to envisage taking the measurements to be not this map of local slopes but
directly the set of raw sub-images. In practice, these sub-images generate a large data flow and
are therefore not generally stored on a disk: in imaging through turbulence, the wavefront has
to be sampled at several tens, or even hundreds, of Hertz.
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Figure 10.3. Principle of the Hartmann-Shack sensor

The unknown phase at instant ¢, denoted ¢, is generally expanded into Zernike
polynomials [NOL 76] and the coefficients of this expansion are denoted ¢f:

pi(r) = 1 Zy(r) (10.9)
q

where 7 is the current point in the pupil. The direct problem can then be put in the
form:

St = D¢t +b;

where s; is the vector concatenating the 2N 2, slope measurements (z and y), ¢, is
the vector of the coordinates of the unknown phase and D is essentially a sampled
derivation operator called the “interaction matrix”.

The noise is generally assumed to be iid Gaussian. The independence among
the measurements of the various sub-pupils is natural and the Gaussian character is
justified because it results from an estimation of the center of gravity over a “large”
number of pixels (typically a few tens).

The solution traditionally used for estimating the phase, in particular under real-
time constraints (AO), is the least squares estimation. Matrix DTD is not invertible a
priori , because the number of measurements is finite (2N§11), whereas dimension K
of vector ¢ is, in theory, infinite. In practice, even when K is chosen to be slightly
smaller than 2N2,, D7D is ill-conditioned. The usual remedy is to reduce dimension
K of the space of unknowns ¢ and to filter a few modes that are not seen or are poorly
seen by the sensor. These correspond to the few zero or very small eigenvalues of
DTD. It is common to take K ~ N2,.



Inversion in Optical Imaging through Atmospheric Turbulence 257

This remedy works correctly because the Zernike polynomial basis is well suited
to atmospheric turbulence. Firstly, these polynomials are in an order corresponding
to higher and higher spatial frequencies and the turbulence has a PSD that decreases
quite fast (see equation (10.3)), so the diagonal of the turbulent phase covariance ma-
trix on the basis of the Zernikes is decreasing. Secondly, this matrix is concentrated
around its diagonal. In other words, the Zernike polynomials Z; are quite close to the
eigenmodes (Karhunen-Loeve) of the turbulence. In consequence, truncation of the
basis {Z;} at a Zx selects a space containing the most energetic modes. Choosing
the best K is quite problematic, as it depends on both the strength of the turbulence
ro and the noise level on the WFS.

As our statistical knowledge of the turbulence is quite good (see references of
section 10.1.3), a Bayesian approach is more appropriate and gives better results.

Since the problem of reconstructing the phase is linear and Gaussian, it leads to an
analytical MMSE/MAP estimator, in covariance form in [WAL 83] and in information
form in [BAK 94, SAS 85] (see Chapter 3). MAP estimation of each of the phases
corresponds to minimizing the mixed criterion J;fAP = Js + Jy, with:

1 _
J, = §(st - D¢,)"C, ' (si — Dg,) (10.10)
and

1 _
Jo =561 Cy' (10.11)

where Cy is the covariance matrix of the slope measurement noise (diagonal, with a
practically constant diagonal) and Cy, is the covariance matrix of the turbulent phase
in the Zernike basis, which is deduced from equation (10.3) [NOL 76] depending only
on 9. The well known solution is:

¢, = (D"C,'D +C,1)'DTCy s, (10.12)

This solution takes advantage of our knowledge of the spatial statistics of the turbu-
lence. For use in AO, where the sampling frequency is generally well above 1/7,
it is judicious to opt for a natural extension of this MMSE estimator that also uses
prior knowledge on the time statistics of the turbulence. This extension is the optimal
estimator of Kalman filtering [LER 04, PET 05, KUL 06].

10.3.3. Phase retrieval and phase diversity
Phase retrieval consists of estimating the aberrations seen by an instrument from

the image of a point source. This comes down to inverting equation (10.1), i.e., es-
timating its phase ¢ from a measurement of h. This technique, first used in electron
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microscopy [GER 72] then rediscovered in optics [GON 76], has two main limita-
tions: (i) it only works with a point object and (ii) the solution obtained suffers from
sign ambiguity and is generally not unique.

Gonsalves [GON 82] has shown that, by using a second image containing a known
variation in the aberrations with respect to the first, e.g. a slight defocus, it is possible
to estimate the aberrations even if the object is spatially extended and unknown. More-
over, this second image lifts the indetermination mentioned above and the estimated
aberrations are unique, in practice, for small aberrations. This technique is called
phase diversity by analogy with a technique used in wireless telecommunications.

Phase diversity is used in two different contexts. We may wish to obtain an image
of a remote object, e.g. in solar astronomy, or we may wish to measure the aberrations
seen by an instrument in order to correct them in real time or off-line. These two
problems are connected but nevertheless distinct. In both cases, the basis of the in-
version is to estimate the aberrations and object that are the most compatible with the
measured images. The conventional approach is a joint estimation of the object and
the phase [GON 82] possibly with a regularization for both unknowns. Although this
type of joint estimation usually has poor statistical properties, in the specific case of
phase diversity, it has been shown that joint estimation leads to a consistent estimator
for aberrations [IDI 05]. In addition, a so-called marginal approach that integrates the
object out of the problem so as to only estimate the phase has been proposed recently
and leads to better robustness with respect to noise [BLA 03].

The interested reader will find a more complete history and a review of the ap-
plications of this WFS in [MUG 06], which also contains a detailed study of the two
estimators mentioned above.

10.4. Myopic restoration in imaging
10.4.1. Motivation and noise statistic

In imaging through turbulence with a monolithic telescope, the data processing
needed is essentially a deconvolution. Nevertheless, the estimation or the measure-
ment of the PSF is often imperfect and the best deconvolution results are generally
obtained by specifically taking the partial lack of knowledge of the instrument’s re-
sponse into account. This is what we will call myopic deconvolution, which can take
different forms depending on whether the turbulence is corrected off-line, by DWFS
(section 10.4.2) or in real time by AO (section 10.4.3).

The most used data-fidelity term is the ordinary least squares criterion. In a prob-
abilistic interpretation, this criterion corresponds to the assumption that the noise is
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white, Gaussian and stationary (see Chapter 3):

J,(x) Hz — y|’ (10.13)

_ 1 I
20}

where x is the observed object, y the recorded image, H the imaging operator and
oy the standard deviation of the noise. In astronomical imaging, this interpretation is
generally a crude approximation, except for a large bright object, as the predominant
noise is generally photonic and thus follows Poisson statistics leading to the following
data-fidelity term:

Jy(x) = Z(Hw —ylogHx)(¢,m) (10.14)

lm

This non-quadratic criterion can cause practical difficulties for the minimization when
gradient-based numerical methods are used. What is more, in very dark parts of the
image, the electronic noises of the sensor become non-negligible relative to the pho-
tonic noise and fine modeling of the noise must take the simultaneous presence of
noise from the sensor (typically a CCD device) and photonic noise into account. These
specific difficulties will be examined more closely in Chapter 14.

A good compromise between fine modeling of the noise and efficient minimization
can be obtained as follows. A quadratic approximation of (10.14) is deduced first,
which corresponds to purely photonic noise. For an image that is not too dark (in
practice, ten or so photons per pixel can suffice), the approximation Hx — y < y can
be taken and (10.14) expanded to the second order. The result corresponds to white,
non-stationary, Gaussian noise with variance equal to the image at each point. Then,
by simply summing the variances, a data-fidelity criterion is obtained that models the
simultaneous presence of sensor and photonic noise [MUG 04]:

1
Jy(@) = |(Hz)(¢,m) — y(¢,m)[? (10.15)
) =) S T T o)

where afjh (¢,m) = max {y(¢,m),0} is an estimator of the variance of the photonic
noise at each pixel and o3, the variance of the sensor noise, estimated beforehand.

10.4.2. Data processing in deconvolution from wavefront sensing

10.4.2.1. Conventional processing of short-exposure images

In this subsection, we describe non-myopic multiframe deconvolution; in other
words, we consider that the PSFs deduced from the WFS measurements are true. In
the next subsection, we show how a myopic deconvolution, i.e., the joint processing
of WFS data and images, can improve the estimation of the observed object.
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We have a series of N, short-exposure images of an object that is smaller than
the isoplanatic patch. The equation of the discretized direct problem can be written:

yt:ht*m+bt:Htm+bt7 1§t§sz (1016)

where x and vy, are the discretized object and image respectively at time ¢ and where
the PSF h, is related to the phase ¢, in the pupil at the same instant by equation (10.1).
We also have wavefront measurements, in this case Hartmann-Shack slope measure-
ments s; associated with each image.

The conventional DWFS data processing is sequential: first we estimate the phases
¢, via (10.12), then deduce the PSFs h, via (10.1) and finally estimate the object by
multiframe deconvolution. The details of this sequential processing are given below.

The image processing used in the early days of the DWFS technique was a sim-
ple multiframe least squares method [PRI 90]; the solution was thus the multiframe
inverse filter, which in practice had to be regularized by adding a small constant to
the denominator in the Fourier domain. A better approach is to explicitly regularize
the criterion to be minimized. For objects with clearly marked edges such as artificial
satellites, the regularization criterion to be used is the Lo L; of equation (10.8).

Using the Bayesian framework presented in Chapter 3, we estimate the object
in the MAP sense. Two considerations allow the likelihood of the set of images to
be simplified: firstly, the noise is independent between images and, secondly, the
delay between successive acquisitions is generally longer than the typical turbulence
evolution time. The likelihood can thus be rewritten as the product of the likelihoods
of the individual images, each being conditioned simply by the object and the phase
at the same instant. The estimate of the object is then the one that minimizes

Nim
Toe(@) =" Jy (@ by, y1) + Ju(), (10.17)
t=1
where Jy(x; ¢, y:) = —log p(y: | ©, ¢, ). In practice, for both simulations (see sec-

tion 10.4.2.3) and experimental data (see section 10.4.2.4), the data-fidelity term used
for J, will be the least squares term of equation (10.13). The minimization is per-
formed numerically on the object variables and the presence of the ¢, in the J7,,
criterion above is simply a reminder of the dependence of the criterion on the phase.

10.4.2.2. Myopic deconvolution of short-exposure images

In conventional DWFS data processing, the information concerning the wavefronts
is extracted from the WFS data only, not from the images. And yet there is exploitable
information on the PSF in the short-exposure images, as proved by the results some
authors [SCH 93, THI 95] have obtained by blind deconvolution (i.e., without WES,
but using the models (10.1) and (10.9)).
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However, the criteria to be minimized in blind deconvolution generally have local
minima and parametrizing the PSF by the pupil phase is not sufficient to ensure that
the solution is unique. This is why WFS data should certainly not be ignored but
should instead be used in conjunction with the images.

Myopic deconvolution consists of searching for the most probable object = and
turbulent phases ¢, jointly, given the images y;, the WES measurements s; and the
prior information on « and ¢, [MUG 01]. Using Bayes’ rule and the same indepen-
dence hypotheses as in section 10.4.2.1, it can be shown that the estimates (%, {¢, })
in the joint MAP sense are those that minimize:

Nim Nim

Nim
Tue (@D }) =D Ty(@, b5 yi) + (@) + Y ol )+ D To(y)

= t=1 t=1

where:

— the J,, are the image-fidelity terms; Jy, (x, ¢,; y¢) is the anti-log-likelihood of the
tth image; it is now a function of the object and the phases;

— J(x) is the object prior, which, in what follows, will be the LoL; model of
equation (10.8);

— the J; are the fidelity to WFS data terms; with the hypotheses used, they are
quadratic and given by equation (10.10);

— the Jy are the a priori terms on the phases given by equation (10.11).

The criterion is minimized by a method based on conjugate gradients, alternating
minimizations on the object « (for the current phase estimate) and on the set of phases
¢, (for the current object estimate).

To speed up the minimization and also to avoid, in practice, the local minima often
present in joint criteria, the initial object and phases are taken to be the MAP estimates
obtained in the sequential processing described in section 10.4.2.1.

10.4.2.3. Simulations

A set of 100 images were simulated with the associated WFS measurements. The
100 wavefronts were obtained by a modal method [ROD 90] in which each phase is
expanded on a basis of Zernike polynomials (see equation (10.9)) and follows Kol-
mogorov statistics (see equation (10.3)). The turbulence strength corresponds to a
ratio D/ro = 10. Each of the turbulent wavefronts is used to calculate a short-
exposure image of dimensions 128 x 128, sampled at the Shannon frequency using
equations (10.1) and (10.16). The noise added to the images is white, Gaussian and
stationary with a variance equal to the mean flux to be simulated, i.e., 10*/1282 =
0.61 photon/pixel. Figure 10.4 shows the object, which is a numerical model of the
SPOT satellite, and one of the 100 simulated images. The corresponding PSF is the
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Figure 10.4. Original object (SPOT satellite, left) and one of the 100 short-exposure images
(D/ro = 10, right)

image on the left of Figure 10.2. The simulated WFES is a Hartmann-Shack having
20 x 20 sub-apertures, without central obscuration. White Gaussian noise is added to
the local slopes of the wavefront so that the SNR of the slopes measured, defined as
the variance of the slopes over the variance of the noise, is 1.

Figure 10.5 compares the results of the sequential and myopic estimations for the
same Lo L; prior on the object (equation (10.8)), associated with a positivity con-
straint4. On the left, the non-myopic restoration is the MAP estimation of the wave-
fronts followed by a restoration with PSFs deduced from the estimated wavefronts and
gives an MSE with the actual object of 0.45 photon (per pixel). On the right, the joint
estimation gives an MSE of 0.39 photon.

In addition, the myopic estimation also allows the quality of the reconstructed
wavefronts to be improved [MUG 01].

10.4.2.4. Experimental results

The processing methods described above were applied to ten experimental im-
ages of the double star Capella recorded on 8th November 1990 with the DWFS
system of ONERA, installed on the 4.20m diameter William Herschel telescope (La
Palma, Canary Islands). The experimental conditions were the following: a flux of
67,500 photons per image, an exposure time of 5ms, a D /rg of 13 and a SNR of 5 on
the WES. The WFS was a Hartmann-Shack with 29 x 29 sub-apertures, 560 of which
were used.

Figure 10.6, taken from [MUG 01], shows the results of the deconvolution. On the
left, the sequential processing consisted of an estimation of the wavefronts by MAP,
then a quadratic image restoration. The binary nature of Capella is visible, but is

4. Our thanks to Clélia Robert for processing the DWFS data.
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Figure 10.5. Object restored by non-myopic (left) and myopic (right) estimation. In both
cases, an Lo L1 prior and an object positivity constraint were used. The MSE with the actual
object are 0.45 and 0.39 photon respectively

Figure 10.6. Deconvolved experimental images of Capella: left, estimation of wavefronts by
MAP then quadratic deconvolution; right, myopic deconvolution. In both cases, the prior used
was Gaussian with a constant PSD deduced from the measured flux, with a positivity
constraint

almost drowned in strong fluctuations. On the right, the myopic deconvolution has
eliminated almost all the artefacts of the non-myopic deconvolution. In both cases,
the same quadratic object regularization with a positivity constraint was used, with a
constant PSD whose value was deduced from the measured flux.

10.4.3. Restoration of images corrected by adaptive optics

10.4.3.1. Myopic deconvolution of images corrected by adaptive optics

Long-exposure images corrected by AO must be deconvolved, since the correction
is only partial [CON 94]. If we take the PSF as known, the object estimated in the
MAP sense, denoted Zy,p, is the one that maximizes p(x | y ; k), and thus minimizes
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Jy(x; h,y) + Jz(x). The most usual method for estimating the PSF is to record the
image of a star just before or just after the image of the object of interest. This star
image may be noticeably different from the PSF corresponding to the image we are in-
terested in for a variety of reasons: first, the turbulence changes with time [CON 98a];
thus, the response of the AO may be different when going from a spatially extended
object to a point object, even if the star is of the same magnitude as the object, since
the wavefront sensing error increases with the extent of the object; and finally, there is
noise on the star image itself. A method has been proposed and validated for estimat-
ing the turbulent part of the long-exposure transfer function corrected by the AO from
measurements of the residual wavefront of the control loop [VER 97a, VER 97b].
Nevertheless, apart from the fact that the static or slowly varying aberrations of the
telescope may not be properly known, the accuracy of this estimation of the transfer
function is limited by the noise on the WFS. Thus, it is often necessary to consider
that the PSF is imperfectly known.

Many authors have tackled the problem of deconvolving an image degraded by
turbulence with unknown PSF. Ayers and Dainty [AYE 88] used a Gerchberg-Saxton-
Papoulis algorithm [GER 72] and came up against problems of convergence with this
type of algorithm. Others have used maximum likelihood methods, with an EM algo-
rithm [HOL 92] or minimization of an explicit criterion [JEF 93, LAN 92, LAN 96,
THI 95]. They generally recognize the need for regularization rather than just positiv-
ity (of the object and the PSF) and, in particular, have introduced a (legitimate) limited
bandwidth constraint on the PSF through an ad hoc prior [HOL 92, JEF 93].

The Bayesian framework allows this joint estimation (called myopic estimation)
of the object and the PSF to be made with a natural regularization for the PSF and
without having to adjust any additional hyperparameters. The joint MAP estimator is
given by:

(%, h) = argmax p(, hly) = argmax p(ylz, h) x p(x) x p(h)

x,h x,
= argmin (Jy(x, h; y) + Jo(x) + Jn(h))
x,h

The long-exposure PSF can be considered as the sum of a large number of inde-
pendent short-exposure PSFs, and thus modeled by a Gaussian prior (truncated to pos-
itive values). We also assume that the difference between the PSF and the mean PSF
is approximately stationary. The regularization of the PSF is thus a quadratic penal-
ization of the transfer function, which is independent between frequencies [CON 98b,
FUS 99, MUG 04]:

Ta(h) = 237 [h(u) = by (w)/S) ()
f
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where h,,, = E(h) is the mean transfer function and ), = E(|h(u) — hp,(w)|?)
the energy spectral density (ESD) of the PSF. Note that .S, is zero beyond the cut-
off frequency of the telescope and that this regularization, in particular, forces h to
comply with the limited bandwidth constraint.

In practice, the mean transfer function and the ESD of the PSF are estimated by
replacing the expectations in their definitions by empirical means on the various im-
ages of the star acquired before or after the object of interest. If only a single image of
the star is available, the expectation can be replaced by a circular mean in the Fourier
domain because of the isotropy of the quantities to be estimated.

In order to be able to restore objects with a large dynamic range, which are frequent
in astronomy, the data-fidelity term J, must include fine modeling of the noise, such
as the mixture of photonic and electronic noise of equation (10.15), rather than a
simple least squares. The regularization criterion J, used here is the L, L; model of
equation (10.8), which is well suited to objects with sharp edges such as planets and
asteroids.

The restoration method known as MISTRAL [MUG 04] combines the myopic es-
timation of the object and PSF described earlier with the white inhomogeneous data-
fidelity term and the Lo L; regularization just mentioned. This method was used to
obtain the deconvolution results presented below. The criterion was minimized by
the conjugate gradient method, jointly on the object and PSF variables. A positivity
constraint was added on x and on h.

10.4.3.2. Experimental results

Figure 10.7a shows an AO-corrected long-exposure image of Ganymede, a satellite
of Jupiter. This image was recorded on 28th September 1997 on the ONERA AO sys-
tem installed on the 1.52 m telescope of the Haute-Provence observatory. This system
has an 80 Hz passband; it comprises a Hartmann-Shack wavefront sensor with 9 x 9
sub-apertures (64 of which are active) and a deformable mirror with 10 x 10 piezo ac-
tuators, 88 of which are active. The imaging wavelength is A = 0.85 pm and the expo-
sure time 100 s. The total estimated flux is 8.107 photons and the estimated D /7, ratio
is 23. The total field is 7.9 arcsec, only half of which is shown here. The mean PSF and
its ESD were estimated from 50 recorded images of a nearby bright star. Figures 10.7b
and c show the restorations obtained by the Richardson-Lucy algorithm (maximum
likelihood for a Poisson noise), interrupted at 200 and 3,000 iterations respectively.
In the first case, the restored image is quite blurred and shows ringing, and in the sec-
ond case, the noise dominates the restoration. The image of Figure 10.8a illustrates
myopic deconvolution [MUG 04] with an LoL; prior>. Figure 10.8b shows a wide-
band synthetic image obtained from photos taken by a NASA/JPL space probe (see

5. Our thanks to Thierry Fusco for processing the AO images.
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(a) image corrected by AO (b) Richardson-Lucy, 200 it. (c) Richardson-Lucy, 3,000 it.

Figure 10.7. (a) Observation of Ganymede with the ONERA AO system on 28th September
1997, (b) Richardson-Lucy restoration interrupted at 200 iterations; (c) at 3,000 iterations

(a) L2 L1 myopic deconvolution (b) JPL database (c) image (b) + PSF of perfect
(NASA/JPL/Caltech) telescope

Figure 10.8. (a) Lo Ly myopic deconvolution of the image of Ganymede of Figure 10.7; (b) for
comparison, a wideband synthetic image obtained from the NASA/JPL database; (c) same
synthetic image convolved by the perfect PSF of a 1.52 m-diameter telescope

http://space. jpl.nasa.gov/)as it passed near Ganymede. The comparison
shows that many features of Ganymede have been correctly restored. A fairer com-
parison is to examine the myopic deconvolution performed by MISTRAL together
with the image of Figure 10.8b convolved with the perfect PSF of a 1.52 m telescope,
presented in Figure 10.8c.
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Figure 10.9 shows three images of Neptune recorded at half-hour intervals on 6th
July 1998 with the curvature-based adaptive optics system of the Institute for As-
tronomy of the University of Hawaii® called Hokupa’a. This system, which was
in operation until 2003, had 36 actuators and was installed on the Canada-France-
Hawaii (CFH) 3.6 m telescope. It produced the first high-resolution infrared images
of Neptune in November 1997 and July 1998 [ROD 98]. The imaging wavelength
was 1.72 um, which is situated in a methane absorption band. The exposure time was
10 minutes per image. The images restored by myopic deconvolution with an prior
are shown in Figure 10.10 [CON 00]. The image of a star near Neptune was also
recorded in order to estimate the mean PSF and the ESD of the PSF by the circular
mean in the Fourier domain. Because the atmosphere of Neptune is very dark at the
imaging wavelength, these images show the fine structures of the cloud bands in the
upper atmosphere with good contrast. Note, in particular, that the fine structures of
the cloud bands can be followed from image to image as the planet turns. This was the
first time it had been possible to study the details of Neptune’s atmospheric activity
from the ground.

Figure 10.9. Images of Neptune obtained at 30-minute intervals on 6th July 1998 with the
Hokupa’a adaptive optics system on the Canada-France-Hawaii telescope. The imaging
wavelength was 1.72 um and the exposure time for each image was 10 minutes

10.4.4. Conclusion

The restoration of images degraded by turbulence and corresponding to a convo-
lutive imaging model is now a well mastered technique. The observation systems
currently being developed have more complex acquisition modes for which process-
ing will no doubt be largely called upon. Representative examples are the wide-field

6. Our thanks to Francois and Claude Roddier for so kindly providing us with these images.
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Figure 10.10. Images of Figure 10.9 restored by myopic deconvolution with Lo L1 prior

systems with so-called multiconjugate AO [CON 05], for which the PSF cannot be
considered as spatially invariant, and the systems such as SPHERE [DOH 06] or GPI
that combine high-performance AO (known as extreme AQO) with a coronograph in
the aim of detecting exoplanets. For such systems, imaging is fundamentally non-
convolutive and specific processing has to be developed. AO has also found an ap-
plication in retinal imaging in recent years and several teams are developing opera-
tional systems (see for example [GLA 02, GLA 04] and the references therein). In
this context, the image measured and the object to be restored are three-dimensional
[CHE 07].

10.5. Image reconstruction in optical interferometry (OI)

This section is devoted to the reconstruction of images from data coming from a
correlation interferometer. Section 10.1.2.2 presented the measurement principle and
the type of transfer function associated with these systems. The observation model is
presented more precisely in section 10.5.1, then sections 10.5.2 and 10.5.3 describe
the main avenues towards image reconstruction at present. Finally, results on synthetic
and real data are the subject of section 10.5.4.

10.5.1. Observation model
Let us consider a two-telescope interferometer. The positions of the telescopes in
a plane normal to the observation direction are 71 and r2. Due to the Earth’s rotation,

the observation direction changes with time and baseline o — 7 thus varies, as does
the spatial frequency corresponding to it:

wiz(t) 2 (ra(t) — 71(t)) /A
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When a complete interferometer array is used, i.e., one in which all the possible two-
telescope baselines can be formed simultaneously, there are N, = Ny (N; — 1)/2
measurement frequencies given by

uge(t) = (re(t) —ri()) /A, 1<k <{l< N

Each baseline (T}, T;) produces interference fringes. The measurement of the
contrast and position of these fringes defines the complex visibility y{2*2(¢) and gives
information on the modulus ag¢(, t) and the phase ¢x(x, t) of the FT of object = at

spatial frequency wy.

When the instrument is calibrated, generally by prior observation of an unresolved
object, we no longer have to consider the possibly complex gains, that come into
measurement (10.7) presented in section 10.1.2.2. On the other hand, the effects of
turbulence, which vary rapidly, cannot be precalibrated. We can thus take it that the
main perturbation affecting the short-exposure phase measurement is an additive term
©r(t) — @i (t) known as the differential piston term:

Pait(t) = dre(m, ) + po(t) — @i (t) + noise [27] (10.18)
where ¢13%2(t) is the phase of y{2t2(¢). Thus, in matrix form, ¢p***(t) = ¢(x,t) +

Bp(t) + noise [27], where the baseline operator B has dimensions Nj, x Ni.

As mentioned in section 10.1.2.2, the differential piston is the result of the random
differences introduced in the optical path between the apertures of the system by tur-
bulence. For a long baseline (relative to the Fried diameter), the optical path difference
may be very much greater than the observation wavelength and thus lead to random
phase differences much larger than 27r. The aliased perturbation that affects the phase
(10.18) is then practically uniformly distributed in [0, 27]. In consequence, averaging
the phases of short-exposure visibility (10.18) does not improve the signal-to-noise
ratio. A solution is to carry out phase closures [JEN 58] before the averaging. For any
set of three telescopes (T, Ty, Tr,) the short-exposure visibility phase data is

O (1) = dpe(x,t) + e(t) — @i (t) + noise
GBI (1) = g (1) + o (£) — o(t) + noise (10.19)
I (1) = r (@, 1) + or(t) — @m(t) + noise
and the turbulent pistons are canceled out in the closure phase defined by:
B (£) 2 G (1) + 95 () + 6t (¢) + noiise
= ¢re(x,t) — dom(x,t) + dmr(x, t) + noise (10.20)

= Brem(x,t) + noise
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To form this type of expression it is necessary to measure 3 visibility phases simulta-
neously, and thus to use an array of 3 telescopes or more. For a complete array made
up of IV, telescopes, the set of closure phases that can be formed is generated by, for
example, the ﬁ‘f,jf(t), 1 < k < € < Ny, ie., the closure phases measured on the tri-
angles of telescopes including 7. It is easy to see that there are (N; —1)(N¢ —2)/2 of
these independent closure phases. In what follows, the vector grouping together these
independent closure phases will be noted B9 and a closure operator C' is defined

such that
gdata £ Cop¥*® = Cp(x,t) + noise.

The second equation is a matrix version of (10.20): the closure operator cancels the
differential pistons, a property that can be written C'B = 0. It can be shown that this
equation implies that the closure operator has a kernel of dimension NV, — 1, given by

Ker C = {Ba,a € RN 71} (10.21)

where B is obtained by removing the first column from B. The closure phase mea-
surement thus does not allow all the phase information to be measured. This result can
also be obtained by counting up the phase unknowns, i.e., N;(N; — 1)/2 object visi-
bility phases minus the number of independent closures, (N; — 1)(N; — 2)/2, which
gives NV; — 1 missing phase data. In other words, optical interferometry through tur-
bulence comes under Fourier synthesis with partial phase information. Note that, the
more apertures there are in the array, the smaller the proportion of missing information
will be.

We are now in a position to define the long-exposure observables of a correlation
interferometer:

— mean square amplitudes s (t) = {(a%*(t + 7'))2>T, in preference to mean
moduli as they have an easy-to-calculate bias, which can be substracted from the mea-
surements;

— bispectra V{33£2(t), k < ¢, defined by

Vi () = (Uia™(t + 1yd™ (¢ + )y (t + 7)),

The modulus of the bispectrum is redundant with the squares of the amplitudes and
is thus not used in image reconstruction. The phases of the bispectra 3242 (¢), k < £

constitute unbiased long-exposure closure phase estimators.

Notation 7 expresses the averaging in a time interval around instant ¢, an interval
that must be short enough for the spatial frequency to be considered constant during
the integration despite the rotation of the Earth. The integration time also determines
the standard deviations of the residual noises on the measurements.
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The long-exposure observation model is finally:

{ st (t) = a®(x,t) + 8™ (1),  8"*°(t) ~ N (0, Ry(r))
(10.22)

/Bdata(t) _ Cgi)(ill,t) + ﬁnoise(t)’ ﬂnoise(t) ~ N (0, Rﬁ(t))

Estimating an object from such Fourier data is called Fourier synthesis. Matrices
R, 1) and Rg ;) are generally assumed to be diagonal. In terms of prior knowledge,
the object we are looking for is positive. Moreover, as visibilities are flux-normalized
quantities, it is convenient to work with the constraint of unit flux. The constraints on
the object are thus

> wlk0)=1,  VkL, x(k, ) >0. (10.23)
k.0

10.5.2. Traditional Bayesian approach

This approach first forms the anti-log-likelihood according to model (10.22)

TR () =" T @, 1) = X3 (@) + xp (@) (10.24)
t

t

with the notation

A ata T e
in(t) (z) = (md 2 (t) — m(wat)) le(t)

dat
(m®2(t) — m(z, 1)) ,

then associates .J42** with a regularization term such as those presented in section 10.2.
The problem thus is to minimize the composite criterion

J(x) = J9 () + J, () (10.25)

obtained under the constraints (10.23). Among the references that adopt this approach
for processing optical interferometry data, [THI 03] is one of the most noteworthy.

Such works are based on the use of local descent methods. Unfortunately, criterion
J is non-convex. To be more precise, the difficulty of the problem can be summed up
in the following three points:

1) the small number of Fourier coefficients makes the problem under-determined:
the regularization term can get around this under-determination, e.g. by limiting the
high frequencies of the reconstructed object [LAN 98];

2) the turbulence implies phase indetermination. This type of indetermination
makes the Fourier synthesis problem non-convex and adding a regularization term
does not generally correct the problem;
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3) finally, the fact that we have phase modulus measurements with Gaussian noise
leads to a non-Gaussian likelihood in « and a non-convex log-likelihood. This point,
which has long been known in the field of radar was identified only very recently
in optical interferometry [MEI 05c]. In other words, even if we had all the complex
visibility phase measurements instead of just the closure phases, the data fidelity term
would still be non-convex.

These characteristics imply that optimizing J by a local descent algorithm can only
work if the initialization puts us in the “right” valley of the criterion. The use of
a global optimization algorithm has never been proposed in optical interferometry
as far as we know. It would no doubt be useful to explore this path as long as the
number of variables remained reasonable, in particular in comparison with the very
large dimension maps that are reconstructed in radio interferometry.

10.5.3. Myopic modeling

Another approach is to put the problem in terms of missing data; this is phase data
that is eliminated by the use of a closure operator, i.e., elements of the kernel of C'
(10.21). The myopic approach thus consists of finding object « and missing phase data
« jointly. This technique is called self-calibration in radio-interferometry [COR 81]
and has enabled reliable images to be reconstructed in situations of partial phase inde-
termination. The first myopic approaches put forward in optical interferometry were
strongly influenced by this work [LAN 98]. Recent findings indicate that these trans-
positions were based on too great a simplification of the measuring procedure belong-
ing to optical interferometry. This section outlines a precise myopic approach applied
to Ol

The construction of a myopic model starts from a generalized inverse solution to
the phase closure equation of (10.22), using the operator

ct2c”(cc) .
By applying C' on the left to (10.22) and (10.21) we have
Ja(t) | CTB(t) = ¢(x,t) + Ba(t) + CTB"™(1).

It is thus tempting to define a pseudo-equation of visibility phase measurement by
identifying the last term of the latter equation with a measurement pseudo-noise:

¢data(t) — ¢(x’t) —|—Ba(t) +¢noise(t). (1026)
SN————
B (m,ex(t),t)

This approach is similar to that presented in reference [LAN 01]. Unfortunately, as
matrix C' is singular, this identification is not rigorously possible and we are led to as-
sociate an ad hoc covariance matrix R, with the term ¢"“"*°(¢) so as to approximately
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fit the statistical behavior of the closures. These problems of covariance approxima-
tion are ignored in [LAN 01]. The more recent references [MEI 05a, MUG 07] discuss
the possible choices for R, and propose the use of the following diagonal matrix:

Ry x Diag {CTR[;CT7T}

where the expression Diag { M } designates the diagonal matrix formed with the di-
agonal of M.

Finding a suitable approximation for the covariance of the amplitude measure-
ments (10.22), see [MEI 05a, MUG 07], gives a myopic measurement model, i.e., one
that depends on the unknowns x and a:

{ adata(t) _ a(a:,t) + anoise(t)7 anoise(t) N./\/(d(t)7Ra(t))

_ _ B (10.27)
1) = dl@, alt), 1) + @U(E),  PU(E) ~ N (D(8), Ror))

We now have an explicit model of the phase indetemination noted in section 10.5.2.
At this stage, it is possible to envisage using, for example, alternating descent algo-
rithms that successively optimize a regularized criterion coming from (10.27), accord-
ing to « and a«. However, it is still true that, as this model is given in modulus and
phase, it always leads to a data-fidelity term that is non-convex in z, for fixed a.
Below, we briefly present a convex approximation of this model.

From the pseudo-measurements a9%(¢) and ¢?#**(t), let us form complex pseu-
do visibilities
ydata(t) A adata(t) ej¢da°a(t) )
The data model is thus
ydata(t) _ (a(w, t) + anoise(t)) ej(¢(w,a(t)7t)+¢noim(t))'

The noise on these measurements, although additive and Gaussian in modulus and
phase separately, is not a complex additive Gaussian noise. In reference [MEI 05b],
the authors show how this distribution can be best approximated by an additive Gaus-
sian noise y"°!¢(¢).

ydata(t) — 'y(.’l), a(t), t) 4 ynoise(t) (1028)
with
y(z,at),t) = a(x,t)e?@0)1) (10.29)

In general, this approximation leads to a data fitting term .JP5¢"4° that is quadratic
in the real and imaginary parts of the residuals y{2**(¢) — yxo(x, (), t). By asso-
ciating this term with a convex regularization term, we obtain a composite criterion
that is convex in x at fixed a. The WISARD algorithm [MUG 07] makes use of this
property by minimizing this composite criterion alternately in « for the current o and
in ¢ for the current x.
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10.5.4. Results

This section presents some results of processing using the WISARD algorithm
[MUG 07] based on the myopic approach described in 10.5.3.

10.5.4.1. Processing of synthetic data

The first example takes synthetic interferometric data that was used in the inter-
national Imaging Beauty Contest organized by P. Lawson for the International Astro-
nomical Union (IAU) [LAW 04]. This data simulates the observation of the synthetic
object shown in Figure 10.11 with the NPOI [NPO] 6-telescope interferometer. The
corresponding frequency coverage, shown in Figure 10.11, has a circular structure
typical of the super-synthesis technique. We recall that super-synthesis consists of re-
peating the measurements over several instants of measurement (possibly over several
nights of observation) so that the same baselines access different spatial frequencies
because of the Earth’s rotation. In total, there are 195 square visibility modules and
130 closure phases, together with the associated variances.
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Figure 10.11. Synthetic object (right) and frequency coverage (left) from
the Imaging Beauty Contest 2004

Three reconstructions obtained with WISARD are shown in Figure 10.12. On the
left is a reconstruction using a quadratic regularization based on a PSD model in 1/ |u|?
for a weak regularization parameter, in the center a reconstruction with a correct pa-
rameter. The latter gives a satisfactory level of smoothing but does not restore the peak
in the center of the object. The peak is visible in the under-regularized reconstruction
on the left but at the cost of too high a residual variance.

The reconstruction presented on the right is a good trade-off between smoothing
and restoration of the central peak thanks to the use of the white prior term introduced
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in section 10.2. The goodness of fit of the Lo L reconstruction can be appreciated in
Figure 10.13. The crosses show the reconstructed visibility moduli (i.e., of the FT of
the reconstructed object at the measurement frequencies) and the squares the moduli
of the measured visibilities. The difference between the two, weighted by 10 times
the standard deviation of the moduli, is shown as the line. The mean value of this
difference is 0.1, which shows a good fit, to one standard deviation.

Figure 10.12. Reconstructions with WISARD. Left: under-regularized quadratic model;
center: quadratic model with correct regularization parameter;
right: white Lo L1 model of equation (10.8)
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Figure 10.13. Goodness of fit at WISARD convergence
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10.5.4.2. Processing of experimental data

Here, we present the reconstruction of the star y Cygni from experimental data
using the WISARD [MUG 07] algorithm. The data was obtained by S. Lacour and
S. Meimon under the leadership of G. Perrin during a measuring campaign on the
IOTA interferometer [IOT] in May 2005. As already mentioned, each measurement
has to be calibrated by observation of an object that acts as a point source at the instru-
ment’s resolving power. The calibrators chosen were HD 180450 and HD 176670.

x Cygni is a Mira-type star, Mira itself being an example of such stars. Perrin et
al. [PER 04] propose a laminar model of Mira-type stars, composed of a photosphere,
an empty layer, and a fine molecular layer. The aim of the mission was to obtain
images of x Cygni in the H band (1.65 gm 4 175 nm) and, in particular, to highlight
possible dissymmetries in the structure of the molecular layer.

Figure 10.14 shows, on the left, the u — v coverage obtained, i.e., the set of spa-
tial frequencies measured, multiplied by the observation wavelength. As the sky is
habitually represented with the west on the right, the coordinates used are, in fact,
—u,v. The domain of the accessible u — v plane is constrained by the geometry of
the interferometer and the position of the star in the sky. The “hour-glass” shape is
characteristic of the IOTA interferometer, and entails non-uniform resolution that af-
fects the image reconstruction, shown on the right. The reconstructed angular field has
sides of 30 milliarcseconds. In addition to the positivity constraint, the regularization
used is the white Lo L1 criterion described in section 10.2. The interested reader will
find an astrophysical interpretation of this result in [LAC 07].
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Figure 10.14. Frequency coverage (left) and reconstruction of the star x Cygni (right)
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Chapter 11

Spectral Characterization in Ultrasonic
Doppler Velocimetry

11.1. Velocity measurement in medical imaging

This chapter is devoted to velocimetry, i.e., the imaging of the velocity of moving
structures. Velocimetry is employed in atmosphere imaging, industrial control, medi-
cal imaging, etc. In the medical field, it is essentially used to characterize blood flow
and heart movements for the purpose of diagnosing cardiovascular pathologies.

These mainly concern stenosis, i.e., narrowing of the arteries connected with the
presence of atheromatous plaque, and its repercussions on the organs supplied by the
affected vessels (heart, brain, etc.). The resulting pathologies may be chronic (silent is-
chaemia) or acute (infarction). The information obtained is morphological: reduction
of the cross-sectional area of the artery at the stenosis, estimation of the dimensions
of the heart (cardiac hypertrophy) and monitoring of its contractions (hypokinesis,
dyskinesia).

Ultrasound (US) and magnetic resonance imaging (MRI) both allow local velocity
images to be acquired and thus give access to specific information that is complemen-
tary to that provided by morphological and functional imaging. Although the physical
principles underlying these two techniques are radically different, the data measured
and the problems posed show strong similarities. This chapter focuses on Doppler
ultrasound, which is still the most delicate to interpret. We will see that the problems
arising concern spectral characterization:

Chapter written by Jean-Francois GIOVANNELLI and Alain HERMENT.
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— spectral analysis and its adaptive extension (time-frequency), covered in sec-
tion 11.2;

— tracking of the mean frequencies or spectral moments, dealt with in section 11.3.

As for the data measured, in both cases we have:

— short signals: only 16 to 48 samples to estimate a power spectral density (PSD)
and only 4 to 8 samples to estimate the mean frequency;

— possible violation of Shannon’s condition, hence possible spectral aliasing which
needs to be detected and inverted;

— an unfavorable signal-to-noise ratio (SNR).

The data is globally very poor from an information standpoint. However, we also have
information on the spectral, temporal and spatial coherence of the flow and structures.
The haemodynamic mechanisms (viscosity of the blood) tend to organize the physio-
logical flows. The hypothesis of the space and time variation of velocity in the flow
being gradual is credible. If the flow is very turbulent, local dispersion of the ve-
locities tends to invalidate the hypothesis but, nevertheless, the mean velocities of the
erythrocytes (red corpuscles) remain similar in a plane perpendicular to the vessel axis
expressing the progression of the flow in the vessel.

11.1.1. Principle of velocity measurement in ultrasound imaging

An acoustic wave having a frequency that can vary between 2 and 12 MHz, de-
pending on the desired penetration depth, is emitted in a focused US beam by a probe.
The wave is partly backscattered by the red blood cells and by mobile fibers of the
tissues. Signal y,,, obtained after time windowing, which enables a given depth to be
isolated (“range bin” m), is thus affected by frequency shifts induced by the velocities
of the backscattering structures. The Doppler shift for a single target having a constant
velocity is:

fa= 2v cos f

- o (11.1)
where 6 represents the angle between the US beam and the velocity, c is the speed of

sound (¢ = 1,470m/s) and f, is the US frequency emitted.

11.1.2. Information carried by Doppler signals

The most intuitive way of characterizing the local complexity of a stationary flow
is to represent it by a histogram of the erythrocyte velocities. A laminar flow observed
locally will give a narrow histogram (the red blood cells move in the same direction
at similar speeds) whereas turbulent flow downstream of a stenosis will have a much
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Figure 11.1. Principle of acquisition of a US signal. The transducer emits a US wave then
receives the echoes reflected by the vessel walls and blood cells. Signal y., coming from the
“measurement volume” (or “range bin”) indicated in black is selected by means of an
electronic gate synchronized on the emitted signal

wider histogram (the speeds and directions are very different). In medical practice, it
is accepted that the power of the backscattered signal is proportional to the erythrocyte
concentration. Equation (11.1) establishes the proportionality between the erythrocyte
velocity and the frequency of the Doppler signal, so the histogram can be identified
with the PSD S,,,(v) of the Doppler signal y,y,.

The Doppler signal is non-stationary: the flow velocity and the movement of the
walls vary rapidly during the cardiac ejection phase. This obliges us to use non-
stationary signal analysis methods. The standard systems use sliding spectrogram or
periodogram techniques. They thus process fairly long signal horizons (128 or 256
samples acquired over a duration of about 10 ms) resulting from a trade-off between
the non-stationary nature of the signal and performance of the stationary periodogram
methods. However, the literature [TAL 88] indicates that much shorter analysis hori-
zons (less than 2 ms, i.e., about 16 samples) are indispensable if flow perturbations are
to be characterized. The problem thus arises of tracking the spectral content of signals
observed on short horizons. This is tackled in section 11.2.

Furthermore, in imaging systems, the spectral information is also reduced to a few
parameters: the standard deviation of the spectrum gives an image of how dispersed
the velocities are, the maximum frequency sometimes lifts ambiguities in the flow
characterization, and the mean (or central) frequency, v,,,, provides a two-dimensional
plot of local mean velocities. If images are to be constructed at a rate reasonable for
the characterization of flow non-stationarities, the number of data points acquired has
to be reduced yet again, down to eight and sometimes just four samples. We are then
faced with the problem of tracking the mean frequencies of noisy signals observed on
very short horizons.
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Finally, in most systems, the emission is in pulsed mode in order to obtain spatial
discrimination: wave trains are emitted with a recurrence frequency f, that is lim-
ited by the desired image depth d, since an emission is held back until the deepest
echoes of the previous emission have been received. The Doppler signal is thus “sam-
pled” at the frequency f, = ¢/2d. For high flow velocities (fy > f/2), a spectral
aliasing phenomenon occurs, which causes ambiguity in the velocity measurements.
At present, the alternatives are either to lower the emission frequency at the cost of
losing spatial resolution, or to reduce the angle between the ultrasound beam and the
flow, at the cost of losing sensitivity. We will see how to invert the aliasing without
relinquishing resolution or accuracy in section 11.3.

11.1.3. Some characteristics and limitations

The orders of magnitude (v varies by a few cm/s or m/s and the walls move at less
than 20 cm/s) show that the Doppler shift f is of the order of 1073 to 10~* times the
emitted frequency. Baseband demodulation thus allows only the useful information to
be kept. The Doppler signal is thus a signal with complex values in a band of about
0 £ 20 kHz.

This signal is the result of backscattering of the acoustic wave by erythrocytes. The
absolute value of the backscattering is low because the erythrocytes are small relative
to the acoustic wavelength and their acoustic impedance is close to that of blood. In
addition, the US wave is strongly attenuated (0.5 to 1dB/cm/MHz) by the tissues
located between the probe and the flow. Very often, the SNR is in the [0 dB, 15 dB]
range.

The analysis of the spectral parameters should be approached with caution. The
information collected is simply the projection of the actual velocity on the axis of the
US beam, hence the presence of cos# in (11.1). Any dispersion in the direction of
propagation of the erythrocytes and any modification of the incidence of the beam on
the flow will introduce a change in the velocity measurement.

Finally, a number of artefacts are more difficult to analyze: large variation of the
amplitude of the Doppler signal according to the nature of the flow, parasite echoes
from multiple reflections on other structures, renewal of the erythrocytes present in
the volume being measured (all the more significant at high flow speeds), etc.

11.1.4. Data and problems treated

The data considered in this chapter comes in the form of M complex signals Y =
[y1, ..., ywm] spatially juxtaposed in M “range bins”. Each y,, is a vector of N sam-
ples extracted from a signal assumed to be stationary: ¥, = [ym (1), ..., ym(N)]%.
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The data was acquired through apparatus capable of reproducing various character-
istics of medical practice but in comfortable study conditions. The measuring system
had a tube supplied with a permanent flow and equipped with a Doppler scanner (AU3
ESAOTE! — Italy)2. The scanner operated at an emission frequency f. = 8 MHz, a
repetition frequency f,, = 10kHz and an angle of incidence # = 60°. The apparent
diameter of the vessel was 22.4 mm, and it was divided into M = 64 range bins of
0.35 mm (see Figures 11.1 and 11.2). The system provided signals sampled at the
frequency f, in real time and for each bin simultaneously. They were encoded on 14
bits. The file processed contained 1.64 s of recording, i.e., Ny = 2% samples in each
distance cell. An extract of this data is shown in Figures 11.2a, and a;.

This experimental set-up first allowed us to use all the data in order to obtain
the characteristics of the flow. As the flow was permanent, the signal recorded for
each range bin was a stationary signal of Ny samples. Dividing it into 64 signals
of 256 points each enabled a mean periodogram to be calculated with a reasonable
compromise between bias and variance. It could thus be assumed, at least as a first
approximation, that this was the “true” sequence of the PSDs. It is represented in
Figure 11.2b and will serve as an element of comparison for the rest of the chapter.
Figure 11.2c shows the series of frequencies that maximize each of the periodograms.
It will also serve as an element of comparison for the rest of the chapter.

(ai) (b (©)

Figure 11.2. Figures a, and a; give the real and imaginary parts respectively of eight samples
in each bin. Figures b and c show the averaged periodograms and the mean frequency
sequence respectively (parabolic flow). In the four figures, the vertical axis represents depth
(m =1tom = M = 64). The horizontal axis is time (1 to 8) for a, and a;,
and frequency (0 to 1) for b and c

In clinical practice, the flows are obviously not permanent and are even strongly
non-stationary sometimes. As explained in section 11.1.2, we chose to process signals
of N = 16 samples in order to assess the capacities of the methods to solve spectral

1. BIOMED 2, contract no. BMH4-CT98-3782 (DG 12 - SSMI).
2. We thank P. Tortoli of the University of Florence for the acquisition of the Doppler signals.
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characterization problems in conditions that were both realistic and difficult. We chose
the two principle problems of this type:

(ov) adaptive spectral analysis, which consists of estimating the sequence of PSD
Sm (v) of the y,,,. We will tackle this using long AR models in section 11.2;

(B) frequency tracking and inversion of the spectral aliasing, which means estimat-
ing the series of frequencies v,,, of signals y,,. This is covered in section 11.3 on the
basis of pure frequency models.

In both cases, a Gaussian Markov chain is introduced for the AR parameters («)
and the frequencies (3) in order to take spatial continuity into account. The criteria
thus constructed are optimized by suitable algorithms: a Kalman smoother () and a
Viterbi algorithm (). The question of the hyperparameters is settled by maximum
likelihood in both cases. The likelihood is optimized by a coordinate-wise descent
algorithm () and a gradient algorithm (3). Each of the two sections ends with char-
acteristic results3 for the signals described above.

11.2. Adaptive spectral analysis

The literature on adaptive spectral analysis contains several possible approaches:
periodograms and spectrograms (and their variants), ARMA methods, AR by least
squares (LS) and their adaptive extensions with sliding windows or forgetting coeffi-
cients, Wigner-Ville methods, etc. See [GUO 94, HER 97] for a broad comparative
study in the US velocimetry context, the conclusion of which recommends parametric
AR methods by LS. For this reason, we will turn directly to this class of methods.

In the AR spectral analysis framework, finding the sequence of PSD of signals
Y requires estimation of the AR parameters @, = [a.m;p], Wwhere m is the index of
the range bin under consideration m € {1, ..., M} = N3}, and p is the order of
coefficient (p € N%). Let A = [a1, ..., ap] be the regressor sequence and let ¢,
and r,, be the powers of the input noises and the corresponding signals.

11.2.1. Least squares and traditional extensions

In one of the M range bins, estimation of the regressor a,,, from the corresponding
data y,,, by LS relies on a prediction error e,, = Y., — Y, @, and the criterion:

Ql;fl(a’nl) == ej—nem == (ym, - Ymam)T(ym - Ym,am,) . (112)

3. The algorithms described here have been implemented in Matlab on a Pentium III PC, run-
ning at 450 MHz and equipped with 128 MB of RAM.
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Vector y,,, (of size L x 1) and matrix Y,,, (of size L x P — 1) are defined according
to the type of windowing [KAY 81, equation (2)], [MAR 87, p. 217]. There are
four types: non-windowed (called covariance), pre-windowed, post-windowed and
double windowed or pre- and post-windowed (also called autocorrelation). Depending
onthe case, L = N — P, L = N, L = N + P. This choice is important as it
strongly influences the conditioning of the normal matrix and the spectral resolution,
particularly when the number of data points is small [MAR 87, p. 225]. Whatever the
type of windowing, minimizing the LS criterion (11.2) leads to [SOR 80]:

a” = argmin Q" (a,,) = (Y1 Y)Yy, . (11.3)

m
am

For the set of M windows, adaptive LS techniques (ALS) work by taking account
of the criteria (11.2) around the current bin in a window of variable width or by geo-
metrical weighting®.

There are a number of drawbacks to these algorithms, connected with the choice
of the parameters, at least in our context:

— The LS methods can only be used in combination with a principle of parsimony
that limits the order of the model [AZE 86] and thus avoids parasite peaks in the
spectrum’, This compromise can be found automatically through criteria such as
FPE [AKA 70], AIC [AKA 74], CAT [PAR 74] or MDL [RIS 78], but they become
inefficient when there is not enough data [ULR 76].

— Even if the order of the model is adjusted empirically, from a small amount of
data, the acceptable orders remain too low to describe the great variety of spectra
that can be encountered in velocimetry. We will see that the method presented allows
high-order models to be estimated.

— From a spatial point of view, in the ALS method framework, no automatic
method for adjusting the trade-off exists, either for estimating the width of the window
or for the forgetting coefficient.

To find a remedy for these disadvantages, we will look into regularized techniques
in the next subsection.

11.2.2. Long AR models — spectral smoothness — spatial continuity

11.2.2.1. Spatial regularity

The idea is to restate the problem including the notions of spatial regularity and
spectral smoothness within the criterion itself. To do this, we generalize the seminal

4. This process directly brings an idea of spatial regularity into the sequence of spectra.
5. This limitation of the order is a roundabout way of inducing spectral smoothness.
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work of Kitagawa and Gersch [KIT 85] to construct a measure of the distance between
two AR spectra. Starting from the expression for the PSD:

e P

=—" — with A4,(v)= Ampe?l™P |
11— An () ;

r

Sm(v)

we measure the spectral distance between S, and S,,,» by using the Sobolev distance
of order k between functions A ,, and A,,:

1| gk 2
Dy (m,m') = /0 d7(14771@) — Ap(v))| dv.
It can be easily shown that a quadratic form can be obtained:
Di(m,m’) = (@m — @) Ag(@m — am:), (11.4)
where Ay, is a simply diagonal matrix A = diag[12¥,2%% ... P?¥] called the

smoothness matrix of order k.

11.2.2.2. Spectral smoothness

To measure the spectral smoothness, we just need to measure the distance
to a constant spectrum, i.e., A,,» = 0, which again gives a quadratic form, initially
proposed by Kitagawa and Gersch:

Di(m)  al Apay, . (11.5)

Note 1 Strictly speaking, this is not a measure of spectral distance or spectral smooth-
ness, since the Dys are not built from the PSD S,,, but from functions A,,. Neverthe-
less, it does measure the spatial regularity and spectral smoothness in a certain sense.
Furthermore, its quadratic nature greatly simplifies the optimization with respect to
the a,,s (section 11.2.2.4) and the question of estimating the hyperparameters (sec-
tion 11.2.4).

11.2.2.3. Regularized least squares

Starting from the two expressions (11.4)-(11.5) and the LS criteria (11.2), we con-
struct the regularized LS criterion (LSReg), as in (2.5) of Chapter 2:

M

1
Q“(A) =Y —(Ym — Ynam) (¥m — Yianm) (11.6)
m=1 ™M
1 M 1 M-1
+ 7"_5 Z aj—nAkam, + E Z (am, - am+1)TAk(a7n, - am+1)

m=1 m=1
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which has three terms: the first measures fidelity to the data, the second the spectral
smoothness of each spectrum and the third the spatial regularity. The relative weight
of each term is determined by the powers of the input noises ¢, and, above all, the
spectral parameter (rs) and spatial parameter (rq). We will also use Ay = 1/r and
Ad = 1/rq, so that the constraints increase with the parameters.

11.2.2.4. Optimization

Given its quadratic structure, several competing options can be considered for the
minimization of (11.6); see Chapter 2, section 2.2.2, which is devoted to this question.
It is possible to obtain the minimum explicitly by solving a sparse linear system of
dimension M P x M P. The criterion in question is convex and differentiable, so
gradient techniques are also a possibility [BER 95]. However, with a view to carrying
out the processing on-line, we opted for Kalman filtering (KF) and Kalman smoothing
(KS), which was also Kitagawa and Gersch’s initial point of view in [KIT 85]. See
Chapter 4, a part of which covers KF and KS.

11.2.3. Kalman smoothing

11.2.3.1. State and observation equations

To use this alternative, it is necessary to express the model in a state representation
form. We will not return to the more general Kalman formulation and it will be seen
that the following form is sufficient for optimization purposes.

The evolution of the successive regressors a,, is guided by the state model:
Q41 = OmQm + Em, (11.7)
where each e, is a zero-mean, circular, complex vector with covariance matrix P;, =

re, A Y, and sequence &,,, for m € N%,, is spatially white. This is a generalized
version of the one proposed by Kitagawa and Gersch [KIT 85].

The state model also brings in the mean and the initial covariance of the state: the
zero vector and P = r“A,;l respectively.

The observation equation is simply the recurrence equation that guides the AR
model in each range bin, in matrix form:

Ym = Y@ + €9y . (11.8)

Each e, is a zero-mean, circular, complex vector of covariance r;,I7,. The sequence
em, m € N7, is also spatially white. This, too, is a generalization of the form
proposed in [KIT 85].
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11.2.3.2. Equivalence between parameterizations

To implement the KS, the equations for which are given in Chapter 4, section 4.5.1,
it is necessary to determine its parameters (r* and «y,, 75, for m € N3,_;). They
are determined according to rq, s so that the associated KS effectively minimizes
criterion (11.6). [JAZ 70, p. 150] gives the criterion minimized by the KS associated
with (11.7)-(11.8):

M 1
QY(A) = Z —(Ym — Ymam)T(ym —Ynan)

m=1 T'in
M-1 1
+ Z F(amﬂ - amam)TAk(amH — amam) + T—aaIAkal . (11.9)

m=1 "

By developing and identifying (11.6) and (11.9), we establish the link between the
two sets of parameters in the form of a descending recurrence:

@ initialization (m = M — 1):
a1 =(1+p) ! and 75, 1 = raan—i;
@ recursion(m =M — 2, ..., 1):
U =24 p—mi1) ! and 75, = rqQm;
Q@ the last step gives the initial power:
r=rq(l+p—oaq)! with p=rq/rs > 0.

These equations allow the coefficients of the KS (r and the o, 75,) to be calculated
in advance according to rq, 75 so as to minimize (11.6).

Note 2 It can be shown [GIO 01 ] that the above system admits a stationary limit and
that the corresponding “stationary” criterion differs from the homogeneous criterion
(11.6) only by the two terms connected with the first and last regressors, which are
both proportional to a(« — 1)/r¢. The simpler, stationary form is thus most often
used in practice.

11.2.4. Estimation of hyperparameters
The method has M + 4 hyperparameters: k, the order of smoothness; P, the order

of the AR model; r¢, for m € N73,, the sequence of the prediction errors, As for
spectral continuity and Ay for spatial continuity.
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The problem of estimating the hyperparameters is one of the questions that have
not been completely resolved yet. See Chapter 8, which is devoted to this question.
The approach chosen here is to maximize the likelihood (ML) of the hyperparameters.
The quadratic character of criterion (11.6) allows it to have a Bayesian interpretation
in Gaussian terms and enables the observation law to be explicitly deduced given the
hyperparameters p(y1, ..., ya ; k, P, 75,75, ..., 757, As; Aa) (see Chapter 3). In this
context, a completely satisfactory approach would be to maximize the likelihood with
respect to the M + 4 hyperparameters. For the sake of computational efficiency, the
likelihood is only maximized with respect to Ag and \g.

The order parameters are fixed independently of the data. The order P of the AR
model no longer influences the form of the spectra if it is chosen large enough, e.g.
P > N/2. This is why it is kept at its maximum value P = N — 1 in practice (hence
the expression “long AR”). The smoothness order also has little influence on the form
of the spectra obtained provided that it is chosen to be non-zero. In practice, it is set
atk =1.

Parameters 77, for the power of the input noises play the role of weighting the
data of each range bin in the criterion for LSReg (11.6). In practice, they are replaced
by the powers of signals 7, in order to simplify the estimation procedure. These
parameters can be estimated independently from the data by the standard empirical
estimator of the power 7, = Yy, y,,/N. Practically, they have only a weak influence
on the shape of the PSD.

We now come to the two parameters that principally influence the shape of the
depth-frequency map: As and Ay, which are both set automatically by ML. We know
how to calculate the likelihood from the sub-products of the KF. Up to some constants,
the co-log-likelihood (CLL) reads:

M
CLL(As, Aa) = D log [Ron| + €l R, e,

m=1

which is to be minimized with respect to (As, Aq). This calculation requires two sub-
products of the KF (R, and e,,) and, in particular, the inversion and calculation of
the determinant of R,,,. This is a square matrix of size L that varies from 1 to 2N — 1
depending on the type of windowing chosen. In practice, this matrix remains small
and it does not appear crucial to use specific inversion algorithms.

As far as the minimization of the CLL is concerned, several approaches are in
competition but none of them can guarantee that the global minimum will be obtained.
This aspect is specifically covered in Chapter 8. The model used is a coordinate-wise
descent method with golden section directional search [BER 95].
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11.2.5. Processing results and comparisons

This subsection is devoted to processing results based on data presented in sec-
tion 11.1.4. The method described above is compared to the periodogram method
(used in commercial systems). In particular, we have excluded the LS methods as
their order selecting methods are not reliable, as explained earlier.

11.2.5.1. Hyperparameter tuning

The two important parameters (s, Aq) were adjusted automatically by ML. First,
the CLL was calculated on a logarithmic grid of 100 x 100 values of (As, Aq). The
corresponding contours, given in Figure 11.3, are pretty regular and have a single,
clearly marked minimum at Xs = —1.26 and \q = 2.14 (on a log;, scale). These
values can be obtained in practice in only 2.35 s using the descent algorithm described
above. Some typical trajectories are also shown in Figure 11.3.
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Figure 11.3. CLL()\s, Aa) contours to be minimized in (As, Aa). The minimum is indicated by
a star (x). The spectral parameter )\ is shown on the vertical axis and the spatial parameter
Ad on the horizontal axis (log,, scale in both cases). The figure also shows the trajectories of

the optimization algorithm for three different initializations

Note 3 It is noteworthy that, for variations of less than a decade in the hyperparam-
eters, the change in the PSD map is very slight. This aspect is particularly important
for qualifying the overall robustness of the method. Unlike the AR model order in
standard LS methods, which can have an abrupt effect on the shape of the spectra, the
choice of (As, Aa) offers more flexibility for automatic or handmade adjustments.

11.2.5.2. Qualitative comparison

As far as the spectra themselves are concerned, the typical results obtained by peri-
odogam and the method presented here are shown in Figure 11.4. A simple qualitative
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Figure 11.4. Depth-frequency contours obtained, left, by standard periodogram; right, by the
method presented (with hyperparameters by ML)

comparison with the reference of Figure 11.2 allows several conclusions to be drawn.
First, the gain relative to the periodogram is obvious: the spatial regularity (in the ver-
tical depth direction) clearly improves the series of spectra that are in conformity with
the reference of Figure 11.2. Secondly, the frequency dynamics is respected: from 0.2
“at the edge” of the vessel to 0.6 at the center. Third, the spectral resolution is also
increased and fits the reference better.

11.3. Tracking spectral moments

We now come to the second problem, that of frequency tracking, possibly beyond
Shannon’s frequency limit. The signals to be analyzed are the same as before but the
number of data points available per range bin is generally lower, e.g. N = 8§, for the
reasons given in section 11.1.2. These same signals are now modeled by a pure sine
wave drowned in noise. Using notations a,, and v,, for the complex amplitude and
the frequency, and b,,, for the measuring or modeling noise:

Ym = Um 2(Un) + by with z(1y,) = [1,e72™m | e2mn(N=DIT - (11.10)

This model is well known in spectral analysis but gives rise to two observations: first,
it is clearly periodic with respect to v,,,. In one sense, this characteristic is the corner-
stone of the problem discussed here: it expresses the spectral aliasing and constitutes
the key to its inversion. Secondly, although it is linear with respect to the amplitude
am, it is not linear with respect to the frequency v,,: the problem to be dealt with is
therefore nonlinear.

Let us also note the vectors of the frequencies and amplitudes as v =
1, ..., vam)T and @ = a1, ..., ap]?. Finally, the “true parameters” are noted
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with a star: v*, a*, etc. What we need to do is to construct an estimator U for the pa-
rameters of interest v*. The a* parameters are less interesting and are called nuisance
parameters). The method described is Bayesian and is based on several elements:

— marginalization of the nuisance parameters;

— modeling of the sequence of frequences v by a Markov chain so as to take the
spatial continuity into account;

— choice of a chain of discrete states allowing specific algorithms to be used (for
the calculation of both the solution 7 and the hyperparameters).

11.3.1. Proposed method

11.3.1.1. Likelihood

With the hypothesis that the b,,, are Gaussian, zero-mean, white, uniform, of vari-
ance 1, and spatially independent, it is easy to construct the likelihood of the set of
frequency and amplitude parameters as the product:

M
p(YV|v,a) = H P(Ym | Vi, am) = (1) VM exp {~CLL(v,a)/ry} (11.11)
m=1
where the CLL has the form of an LS criterion:
M
CLLw.a) =Y (Um — amz(vm)) (Ym — amz(vm))

m=1

11.3.1.2. Amplitudes: prior distribution and marginalization

Defining the law for parameters v and a necessitates the construction of a joint
law in (v, a@). The absence of information concerning the links between amplitudes
and frequencies naturally leads to a separable choice:

p(v,a) =p(v)pla). (11.12)

For the amplitudes, a separable choice is also dictated by the absence of informa-
tion on a possible interdependence between range bins. As far as the form of the law
is concerned, since the marginalization of the amplitudes is to be carried out, we resort
to a Gaussian law:

p(a) = (7ra) Mexp {-a'a/r,} . (11.13)

Given the separability of likelihood (11.11) and prior law (11.13), the marginal-
ization of the amplitudes yields:

M M
pVIv) =[] / PWm | Vin, am)p(am) dag = [ p(ym |vim) . (11.14)
m=1"%m m=1
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In addition, since (11.10) is linear with respect to a.,, and b,, and since a,,, and b,
are Gaussian and independent; the law for (Y., | V) is also Gaussian, zero-mean and
of covariance:

Ry = E(ymy;rn) = raz(ym)z(ym)T +rply.

The expression for the law of (Y, | ;) obviously brings in its determinant and its
inverse, which can be written explicitly in the form:

R, =7, Iy — Naz(vm)z(vm)" and |R.,| =7 H(rp + Nrg),
with & = Nry/(ry(Nrg + 1p)). The complete law can thus be written:
PYm | vm) =7V R exp {—yf R,y } (11.15)
=0 exp{—Ym + NaP,,(vm)} (11.16)

where P, is the periodogram of signal y,,, at frequency v,,:
2

Polm) = (20m) ) (20m) ) = 1

)

N
Z ym(n)62j7rumn
n=1

and (= ﬂ'_NTé*N/(NTa +75), Ym = yjnym/rb.

Finally, the joint law for the set of observations, given the frequencies, can be
written as product (11.14):

M
p(V|v) =M exp{—v}exp{—a CLML(v)} with y=> 3, (1117
m=1

where the co-log-marginal-likelihood (CLML) CLML(v) is the opposite of the sum
of the periodograms in each range bin.

M
CLML(v) = = > Ppn(vm) (11.18)

m=1
Note 4 The fundamental property of this function, mentioned in the introduction, is its
1-periodic character with respect to each of the variables: Nk, € Z,m =1, ..., M:
CLML(Z/l, Vo, ..., l/m,) = CLML(Vl + k’l, Vo + kg, ooy Um + km,) (1119)

In consequence, the information contributed by the data leaves the set of frequencies
undetermined.
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11.3.1.3. Frequencies: prior law and posterior law

As announced in the introduction, the frequency law is built with discrete states.
We postulate a minimum value v, and a maximum value v, for the frequencies and
regularly discretize the interval [, 14,] on an arbitrarily fine grid of P values. The
possible values for the frequency are denoted v?, for p € Np.

In contrast to the amplitude law, the law chosen for the frequencies takes the idea
of spatial continuity into account through a Markov chain associated with a quadratic

Gibbs energy:
M—1

CLP(v) = Y (Vmt1 — Vm)?, (11.20)

m=1
where CLP is used for Co-Log-Prior. We obtain the probabilities of transitions be-
tween the states of the chain by “discretizing and renormalizing” a Gaussian law of
variance r,:

exp {—(v? —v9)?/2r,}
ooy exp {7 —v9)2/2r,}

which is independent of m. A uniform initial probability is attributed to the frequen-
cies, i.e.,

Pn(p,q) = Pr(vmy1 = VP vy = 17) = (11.21)

p(p) = Pr(vy = 17) = 1/P.
Finally, in what follows, the “probability® of observations” will be denoted O, (p) =
P(Ym | Vm = V7).

The prior information and the information provided by the data is merged using
Bayes’ rule, which gives the posterior law for v:

pw[Y) xp(Y|v)p(v) o exp{—a CLPL(v)}

where the Co-Log-Posterior-Likelihood (CLPL) can be written in the form:
M M-1
CLPL(V) = =Y Pu(vm) + A Y (Vmi1 — vm)? (11.22)
m=1 m=1

with A = 1/2ar,. In a deterministic framework, the CLPL is a regularized LS crite-
rion. It contains two terms that measure the confidence we have in the measurements
and in the a priori idea of spatial regularity respectively. The regularization parameter
A (which depends on the hyperparameters r = [rq, 73, 7)) adjusts the compromise
between the two.

6. Strictly speaking, this is a density and not a probability but we will nevertheless use this
notation as it is the usual one in the literature on Markov chains.
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Figure 11.5. Typical form of the criteria as a function of one of the vy, (m = 50). From top to
bottom: CLML(v) (1-periodic), CLP(v) (quadratic) and their sum CLPL(v). The
regularization breaks the periodicity and removes the indeterminations

Note S This is the “regularized counterpart” of note 4. While the CLML is 1-periodic
in all directions v,,, m =1, ..., M, i.e., it verifies (11.19), the CLPL does not have
this property. The regularization term removes the indeterminations.

However, a global indetermination remains. CLML(v) is 1-periodic with respect
to each v, and the regularization term only depends on the successive differences
between frequencies, so it is globally insensitive to a constant level. We then have
Vko € 72,

CLPL([Z/l,l/Q, ceey l/m]) = CLPL([Vl +]<10,V2 +k‘0, ey Uy + k’o])

Two frequency profiles differing by a constant integer level remain equiprobable a
posteriori. This indetermination is removed by specifying that the first frequency is
within [-1/2,+1/2).

All that remains is to choose a punctual estimator  for v*. Our first choice was
the maximum a posteriori (MAP), i.e., the minimizer of regularized criterion (11.22):

" = argmaxp(v|Y) = argmin CLPL(v) . (11.23)
v v

There are possible alternatives: the marginal maximum a posteriori (MMAP), the
mean a posteriori, etc. They are not presented here.
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11.3.1.4. Viterbi algorithm

The Viterbi algorithm gives the MAP (11.23) at low computing cost. It is a tradi-
tional dynamic programming algorithm that exactly minimizes criterion (11.22) step
by step to obtain (11.23). Its principle is to minimize the criterion with respect to
vyr (depending on vps—1), then with respect to vy;—; (depending on vj;_o) and
so on to gradually approach the desired minimization. For a detailed description,
see [FOR 73, RAB 86]. We will simply note here that the observation probability
structure O, (p) given by (11.18) and (11.17) allows all the probabilities to be calcu-
lated by M fast Fourier transform calculations on P points.

11.3.2. Likelihood of the hyperparameters

The estimation of the hyperparameters r = [rq, rp, r,,] by maximum likelihood
makes use of the fact that the frequencies v are probabilized to marginalize the joint
density in v and ) with respect to v so as to obtain the likelihood of the parameters
attached to the data:

HLy(r) =Pr(¥;r) =) Pr(¥,v) (11.24)

P P
= Z Z Pr(Y,v1 =P, ... vy = VM) .
p1=1 pm=1

In general, we work with the opposite of the logarithm of the likelihood, denoted
HCLL for Hyperparameters-Co-Log-Likelihood.:

HCLLy(r) = —log HLy(r),
which is minimized with respect to the vector of the hyperparameters :

™ = argmin HCLLy(r).
™

The known properties of HCLLy () do not allow a global optimization. A first ap-
proach could be to use a coordinate-wise descent algorithm as in the case of adaptive
spectral analysis (section 11.2). Here, we have chosen to implement gradient descent
techniques. The two following sections are devoted to the calculation of HCLLy (r)
and its gradient.

11.3.2.1. Forward-Backward algorithm

The sum in (11.24) extends over PM states of the chain and cannot be calculated in
practice. However, the “Forward” algorithm presented in [FOR 73, RAB 86] performs
the step-wise marginalization of the joint law and gives access to the likelihood for a
relatively low computing cost.
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This algorithm, in its normalized form (recommended by [DEV 85] for numerical
stability reasons), is based on the probabilities:

5 ) PHOT v =) PLO., v = 17)

Fm(p) =

and Em( ) =

Pr(y) Pr( m+1|y1 ) ,
the partial observations at instants m to m’ being denoted: y;;';/ = [Ym, -y Ym/]-

The likelihood can be deduced from the sub-products of the “Forward” phase. The
Forward-Backward algorithm also gives the posterior marginal probabilities of the
states of the Markov chain, given an observation sequence and the model parameters
(p, IP and ©O), (which would allow the MMAP to be determined):

P(p) = Pr(vim = 17 | V) = Fu(p) Bin (p) (11.25)

together with the double marginal posterior which will be useful for calculating the
gradient of the likelihood [LEV 83]:

pm,(im,—laim,) =Pr (Vm—l = Vimilal/m, = Vim |y)

= N Fin1(p) B (@) P(p, q) O (q) - (11.26)

11.3.2.2. Likelihood gradient

The gradient calculation is based on the properties of the auxiliary function (gener-
ally denoted Q) of the EM (Expectation Maximization) algorithm [BAU 70, LIP 82].
It is built on two sets of hyperparameters r and v/, by “completing” data ) by object
v to be marginalized:

Q(r,r") =E,(logPr(v,Y;r') | Y;71) = ZlogPr(u,y; ) Pr(v|Y;r).

Here, we obtain the following expression for Q:

M P P
= Z Z Z pm,(im,—la 7»m,) log ]Pl(im,—la 7»m,)

M=2im_1=1im=1
M P
+ Z]p logp’(p Z Z m(im) log O! (i) (11.27)

- (p/,P’,0’) and (p, P, O) are the characteristics of the model for hyperparam-
eters 7’ and 7, respectively;

— Pm(im) and Py, (iym—1, 4 ) are the posterior marginal laws defined by (11.25)
and (11.26) for hyperparameters r.
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The standard estimation strategy using the EM algorithm does not apply directly
here as the chain is not parametrized by its natural parameters (IP, p), but by the
hyperparameters 7. Function () is still of great interest, however, because it possesses
the following property:

2Q(r,r")
or’

This property gives the gradient of HCLLy (r) when (11.27) is derived:

OHCLLy(r)
r'=r - or ’

9Q . 0log O, (im)

o —n;lglpm(lm) o (11.28)

oQ . alog dlog O}, (im)

o, - P Z: P (im) or (11.29)

00 -  Olog P (im_1,im

85 Z Z Z pm, Zm, 177»717,) Og ({g:"/ ! Z ) . (1130)
v m=2imym_1=114m,=1 v

Derivatives O’ and P’ are obtained by deriving (11.15) and (11.21) respectively:

dlog O’ N Nry i
= - - Pm(ym)
or, Nro+m,  (Nrg 4 1p)?
dlog O’ N-1 1 Ly Nr, .
= - - ) m Pm :
ory T Nry + 1 + 2 YmYm + (Nrg + 1) (Vi)
Olog P’

P

1 ( ; ; 2 i 2P (4

_ (Vlm _ Vlm—l) — Z(Vq — Vlm_l) IP(Zm,—lv Q)) .
2

or, 27"1, q=1

11.3.3. Processing results and comparisons

This subsection presents some typical results. As in the case of AR adaptive spec-
tral analysis, the section is divided into two parts: first, the estimation of the hyper-
parameters, then the reconstruction of the frequencies. The signals processed are the
same as in the adaptive spectral analysis except for the fact that we have only kept one
sample in two to “simulate” a real spectral aliasing situation.

11.3.3.1. Tuning the hyperparameters

First of all, the hyperparameter likelihood HCLL was calculated on a grid of
25 x 25 x 25 values and the likelihood contours are given in Figure 11.6. Like that
in Figure 11.3, the function is regular and has a single, clearly marked minimum:
b = 0.292, 7" = —0.700 and 7}~ = —2.583 (on a logarithmic scale). It is also
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worth noting that a variation of 1/10 (still on the logarithmic scale) produces an im-
perceptible modification in the corresponding frequency profile, which demonstrates
a certain robustness of the method.
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Figure 11.6. Likelihood of the hyperparameters: typical behavior. HCLL contour lines (—),
minimum (*), initializations (+), trajectory of the descent algorithm (---) and minimum reached
(o). All the figures are on a logarithmic scale and from left to right: on the horizontal axis r,,

Ty, T'v, and on the vertical axis Ty, Ta, Ta

As far as the optimization itself is concerned, several descent directions were
compared: usual gradient, Vignes’ correction, bisector correction, and the pseudo-
conjugate direction of Polak-Ribiere [BER 95]. Our investigations show that, as was
to be expected, the direction of the gradient generates zig-zag trajectories in the pa-
rameter space, whereas this is not so for the three corrected directions. These three
corrections allow a 25% to 40% gain in calculation time relative to the direction of
the gradient, with a clear advantage for the Polak-Ribiere pseudo-conjugate direction.
Three line search techniques were also compared: dichotomic search, and quadratic
and cubic interpolation. The first was the fastest. Finally, about 3 s sufficed for the op-
timum to be reached. The convergence of the algorithm is illustrated in Figure 11.6.

11.3.3.2. Qualitative comparison

Figure 11.7 compares typical results. Figure 11.7a was obtained by maximum like-
lihood, i.e., by choosing the frequency that maximized each of the 64 periodograms
(on v € [0, 1]). By construction, this solution obviously does not allow frequencies to
be tracked outside v € [0, 1]. It is particularly irregular, and an algorithm progressing
in the standard way (by gradual approximation) cannot track the frequencies beyond
v = 1, as Figure 11.7b shows. In contrast, the solution shown in Figure 11.7c is much
more satisfactory:

— the effect of the regularization is clear. The solution is more regular and incon-
testably closer to the reference of Figure 11.2;

— even beyond the limit frequency v = 1, the MAP tracks the true frequencies
correctly;
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Figure 11.7. Comparison of estimated frequency profiles

— the dynamics are respected: frequencies up to v = 1.15 can be read (i.e., double
the reference frequencies of Figure 11.2, since we subsampled once).

In addition, it is obtained in an entirely automatic way (the hyperparameters are
at maximum likelihood) and only takes a tenth of a second of work for the Viterbi
algorithm.

11.4. Conclusion

The developments of this chapter (see also [GIO 02, BER 01]) were chosen for
their general character. The concepts developed for the spectral analysis have also
been used for analyzing meteorological radar clutter [GIO 01] and could be used
in other fields such as speech analysis. The methods proposed for estimating the
mean velocity have been used for characterizing skin tissue by its acoustic atten-
uation [GIO 94]. The tracking capacity beyond the Shannon frequency is directly
transposable to magnetic resonance velocimetry [HER 99], where it can significantly
improve the SNR on the velocity images and reduce the duration of the clinical study.

Specific improvements can be made to these methods by introducing more specific
prior information. For example, the possible break in flow continuity at the vessel wall
is not taken into consideration but it could be. For parabolic laminar flows, the velocity
decreases regularly from the center of the flow towards the wall. The hypothesis of
a connection between the flow velocity and the vessel wall makes sense. However,
in plug flows there are very high velocities near the vessel wall and the possibility of
large discontinuities in the velocity near the wall must be maintained. Joint detection
(at the same time as the velocity estimation) of the limits of the vessel can thus be
envisaged, allowing an exception to be made to spatial continuity.

It has been established that there are variations in the Doppler signal amplitude
during the cardiac cycle. An increase is observed during the acceleration of the blood,
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with a maximum occurring early after peak systole.The flow regimen (laminar or tur-
bulent) also influences the Doppler signal amplitude. It would thus be possible to take
this phenomenon into account to further adapt the temporal regularization.

Experiment and expert assessment of the results obtained point out balances be-
tween the various alternatives for data processing, particularly regularization.

The first element is a balance between a) the quality of the results and b) the
computing cost and method complexity. This requires efficient algorithms that are
suited to the calculations to be made (Kalman filter, Viterbi algorithm, gradient, etc.).

The second element concerns the “visual” aspect of the results. It encourages the
use of convex functionals. Regularization by a more discriminating functional (such
as Blake and Zisserman’s truncated quadratic [BLA 87]) gives a “binary” aspect to the
maps that is not very helpful for subsequent interpretation.

The third element is the sensitivity of the solution to the hyperparameters and the
capacity to estimate these hyperparameters. Using likelihood criteria such as those
presented here seems to be an efficient way of tuning the hyperparameters. However,
in routine use, it is indispensable to offer the user a set of suitable hyperparameters
straight away. The authors’ experience suggests that the choices proposed above lead
to methods that are sufficiently robust with respect to their hyperparameters and that,
for a given type of application, a single set of hyperparameters provides significant, if
not optimal, improvement in the results.
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Chapter 12

Tomographic Reconstruction
from Few Projections

12.1. Introduction

The aim of tomography is to non-destructively reconstruct a map of a parameter
that is characteristic of an object, e.g. its density. Its principle is based on analyzing the
interaction between the object and radiation (X-ray, electronic or optical, for example)
that is made to propagate through it. The characteristic quantity we are trying to find
can be obtained from the observations by inversion of the equations of transport in the
material.

Tomography has many fields of application. In medicine, systems such as ultra-
sound scanners or MRI allow us to observe internal clues to pathologies (tumours,
aneurisms, etc.). In nuclear medicine, the behavior of a tracer inside the body can be
followed by functional imaging so as to show up possible dysfunctions of organs or tis-
sues. In industry, tomography is used in the development of manufacturing processes
(welding, molding, etc.), in production quality control, and for safety and security
(checking the contents of luggage). It is also an important investigation tool in many
research fields: architecture of bone structure, flow analysis, etc.

In several configurations, the number of projections available is limited, e.g. be-
cause of restrictions on the dose of radiation that can be transmitted to the patient in
medical applications, or because of testing rates to be respected or the transient na-
ture of the phenomenon to be observed in industry. Moreover, geometrical constraints

Chapter written by Ali MOHAMMAD-DJAFARI and Jean-Marc DINTEN.
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may limit the distribution of the projections to certain angles. This chapter concen-
trates particularly on reconstruction methods suited to such contexts. The methods
will be presented for the case where the irradiation is by X-ray transmission.

We will first present the relationship between the observations and the attenuation
data we are trying to find. Then we will recall the analytical 2D and 3D reconstruc-
tion methods, point out their limits in the case of a small number of projections, and
introduce the discrete reconstruction formalism. In the subsections that follow, we
will present reconstruction approaches suited to a discrete framework and a limited
number of projections. Finally, we will use some examples to illustrate the results
obtained by the different approaches.

12.2. Projection generation model

If an object composed of homogeneous material is illuminated by X-rays and a
narrow monoenergetic ray crosses the object, the intensity of the ray measured as it
leaves the object can be obtained from:

I=Iyexp{—pL} (Beer-Lambert law) (12.1)

where I is the intensity of the input ray, L the distance covered by the ray in the
object, and p the linear attenuation coefficient of the object, which depends on the
density of the material, its nuclear composition and the energy of the X-ray flux. This
relationship can be generalized to a cross-section of a non-homogeneous object per-
pendicular to the axis oz crossed by the rays.

p(r, ¢)

Figure 12.1. X-ray tomography
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If we characterize the object by the distribution of its linear attenuation coefficient
i, which is a continuous function of the two space variables u(z,y) = f(z,y); we
have:

I:IOexp{—/Lf(a:,y)dl} = log< ) /fxy di (12.2)

where dl is the basic length of path L.By noting p = —logI/Iy and moving the
emitter (source S) and receiver (detector D) in parallel along a straight line making
an angle ¢ with the ox axis (see Figure 12.1), we obtain what is called a projection

p(r, ¢):

p(r,d)):/Lf(a:,y)dl://Df(x,y)(S(r—xcosgb—ysingb)da:dy (12.3)

X-ray tomography image reconstruction consists of finding an estimation f(a:, Y)

of f(z,y) from the projections p(r, ¢;), « = 1, ..., M. This can easily be extended
to the 3D case where the aim is to find an estimation f(z,y, z) of f(z,y,2) from
the X-ray images p(r1,72,4;), « = 1, ..., M, where @; represents the direction of

projection ¢. In this chapter, we will particularly take the context where we have few
projections and they are limited to angles ¢;.

12.3. 2D analytical methods

If we consider the ideal case where function p(r, ¢) is known perfectly for all
values of r and ¢, the reconstruction problem comes down to the inversion of the
Radon transform (RT) R [DEA 83]:

:/ flx,y)d(r — xcos ¢ — ysin @) dx dy (12.4)

for which the analytical expression of the inverse is:

,)/0r
f@y) 27r2// r—xcosq& ysmqﬁdrd(b' (12.5)

In practice, we only have the measurements of p(r, ¢) for discrete values of ¢ and r.
Thus, the integrals have to be approximated by sums. Two major difficulties then
become apparent: the approximation of dp(r, ¢)/0r and the approximate calculation
of the integral in r (because of the singularity of its kernel). In addition, although the
discretization along the r axis can be reasonably fine, the discretization of angle ¢ is
generally more parsimonious. These constraints have resulted in the direct application
of the expression for the inverse of the RT being unused in practice for many years, as
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Figure 12.2. Problem of X-ray tomography image reconstruction in 2D

Figure 12.3. Problem of X-ray tomography image reconstruction in 3D
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outside the ideal, theoretical case, direct application of the inversion formula does not
give convincing results.

A considerable number of methods have been put forward [BRO 78, BUD 79,
CHO 74, HER 80, HER 87, MOH 88, NAT 80] with the aim of obtaining more sat-
isfactory approximate solutions. Some operate directly on the equations, others use
auxiliary transformations: Hilbert transform (HT), or Fourier transform (FT). These
methods as a whole can be summed up by defining the following operators:

— derivation D: p(r, ¢) = dp(r, $)/0r,
: / _ l > 1_7(707 (b)
—HTH: g('r"gb)_ WAW(T_T/) dr,
— backprojection (BP) B: f(x,y) = % / g(wcos ¢ +ysin g, ¢) dg,
0
- 1D FT Fy: P(Q,¢) = /p(r, ) A

— 1D inverse FT .7-'1_1: p(r,¢) = 2L /p(Q, ) eI Q,
s
_2DFT Fo: Fws,wy) = //f(x,y) oI ) g dy.

—2Dinverse FT F, 1 f(x,y) = 4% // Fwg,wy) e I@es o) gy de,.
7r

With these definitions, the following analytical relations can be demonstrated:
f=BHDRf=BF'1QFIRf=BCRS
= F QI F BRf =C:BR [

where C; = F; ' |Q| Fy and Cy = F; * || F, are convolution operators:

Cip(r,¢) = (h1 *xp)(r,¢), hi(r) = /|Q|€fjﬂr dr

CQb(xvy) = (h'2 *b)(xvy)a hQ(xvy) = // \/w% + wge_j(“’”+“’“y) dx dy

Finally, we should also mention another relation known as the projection slice theo-
rem:

F(wg,wy) = P(,¢) for w,=QNcos¢ and w, = Nsing (12.6)

which is at the heart of many inversion techniques in tomography and turns the RT
inversion problem into a Fourier synthesis problem [MOH 88]. These relationships
summarize the various algorithms that are used to obtain approximate solutions for
the RT inversion, and thus for the image reconstruction problem in X-ray tomography.
They are shown schematically below:
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— direct inversion of RT:

p(r,d) — | D] B(r.¢) — | H]- g(r'.¢) — | B> flz,y)

— backprojection of filtered projections:

p(r,d) —| Fi | | filter [Q] | — | F - g(r',0) — [ B f(,p)

— backprojection and filtering by convolution:

p(r.¢) — | filler 1D I (r) | g(+”,6) — | B | f(x.y)
— backprojection followed by 2D filtering:
filter _
p(r,8) = Bl ba,y) — P |- Q= azrw| |2 e flay)
— backprojection followed by 2D convolution filtering:

p(r,¢) — @H b(x,y) — | filter 2D ha(x,y) |— f(x,y)

— padding and interpolation in the Fourier domain and 2D inverse FT:

interpolation =
p(r6) = [ Fi |= P(2.6) | 0o =Qeong 1= Flunsw) = | 55|~ f(@0)
y =

It is worth noting, however, that we come up against two difficulties when implement-
ing these methods numerically:

— the projections have limited supports, both in the angles and in their finite num-
ber. The integrals are approximated by sums and the various transforms are approxi-
mated by their discrete versions;

— the final image is often represented in Cartesian coordinates in the form of pixels
or voxels, and there is necessarily an interpolation stage in the central backprojection
step. This interpolation stage is more explicit in the methods using Fourier synthesis,
which pass through the Fourier domain. The interpolation is itself an inverse prob-
lem. It makes prior information on the object necessary, a fact often eclipsed in the
algorithms.

We have not mentioned the specific methods which, by using certain properties of
the object f(z,y), transform the RT inversion problem into the inversion of another
transform, often of lower dimension. For example, if the object possesses revolution
symmetry (f(x,y) = f(p) and p(r, ) = p(r)), the problem can be reduced to the
inversion of the Abel transform in one dimension:

(" f(p)
o) = | L.
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12.4. 3D analytical methods

A first approach in 3D reconstruction is to carry out successive reconstructions of
2D slices using the reconstruction techniques mentioned above and starting from pro-
jections obtained on linear strip sensors. However, this is beset by practical difficulties
as it involves successive rotations of the detection system around the object followed
by translation movements slice by slice.

Thus, for an acquisition system composed of an X-ray source and a linear sensor,
helicoidal acquisition geometry has been proposed: while the acquisition system is
rotating, the patient’s bed moves at a constant velocity. Provided that there is at least
one half to one turn of the acquisition system for a bed movement of the thickness
of reconstruction slice, the reconstruction techniques can be adapted to yield a 3D
object. The difference between this and the slice-by-slice geometry is that we have
to take account of the fact that one projection is involved in several reconstructed
slices [CRA 90, KAL 95]. To shorten the acquisition time, current systems are evolv-
ing towards multiline or even two-dimensional sensors. The problem of an acquisition
ray intersecting several slices is then even trickier.

In certain configurations, the whole reconstruction zone can be handled by one
2D detector. The analytical reconstruction algorithms must take the conical geometry
into account, i.e., the fact that a projection ray crosses several slices of the object to
be reconstructed. Algorithms have been proposed for this type of geometry: [FEL 84]
is suitable for small angles of aperture of the beams and [GRA 91] deals with larger
angles.

12.5. Limitations of analytical methods

Analytical methods have been used successfully in medicine but their use remains
more limited in other applications such as non-destructive evaluation. This can be ex-
plained by stricter acquisition constraints in non-destructive evaluation: the angles of
incidence, the number of measurements and the signal-to-noise ratio (SNR) are often
limited. In consequence, the analytical solutions are rarely satisfactory. Figure 12.4
illustrates these difficulties.

It is also worth mentioning that, even in medical imaging, the number of projec-
tions is limited and the acquisition system has to be optimized, since a great effort
is made to keep the quantity of X-rays received by the patient to a minimum. This
is the case, for example, in helicoidal tomography, where traditional methods cannot
be applied directly. To make up for the small amount of data, prior information has
to be added. This means developing methods more specific to the class of objects
to be examined: objects where variations are smooth, objects with abrupt changes,
objects that are continuous or piecewise constant, binary objects, composed of
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(a) initial object (b) 64 projections (c) 16 projections
(d) 8 projections (e) 16 projections between 0 (f) 8 projections between 0
and 7/2 and 7/2

Figure 12.4. Five cases of reconstruction by filtered backprojection in 2D: 64, 16 and 8
projections spread between 0 and w, and 16 and 8 projections between 0 and /2

ERES

(a) original object (b) 24 projections (c) 12 projections

Figure 12.5. Two cases of reconstruction by filtered backprojection in 3D: 24 and 12
projections, distributed between 0 and 2w around the object
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geometrical shapes (ellipses or polygons in 2D, ellipsoids or polyhedra in 3D), etc.
Analytical methods do not readily allow prior information to be introduced and used.
This type of prior information can be handled more easily by a formal description of
the object and discrete modeling, which thus seems more suitable.

12.6. Discrete approach to reconstruction

Since there is a finite amount of data and the calculations are performed numer-
ically, there is no alternative but to discretize the problem, in the broad sense of the
term. Three approaches are possible:

— represent the object by an appropriate parametric model, model the connection
between the data and the parameters of the model and estimate the parameters directly
from the data;

— model the image by projecting it onto a basis of appropriate functions with a
reasonable number of coefficients to be estimated;

— discretize the object by a set of pixels or voxels using the finest desired resolution
and bring in prior information suited to the nature of the object under examination:
continuous, piecewise continuous, sparse, binary, etc.

An example of methods based on the first approach is the modeling of an object
by superimposing a finite number of ellipsoids and the estimation of their parame-
ters { (4, Y4, 2i)s (@4, bi, ), (05, ¢:), fi} by least squares or maximum likelihood. The
main difficulty lies in the fact that the relationship between the data and these param-
eters is not linear (although explicit and analytical). We thus have to make use of
non-trivial optimization techniques to calculate the solution.

The last two of the three approaches mentioned above have one point in common:
projection of the object f(z, y) on a basis of functions:

N
F@,y) 2> wnba(x, y).
n=1

In the latter case, the basis functions, b, (x,y), are indicative of the supports of the
pixels or voxels (zero-order splines). This projection allows the problem to be trans-
formed into a discrete system of linear equations:

fOI"L'Zl,...,Mlgjzl,...,MQ,

p(rj, di) ~ //f(x,y)é(rj cos ¢; — 7 sin ;) da dy

N
= Z Tn // bn(x,y) 6(rj cos ¢; — rjsing;) dr dy.
n=1
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By reorganizing and renaming the data in the form y,,, = p(r;, ¢;), m = (i — 1) x
Mi + j, we find y ~ Az, where y = [y1, ..., ynm)? and © = [z1, ..., 2n]7T are
column vectors containing the data and the unknown coefficients of the decomposition
respectively, and A is the matrix with elements:

Am,n = // bn(l', y) 5(Tj COs QZS1 - Ty sin ¢’L) dz dya

where m corresponds to the observation index p(r;, ¢;). The problem thus comes
down to obtaining a satisfactory approximate solution for an equation of the type y =
Az + b, where b represents both the errors connected with the various approximations
and the measurement noise proper. We can thus use all the methods described in the
preceding chapters, while taking advantage of the particular structure of matrix A and
the specific models for noise b. We consider some of these below.

Of course, the choice of the basis functions b, (x,y) (pixels, natural pixels, har-
monic functions, wavelets, etc.) has important consequences for the structure and
properties of matrix A and for the meaning and computational complexity of its ele-
ments.

Choice of basis functions

Two approaches can be distinguished: either the basis is chosen according to a
prior on the object, independently of the geometry (e.g. the pixels or voxels), or it
is induced by the geometry (e.g. the natural pixels) [GAR 87]. In the first case, the
elements of & can have a physical meaning but the elements of matrix A are often
more costly to calculate. In the second case, the calculation is less costly but the basis
is not necessarily orthogonal and complete and it is more difficult to give a physical
meaning to the elements of x.

In the first case, three categories of functions can again be distinguished: global
functions (e.g. Fourier series), local functions (e.g. splines) and hybrid functions (e.g.
wavelets).

In all these cases, the meaning of the elements of « depends on this choice. In the
same way, the meaning of the elements and the structure of matrix A depend on the
choice and the geometry of the acquisition of the projections. For example, in conic
geometry, for complete data (uniform angular coverage between 0 and 27), the matrix
A will have a block-circulant structure.

From now on, to present the principle of the inversion methods, we will use the
general case without taking this feature into consideration. Of course, it is absolutely
necessary to take it into account in implementation, so as to obtain algorithms with
reasonable computing costs.
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12.7. Choice of criterion and reconstruction methods

As we have just seen, the discrete formulation of the problem leads us to look for
a satisfactory solution Z for y = Ax + b. Matrix A has large dimensions and is
often ill-conditioned or even singular. Its conditioning depends particularly on the ba-
sis chosen for the object decomposition, the geometry and the ratio of the number of
independent data to the number of parameters describing the object. In the preceding
chapters, we have seen that it is often illusory to think that we can obtain a satisfactory
solution to the problem by looking for an exact solution A=y, a least squares solu-
tion arg min,, ||y — Ax||?, or even a generalized inverse solution Afy. A satisfactory
solution can only be obtained by somehow introducing prior information on the solu-
tion. This may be done through a judicious choice of the basis functions so that the
object can actually be described by a small number of parameters that are simply esti-
mated in the least squares sense. However, this approach is too restrictive and specific:
a basis of functions has to be built for a particular object. The alternative, when these
functions are chosen independently of the operator (pixels or voxels for example), is
the regularization approach that allows more generic priors to be expressed.

In what follows, we will focus more on the methods that define the solution as
the optimizer of a regularized criterion. Three categories of solutions can thus be
distinguished:

1) Those defined as the unconstrained minimizer of a composite criterion:

Z = argmin J(x) = Q(y, Ax) + A\ F(z, z°)
xT
where Q and F are generally two distances. Various expressions can be obtained for
Q and F depending on the hypotheses on the nature of the noise, the data and the
nature of the object. A traditional example is J(z) = ||y — Az||? + \||Dz||?, where
D is a derivation operator matrix to make the solution smooth. In this case, Z can be
expressed analytically:

z=(ATA + \DTD) tATy,

and this expression can be interpreted in terms of analytical methods if we observe that
AT corresponds to a backprojection operation and (AT A + AD7D)~! to a filtering
operation in 2D.

2) Those defined as the constrained minimizer of a simple criterion:

z = argmin F(z,2°) s.t. y= Az
xr

where F is also generally a distance or a measure of divergence between = and a
default solution z°. A traditional example is z° = 0 and F(z) = ||Dz|%. In this
case too, the solution has an analytical expression:

2= (D"D)"'AT(A(D'D)"'AT) Ny,
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which is equivalent to a backprojection of the filtered projections. Another traditional
example consists of choosing:

F(x,x°) = KL(z,2°) = ij 1oga:j/x? +xz;— a:?

J

where KL(x,z") is the Kullback-Leibler divergence of  with respect to . This
brings us to the maximum entropy methods.

3) Those defined as the minimizer of a probabilistic criterion:

z = argmin C(Z)
T

where C/(Z) is the expectation of a cost function C(Z, «) with respect to the posterior
probability law p(x | y):

C() = / C(@E z)p(z |y) de

It is the choice of this cost function that brings us to different estimation structures.
With a Gaussian hypothesis for the noise and object laws and a quadratic cost, we
find the previous solutions again. However, this probabilistic approach allows us to go
beyond deterministic solutions through other choices for the prior laws and other cost
functions, or through the idea of marginalization.

Types of estimators

In the Bayesian probabilistic approach, according to the choice made for the cost
function C'(Z, x), a variety of expressions can be obtained for estimator  depending
on the data. Among these estimators, the following are of particular interest:

— maximum a posteriori (MAP):
& = arg maxp(e | y) = argmaxp(@, y);
€ €T
— posterior mean (PM):

_ f:cp(m,y)d:c.
[p(z,y)dz’

— marginal maximum a posteriori (marginal MAP or Marginal Posterior Mode,
MPM):

a=E<w|y>:/wp<w|y>dw

7y = argmaxp(z; | ).

T
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One of the elements that help in the choice of these various estimators is the com-
puting cost. Depending on the type of estimator chosen, it is necessary to perform
either an optimization or an integration. The optimization is either multivariate, as
in the MAP case, or scalar, as in the marginal MAP case. Note, too, that in the
marginal MAP case, there is an integration step that is the calculation of the marginal
laws [BOU 96, DIN 90, GEM 87, SAQ 98].

Except for the linear Gaussian case, it is often difficult to find analytical expres-
sions for these integrals and the criteria to be optimized are non-quadratic. Special
attention thus needs to be paid to the integration and optimization aspects. For this
reason, the next two subsections describe a number of algorithms that implant these
different estimators.

12.8. Reconstruction algorithms

A reconstruction algorithm can be defined as a sequence of operations carried out
on projections in order to construct an image. An algorithm that contented itself with
this definition without stating the method on which the algorithm was based or the
properties of the images obtained by using it would be of little value. We will thus
restrict ourselves to algorithms that optimize a deterministic or probabilistic criterion.
In the first subsection below, we give an overview of the optimization algorithms that
can be used for convex criteria in particular and, in the second, we take a very brief
look at algorithms using probabilistic criteria.

12.8.1. Optimization algorithms for convex criteria

We have seen that an important family of methods for solving inverse problems de-
fines a solution to the problem by minimizing a criterion that is least squares J(x) =
ly — Az|?, regularized least squares ||y — Az||* + A®(z) or, more generally,
Oy, Ax) + A\F(x,xp), with Q and F two distances or two measures of diver-
gence. Similarly, in probabilistic approaches, we find MAP J(x) = —logp(x |y)
or marginal MAP J(z;) = —log p(x; | y) criteria. In this section, we give a synthetic
presentation of the optimization algorithms that can be used particularly for convex
criteria. The convex criteria can be subdivided into three groups of increasing gener-
ality and complexity: i) strictly convex and quadratic, ii) continuous, strictly convex
but non-quadratic, iii) continuous, convex but possibly non-derivable at a few points.

In the first case, the solution exists, is unique and is a linear function of the data.
It can be calculated by any descent algorithm. It is even possible to obtain an explicit,
direct solution.

In the second case, the solution exists and is unique but is not a linear function of
the data. It can easily be calculated using any descent algorithm.
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In the third case, the solution generally exists but may not be unique. Its calculation
requires some caution and the solution is not a linear function of the data.

Let us not forget that a non-convex criterion may be multimodal, which means that
we need to resort to global optimization algorithms. The solution is not generally a
linear function of the data and the solution is not easy to calculate.

From an algorithmic point of view, the algorithms for calculating the optimum
solution can be divided into two categories: those that change the set of unknowns x
at each iteration and those that change a single element ; (or a block of elements) at
a time. The algorithms of each category can again be subdivided into those that use
the whole set of data y at each iteration and those that use only one data item y; (or a
block of data) at each iteration.

12.8.1.1. Gradient algorithms
An important family of algorithms for optimizing a criterion updates the estimate

x*—1) additively in a descent direction (often the opposite direction to that of the
gradient of the criterion).

To look more closely at the traditional descent methods in tomographic reconstruc-
tion, let us consider the special case when the criterion to be optimized has the generic

form:
J(x|y) = Z(I% (2i) +)‘Z¢
T T

with z; = [Az]; = a;,x and t; = [Dz]; = z; — z;_1, where a;, = [ai1, ..., a;N]
is row ¢ of matrix A, D a finite differences matrix, ¢, and ¢; convex functions that
reach their minimum at y and 0, respectively, and A a regularization parameter.

To distinguish between the various classes of algorithms mentioned above, we will
use the following notation:

— for the algorithms that use all the data y and update all the unknowns x at each
iteration, we write:

o(xly)  @lY]" _ 4 Ty
= e =A AD t
9(z|y) o Dan 4y(2) + AD" '(2)
for the gradient of J(z | y) with respect to , with ¢'(t) = [¢}(t1), ..., N (tN)]
and qy [qyl, cel, q’yM];

— for those that use only a single data item y; but update all the unknowns x:

J(x|yi) = qy,(2i) + Azqu(t])v

g(@|yi) = q,,(2) @i + ADT @' (2) ;
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— for the algorithms that use all the data but only update a single variable z, at
each iteration:

J(zp |y o) = J (2| y)

0J(x
g(x |y 2\) = %ly Zamqy zi +)\Zd7k¢

— for the algorithms that use a single data item y; and update only a single variable
Ty, at each iteration:

J(n |y ) = gy (20) + A ¢5(t5)
J
oJ (x| yisx
g(@p |yi @) = w = aing), (z:) + XY _ djxdy(t;).
J

We are now going to look at a number of special cases used in tomography. Here,
a;; represents the length of the path of ray 4 in pixel j. We will observe that most
of the conventional algorithms in tomography are in fact gradient algorithms applied
to least squares criteria: gy, (2;) = (y; — 2;)?, or are based on a Kullback-Leibler
divergence: g, (z;) = KL(y;, z;).

12.8.1.2. SIRT (Simultaneous Iterative Relaxation Techniques)

Proposed by [GIL 72], this is a gradient algorithm operating on J(x | y) = ||y —
Az
e = z* D L MDA (y — Az* V), k=1,2,...

with D = Diag {1/} . a;;}. For a®) | there are several possible variants: fixed,
optimal, etc.

The calculations performed by this algorithm at each iteration are mainly a pro-
jection Az and a backprojection AT (y — Ax). When « is fixed, it should verify
0 < o|DATA| < 2. The word simultaneous signifies that all the data is used at
each iteration of the algorithm.

12.8.1.3. ART (Algebraic Reconstruction Technique)

This algorithm, widely used in tomography, corresponds to the minimization of
J(z|yi) = (yi — al.x)? by a variable or optimal step-size gradient algorithm:

. aT m(kil)

2 = k=1 | (k) Yi "

a., k=1,2,...;i=1mod M,

@i

with £(®) = 0. It is also worth noting that, when o*) = 1, *) can be obtained
from z(*~1) in the direction of projection of x(*~1) on the subset defined by the
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equation y; = alx, i = k mod M. At each update of x, only one data item is used.
There are also versions in which certain constraints (e.g. positivity) are imposed on
the solution at each iteration. ART is a special case of projection onto convex sets
(POCS), originally presented by Kaczmarz [KAC 37].

The order in which the data is used is crucial for the efficiency of the algorithm.
The underlying idea is that the successive iterations should be as independent as pos-
sible [HER 93, MAT 96].

12.8.1.4. ART by blocks

ART modifies the values of pixels & by backprojecting the differences between the
observed and calculated values of a single projection ray. A variant backprojects the
difference for a whole block of projection rays. The updating equation thus becomes:

T k—1
) = k=1 4 (k) Az (Yi, — A k=)

where y;, is a block of data and Afk the matrix corresponding to the ray projection
equations for the block.

ART corresponds to the case where %y, is scalar and the S-ART corresponds to the
case where #;, represents the set of rays for a projection direction. Herman [HER 93]
showed that the reconstruction could be accelerated by choosing a successively or-
thogonal series of blocks. This type of method is known as Ordered Subset M ART,
where M indicates the number of block projection directions.
12.8.1.5. ICD (Iterative Coordinate Descent) algorithms

These are relaxation algorithms (Chapter 2). For the basic case J(z|y) = ||y —
Az||?, this structure is equivalent to that of the Gauss-Seidel algorithm [PAT 99].
12.8.1.6. Richardson-Lucy algorithm

Let us consider the following criterion:

J(@|y) = KL(y, Az) = - 3 yilogala/y, +yi - ala,

K2

for which we have:

9J(z|y) Yi
Ton2Mala

i

2
O0x;



Tomographic Reconstruction from Few Projections 327

The approximation (92J (z | y)/923) o —xj/ >, aij gives an approximate New-
ton algorithm that can be written:

(k) (k—1) 1 Yi .
' =T e S a;j;————, k=1,2,...; 7 =kmod N,
! ! > Gij Z jzg awxékfl)

and is known as the Richardson-Lucy algorithm [LUC 74, RIC 72]. It can also be
interpreted as an EM algorithm in a probabilistic approach with Poisson distribu-
tions [SHE 82] or as a projection onto convex sets (POCS) algorithm using the
Kullback-Leibler divergence [SNY 92].

12.8.2. Optimization or integration algorithms

Probabilistic models make it easier to describe situations where the image to be
reconstructed is a real quantity that is continuous, piecewise constant or takes dis-
crete values. A typical example is Markov modeling (see Chapter 7). In these cases,
it is often necessary to optimize a criterion (MAP or marginal MAP estimators), or
to calculate a posterior mean (PM estimator). We have already described a number
of algorithms for optimizing criteria when they are convex. In this subsection, we
will focus on the algorithms that are used either to optimize multimodal criteria or to
calculate PM estimators.

As mentioned above, stochastic approaches lead to the construction of a posterior
probability distribution of the type exp { —J (x)} over the whole set of reconstructions,
which expresses both the fidelity to data (likelihood) and the regularization terms.
The reconstruction is defined as an estimator coming from this distribution: MAP
estimator (maximum of the probability distribution), MPM estimator (maximum of
the marginal posterior distribution), or PM estimator (mean of the posterior distribu-
tion), for example. According to the type of prior considered (Markov, non-convex
function), the above estimators cannot be calculated directly from the distribution,
exp {—J(x)}, but are determined by sampling. Two types of algorithms are mainly
used for this:

— the Gibbs sampler is particularly suitable for Markov priors as the expression
for the conditional probabilities is then simple. This is presented in section 7.4.2. By
simulating a series of configurations representative of the probability distribution P,
we can estimate the marginals of P, and thus define the MPM estimator of the pos-
terior marginal maximum. Similarly, this algorithm enables the mean of the posterior
distribution to be estimated;

— the simulated annealing algorithm can construct a random series having a law
that converges towards a uniform distribution on the minima of P. It thus enables the
MAP to be estimated (see section 7.4.2.3).
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12.9. Specific models for binary objects

The methods we have presented so far are very general and can be applied to most
image reconstruction problems. However, in some applications, particularly in NDE,
we want to reconstruct the image of a defect (air pocket) in a homogeneous medium
(metal). The problem then comes down to the reconstruction of a binary object. Three
categories of methods for handling this problem can be distinguished:

1) Methods that model the object by a set of binary voxels [BOU 96] using Markov
modeling for the binary image and finally estimate this image using one of the estima-
tors mentioned in the preceding sections. In these methods, the direct model linking
the projections to the voxels is linear, but it is often difficult to take account of the
prior information on the closing of the defect’s outline using a simple Markov model.

2) Other methods propose a direct reconstruction of the closed contour of the ob-
ject, either by modeling the contour as the solution to a partial derivative equation
(active contours, Snakes), or by modeling it as the passage of a higher dimension
function to zero (level-set methods) [SAN 96]. The main drawbacks of these methods
are (i) the high computing cost (e.g. because of the updating of the function represent-
ing the wavefront in the level-set method) and (ii) the difficulty of implementation and
the lack of tools for choosing the step for the propagation of the wavefront.

3) Finally, there are methods that model the contour by deformable geometri-
cal shapes, the parameters of which are estimated from the data [AMI 93, BAT 98,
HAN 94]. Several categories of geometrical models have been put forward: elliptical
or super-quadratic curves or surfaces, harmonics and curves or surfaces described by
splines. The first is too simple and restrictive, the second is broader and is suitable for
star-shaped curves and surfaces, and the last is more general. The price to be paid is
an increase in the number of parameters.

A comparison of these various methods can be found in [MOH 97], together with
a specific method for cases where the object is modeled by a polygon in 2D or a
polyhedron in 3D (see [SOU 04] for a detailed presentation of the latter approach).

12.10. Ilustrations

The principal objective of these illustrations is to show what can be achieved using
the different methods, particularly in the case where there are very few projections at
limited angles.

12.10.1. 2D reconstruction

We chose a binary object with dimensions 128 x 128 (Figure 12.6a), simulated
five projections for the angles —7 /4, —7/8, 0, 7/8, 7/4, added Gaussian white noise
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(a) original (b) backprojection (c) filtered backprojection
(d) quadratic regularization (e) quadratic regularization with (f) Ly, regularization with
q g q g p Ieg
positivity constraint positivity constraint

Figure 12.6. Comparison of 2D reconstruction methods

to obtain an SNR of 20dB and then used this data to perform reconstructions using
the various methods.

12.10.2. 3D reconstruction

We chose a binary object with dimensions 128 x 128 x 128 (Figure 12.7). Nine
projections were distributed uniformly, either between 0 and 7 or between 0 and 7 /2.
In both cases, we simulated the data without and with noise (SNR of 20 dB). We then
tested the various methods.

The reconstructions by ART (Figure 12.8) show strong perturbations induced by
the noise when regularization is not used. In the next reconstruction, by ICM (Fig-
ure 12.9), we used a regularization particularly well suited to the binary situation: an
Ising model (see section 7.3.4.1), which favors compact zones. In this reconstruction,
the effects of the noise are significantly attenuated. However, the cap of the mushroom
is separated from its stalk.
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Figure 12.7. Original object for 3D tests

(a) 9 projections in [0, 7], data without  (b) 9 projections in [0, 7 /2], data
noise without noise

(c) 9 projections in [0, 7], data with ~ (d) 9 projections in [0, 7/2], data with
noise noise

Figure 12.8. Reconstruction by ART without regularization.
Thresholding was applied for display purposes
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(a) 9 projections in [0, 7], data without  (b) 9 projections in [0, 7 /2], data
noise without noise

(c) 9 projections in [0, 7], data with  (d) 9 projections in [0, 7/2], data with
noise noise

Figure 12.9. Reconstruction by ICM and regularization by an Ising model

12.11. Conclusions

The aim of this chapter was to give an overview of the various reconstruction
methods in X-ray tomography, focusing on the methods that can be used in difficult
situations: when the number of projections is small or the angular coverage is very re-
stricted, i.e., when conventional analytical methods are unable to provide satisfactory
results. These more sophisticated methods obviously induce higher computing costs,
which, even today, limit their practical use in medical systems or in everyday NDE.
However, the trend for the future will always be to reduce the amount of radiation
transmitted to a patient or to reduce the cost and acquisition time in NDE applica-
tions. For these reasons, it will be necessary to use the more sophisticated methods.
Nevertheless, it is still a good idea to continue developing more specific methods with
reasonable computing cost for specific applications. This is true, for example, for the
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methods recently developed for reconstructing the closed surface of a compact, homo-
geneous object directly from X-ray data, without going through a voxel reconstruction
step.
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Chapter 13

Diffraction Tomography

13.1. Introduction

In this chapter, we will look at the use of the Bayesian approach to solve the diffrac-
tion tomography problem. For this type of problem, the measurements collected, the
waves scattered by an object, depend on the physical parameters of the object in a
nonlinear way. Many works have considered linear approximations of the propaga-
tion phenomenon — the best known being Born and Rytov’s approximations — but we
do not intend to follow this path. We will insist on the solution to the problem that
takes the nonlinear model into account.

For a nonlinear inverse problem, if we consider an explicit relationship between
the parameters of object & and measurements y in the form y = A (x) , the inversion
consists of deducing parameters « from measured data y. A natural approach to this
problem would be to minimize the least squares criterion:

J(@) = |y — A@)|*.

In the case of ill posed problems, as illustrated in Chapter 1, this type of solution is
not suitable because of its great sensitivity to variations in the measurements, which
inevitably contain errors. The Bayesian framework enables a regularized solution to
be defined for this problem by using a probabilistic model of the object sought, as in
the case of linear inverse problems.

Nonlinearity is, by its very nature, a non-property. Here, we will not go into a gen-
eralization of Bayesian regularization for nonlinear inverse problems but will insist on
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the specificities of the diffraction tomography problem and how they can be exploited
to define and optimize criteria. We will present the wave propagation equations which
allow an integral direct model to be deduced in the form of two coupled equations. We
will describe the method of moments, which is often used to discretize the direct inte-
gral model and gives an algebraic model, again in the form of two coupled equations.
Estimation in the maximum a posteriori (MAP) sense will thus enable us, from this
model, to define regularized solutions as minimizing certain criteria. The nonlinearity
of the direct model makes these criteria non-convex.

This criterion minimization framework will allow us to look at most of the methods
used to solve this problem from the same point of view. We will start by presenting
methods that optimize the criteria locally by successive linearizations of the direct
model. Then we will point out the connection with techniques that aim to simulta-
neously reconstruct the object parameters and the field in the domain of the object.
Finally, we will stress the importance of using global optimization techniques in par-
ticularly difficult situations where the criteria have local minima.

13.2. Modeling the problem

The generic term diffraction tomography is used here in connection with a large
number of imaging modes for which the phenomenon measured is related to the
diffraction of a wave in an inhomogeneous medium. We consider that the object to be
imaged is symmetric about one of its axes (cylindrical symmetry) so as to bring the
problem down to two dimensions. Moreover, measurements are taken in a domain Dy
outside domain Dg in which the object is present, hence the connection with conven-
tional X-ray tomography. Let us also stress the fact that the objective is to construct an
image (grid of values) of the physical characteristics of the object, unlike what is done
in a number of works where only the outline of the object or the field in the domain of
the object is considered.

We will only present here, and consider in what follows, applications involving
electromagnetic waves. Nevertheless, it is interesting to note that strong similari-
ties exist with certain applications using acoustic waves (e.g. ultrasonic tomographic
imaging [KAK 88]).

13.2.1. Examples of diffraction tomography applications

Applications of diffraction tomography techniques are to be found in many areas,
such as biomedical engineering, non-destructive evaluation of conducting materials
and geophysical exploration.
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13.2.1.1. Microwave imaging

In the 1970s, X-ray tomography enabled images to be taken of the human body.
The fact that ionizing radiation can be harmful encouraged studies of other forms of
energy such as microwaves (at low power levels), ultrasound, and magnetic resonance.
Research on active microwave imaging has developed greatly since the early 1980s
[BOL 83].

The aim of such imaging techniques is to determine the propagation character-
istics of an inhomogeneous medium (the human body or at least a part of it), with
spatial variation of the conductivity o(r) and dielectric permittivity e(r) (r € Do).
This inhomogeneous medium is surrounded by a homogeneous medium (e.g. water)
having known characteristics og and €y. The geometric configurations envisaged (Fig-
ure 13.1a) are taken directly from those of X-ray tomography. Unlike in the case for
X-rays, diffraction phenomena cannot be neglected for this mode of imaging; the
waves can no longer be assumed to travel through the medium in straight lines, which
complicates the imaging problem considerably [KAK 88]. The frequencies involved
in this type of application vary between a hundred or so MHz and several hundred
GHz.

Dy S

Do

SANY

Dy

DM D M
(a) microwave imaging (b) NDE by eddy currents (c) well to well geotomography
Figure 13.1. Various tomography configurations: a plane wave is emitted by a source S and
propagates in object domain Do. The scattered field is measured by a finite number of
receivers placed in domain Dy

13.2.1.2. Non-destructive evaluation of conducting materials using eddy currents

The aim of the non-destructive evaluation (NDE) of conducting materials is to de-
tect and study the defects in these materials. In such a process, an imaging technique
can characterize the defects and intervenes after a detection step. For this, an electro-
magnetic wave is emitted from a homogeneous medium known to be non-conducting
(generally air) and having known characteristics 0 = 0 and ¢p. The measurements of
the field that has propagated through the conducting medium (Figure 13.1b) are ac-
quired in the same homogeneous medium. The physical characteristic to be imaged is
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the conductivity o(r) of a possible defect in the conducting object which has known
characteristics (o = 107 S/m and ¢y) [ZOR 91]. The frequency range considered
covers kHz to MHz.

13.2.1.3. Geophysical exploration

Geotomography has proved to be an interesting tool in geophysics, for instance
when searching for petroleum oil or monitoring its extraction. An example of a pos-
sible application is well to well tomography where two wells are bored, one on either
side of a region to be explored (Figure 13.1c). Electromagnetic waves are emitted by a
source placed in one of the wells and the measurements are taken by receivers located
in the two wells (measuring the waves reflected and transmitted by the medium). The
aim is to image the conductivity o (7) and permittivity ¢(7) of the medium [HOW 86].
The frequencies used are of the order of one MHz.

13.2.2. Modeling the direct problem

We will not go into the details of the development of the integral equations to
model the imaging problem but we will insist on the hypotheses used and the form of
the resulting coupled equations.

13.2.2.1. Equations of propagation in an inhomogeneous medium

We are going to take the case of electromagnetic waves, e.g. in microwave tomog-
raphy, but similar expressions can be written in other applications and for acoustic
waves [COL 92].

Let us consider the propagation of plane electromagnetic waves in the harmonic
regime of pulsation w in non-magnetic media. An inhomogeneous medium is sur-
rounded by an ambient homogeneous medium (having known characteristics: permit-
tivity €, conductivity o, magnetic permeability of vacuum pg = 47 x 10~7 N.A™?).
We can adopt a two-dimensional framework by considering that the object is uniform
about one of its axes (cylindrical symmetry) and the incident wave is polarized along
this axis (transverse magnetic configuration). This will allow us to work with scalar
fields. In this framework, Maxwell’s equations give ¢, the component of the electric
field along the axis of the object, from:

Ag(r) +k*(r)d(r) = —jwpo (r) (13.1)

where 7 is the position vector in the 2-D space, A is the Laplacian, and J is induced by
the source. The wave number k2 (r) = w? g (e(r) + jo(r)/w) of the inhomogeneous
object at r is connected to its electrical permittivity e(r) and its conductivity o(r) (the
surrounding homogeneous medium is characterized by its wave number k7). From the
equation above, we can deduce a propagation equation in integral form:
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od(r) = ¢o(r) + /D G(r, ') (K*(r") — k2) p(v") dr’, (13.2)

where ¢y is the incident field; G is the free space Green’s function which, in the two-
dimensional case, can be written:

Gr,r') = THG" (holr — ),

where H, él) is the zero-order Hankel transform of the first kind.

13.2.2.2. Integral modeling of the direct problem

We have just described the scalar equations corresponding to the propagation of
waves in an inhomogeneous medium. Now, we are going to describe the propagation
phenomenon involved in the imaging problem. To do this, we will consider the near-
field geometrical configuration shown in Figure 13.2.

° /\ °
}-H—» .
¢0° Do | (¢,7) °
¢ . . * Dy (y)

Figure 13.2. Chosen two-dimensional configuration

The measurements are acquired by sensors placed in a discrete set of positions
denoted Dy in the surrounding medium!. From now on we will use y(7;) to denote
the scattered field at the measuring points r; € Dy. The total field in the object do-
main will be noted ¢(r),r € Do. The object is characterized by its complex contrast
z(r) = k?(r) — k3. We will now describe the propagation of the waves from the
source to the measuring points, the incident field in the object domain ¢ (7),r € Do
— corresponding to the emitted wave — being known.

1. It is sometimes necessary to take the measurements outside the surrounding medium. It
is thus no longer possible to work with the free space Green’s functions and the interfaces
between the two media have to be taken into account through their own Green’s functions (see
for example [ZOR 91] on NDE using eddy currents).
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Using equation (13.2), the scattered field at the measuring points can be written in
terms of the contrast and the total field in the object:

y(r:) = G(ri, ") (r’) o(r') dr’, r; € Dy (13.3)
Do
This equation is often called the observation equation. Field ¢ in the object domain
verifies an equation of the same type:

o(r) =¢o(r)+ [ G(r,7")x(r')p(r') dr',  r € Do, (13.4)
Do

sometimes called the coupling equation. Note that this equation is implicit in ¢.

The direct problem is modeled by the relation connecting the inhomogeneous ob-
jectz(r),r € Do with the scattered field at the measuring points y(7;), 7; € Dy and
is thus written in the form of the two coupled equations (13.3)-(13.4). This model is
nonlinear as the scattered field is linearly dependent on the product of the contrast and
the field in the object domain (13.3), and the field itself depends on the contrast (13.4).

As a general rule, there is no analytical expression for the solution of the direct
problem but various numerical methods exist for solving it [COL 92]. In section 13.3
we will present the discretization of the direct model in integral form and a numerical
method for solving the direct problem will follow on naturally from this.

13.3. Discretization of the direct problem

Much of the work in mathematical physics on solving inverse problems in general
— and the problem of diffraction tomography in particular — is presented in a functional
framework. The discretization is only carried out in a final step, for the numerical
calculation of a functionally defined solution. A. Tarantola, for example, writes, “This
is a quite general conclusion in any inverse problem theory: discretization, if any, must
be reserved for the final computations, and not for developing the formulae” [TAR 82].
In statistical data processing, on the other hand, the discretization is generally taken
into account as early as the direct model. This is the framework we have chosen here
and we will point out the advantages for the problem at hand. To obtain an algebraic
model, we will use the method of moments, as described briefly below, to discretize
the coupled equations (13.3)-(13.4).

13.3.1. Choice of algebraic framework
The deliberate choice of using an algebraic rather than a functional framework is

tricky to justify and can give rise to considerable discussion. For the problem posed
here, several arguments can be put forward:
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— the measurements are taken using a finite number of sensors and are thus discrete
by nature, whereas a functional framework very often assumes that the measured val-
ues are known continuously around the object;

— apart from rare special cases where the object can be parametrized in a simple
way (e.g. if we know we are dealing with a homogeneous disk), the solution is calcu-
lated numerically;

— for the diffraction tomography problem, the nonlinear equations are not easy to
handle and it is interesting to observe, as we will point out in section 13.5.1, that
several methods suggested in a functional framework, starting from distinct ways of
reasoning, lead to solutions that are functionally different but numerically identical;

— finally, the equations to be handled are simpler in an algebraic framework, even
though they are not linear. It is then easier to focus on the fact that the problem is ill
posed and on the way to regularize it by introducing prior models elaborated on the
solution sought. Note that the probabilistic framework may also be understood from a
functional point of view as in [TAR 87] but the models then become rather difficult to
handle outside the Gaussian case.

13.3.2. Method of moments

The method of moments is a generic method that allows linear equations to be dis-
cretized so that they can be solved numerically when their solution cannot be reached
in the functional domain. An excellent overview of this method, also showing that
most discretization techniques can be interpreted as methods of moments, is to be
found in [HAR 87].

The general framework for using this method is to solve a functional equation of
the type: Lf = g, where L is a linear operator, g a known function and f the unknown
function to be determined. The aim is to discretize this equation so as to obtain a ma-
trix relation of the form L f = g which can be solved numerically. To do this, function
f is represented as a linear combination of a set of functions {b1, b2, ..., by}, called

basis functions:
n
=Y fibi,
i=1

where coefficients f; are to be determined. An approximate solution is considered in
which the number n of basis functions is finite. The linear equation to be solved thus

becomes: .
> fiLbi=g.
i=1

By projecting this relation on to a set of functions {t1, to, . . ., t, }, called testing func-
tions, the equation can be written in matrix form:

Lf =g, with Li}j = <ti,Lbj> and g; = <ti7g>;
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where L = (L; ;) is a matrix of size n x nand f = (f;), g = (g;) are column vectors
of length n.

The choice of the basis and testing functions is a tricky problem in the method
of moments. The choice should be based on practical considerations, such as ease
of calculation of the various scalar products, but also on physical considerations so
as to take account of the specificity of the problem being dealt with. Finally, these
choices will have a direct influence on the structure of the matrix L and thus on the
ease with which the algebraic problem can be solved numerically. We note that, for
testing functions of the form ¢;(r) = r*, g; = f r'g(r)dr is the ith order moment of
g, hence the name given to the method.

13.3.3. Discretization by the method of moments

Solving the direct problem, i.e., calculating the scattered field at the measurement
points that corresponds to a given contrast function, does not fall directly within the
application framework of the method of moments since the relation linking the object
with the data is not linear. Nevertheless, the method can be applied to each of the
coupled equations (13.3-13.4). We will use the discretization performed in [HOW 86]
(called the volume current method in the article) which is often employed for this
problem.

Equation (13.4) is discretized by considering a square grid on object domain Dg.
For basis functions {b;},_, , and testing functions {¢;},_, ., we take the
indicative functions on the square regions D; (pixels), of side c, of Do (¢, ¢o and x
are assumed constant over these regions and represented by column vectors of length
no). Thus, the algebraic equation corresponding to (13.4) can be written in the form:

¢ = ¢y + GoXo, (13.5)

in which X is a diagonal matrix X = Diag {z;},_; . ,and Go is a matrix of size
no X no, the elements of which verify:

(Go)ij = = //grr dr' dr.

Similarly, relation (13.3) can be written in the algebraic form:
y = GuXo, (13.6)

with y = (y(r:));—; .. ,,> Where ny is the number of measurement points, Gy a
matrix of size ny X no, the elements of which can be written:

(GMm)i,; = /D Dgrr)drt()d
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where ¢; are testing functions on measurement domain Dy;.

In [HOW 86] it is suggested that the integrals of the Green’s function should be
approached by integrating, not over the square regions D;, but over disks having an
equivalent surface area. This gives an analytical formula for the integrals and avoids
the use of numerical integration methods. With this approach, the discretization errors
can be considered to be negligible if c is of the order of a tenth of the wavelength in
the surrounding homogeneous medium [HOW 86].

The direct model was presented in integral form with the coupled equations (13.3)-
(13.4). In algebraic form, we obtain the coupled equations (13.5)-(13.6). This model
can be expressed in an explicit form directly linking the object with the measurements
without bringing in the field in the object domain. For a given object of contrast x,
equation (13.5) allows field ¢ to be written in the form:

¢ = (I-GoX) "¢y

By replacing this relation in equation (13.6), the explicit relation linking « to y can
be deduced:

y = Ax), with A(z) = GuX(I - GoX) 'o,. (13.7)

Note that, to solve the direct problem, equation (13.7) brings in the inversion of a
matrix. In an equivalent way (mathematically speaking but not in terms of computing
cost), equation (13.5) requires a linear system of ng equations with ng unknowns to
be solved. Nevertheless, this inversion does not pose any numerical problems as the
linear system is well conditioned.

Finally, it is worth noting that these relations were established for vectors and ma-
trices with complex values. It is sometimes useful to take the case of real variables,
by separating the real and imaginary parts. In this case, exactly the same matrix rela-
tionships can be obtained by modifying the definition of matrices Gy and Go. These
relationships can also be generalized to the multi-source case where we consider mea-
surements acquired for distinct emitting sources [CAR 96].

13.4. Construction of criteria for solving the inverse problem

We now have an algebraic model of the direct problem which allows us to calculate
scattered field y at the measuring points from a knowledge of contrast « of the object,
possibly using a calculation of the field at object ¢. Now we are going to turn our
attention to solving the inverse problem by reconstructing contrast & (object) from
measurements of scattered field y (data). Like most inverse problems, this one is ill-
posed. In particular, the solution is very unstable with respect to variations, even very
slight ones, in the data [COL 92]. Moreover, even in a functional framework, where
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measurements are assumed to be known at all points of a continuous domain Dy
surrounding the object, the uniqueness of the solution is not proven. Starting from this
algebraic model, we will use the Bayesian framework to construct criteria defining
regularized solutions of this inverse problem.

To do this, we need to have a model for the errors that perturb the measurements
(modeling errors, discretization error and noise on the measurements). As no par-
ticular information is available here on the statistics of measurement noise, unlike in
some applications (see Chapter 14, for example), we will consider zero-mean, circu-
lar, white, Gaussian errors of variance crf,l. As pointed out in section 3.2, we are not
saying that the perturbations actually are Gaussian but the Gaussian hypothesis is the
least compromising choice we can make for the error distribution, the errors being
considered to have a mean value of zero and finite variance.

We also need a prior model of the object. It should be noted that the object to be
imaged, x, has complex values. Given the specific physical meanings of the real part
(connected with the permittivity of the object) and the imaginary part (connected with
its conductivity), we will consider a separable probability density here

p(z) = pr(Re{z}) pr(Im{z}).
As we want to reconstruct images composed of homogeneous zones, we will consider
densities corresponding to a Gibbs-Markov model, as presented in Chapter 7, and
written in the form2:
p(x) oc exp{—®(z)/T}.

However, it is prudent to content ourselves with a convex function ¢ at first, to
avoid increasing the minimization difficulties due to the nonlinearity of the direct
model. To get our ideas clear, let us consider a traditional generalized Gauss-Markov
model [BOU 93] (of potential function | - [P, 1 < p < 2).

13.4.1. First formulation: estimation of x

The parameters to be estimated for the imaging problem are the values of the
contrast function on the image pixels, i.e., vector .

The likelihood of the object, which corresponds to the direct distribution of the
data, can be written:

p(y|z) = (nody) ™" exp{—% ly A<x>||2}.

2. From now on, we will, incorrectly, write the probability density of the object in this form,
the separation between the real and imaginary parts and any differences of parameters of these
densities being implicit.
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Bayes’ rule enables the information provided by the measurements and the prior
information to be fused into the posterior density of the parameters to be estimated:

p(z|y) =p(y|z)p(x)/p(y),

where p(y) is a normalization coefficient independent of x.

The maximum a posteriori estimate maximizes the posterior distribution:

" = argmaxp(x | y),
x

or, in other words, minimizes the criterion:

T () = [ly — A(@)|)* + A®(),
with, here:
A(x) = GuX (I - GoX) ' ¢y,

and A = o0¢;/T playing the role of the regularization parameter governing the trade-
off between fidelity to the data and the prior model. Note that the minimum should
be understood in the sense of the global minimum of the criterion. As a shortcut, the
JMA® criterion will often be called the maximum a posteriori criterion in what follows,
or simply the MAP criterion.

13.4.2. Second formulation: simultaneous estimation of x and ¢

The problem can also be considered from another point of view by trying to es-
timate the object, «, and the field at the object, ¢, simultaneously from the data.
Starting with the same hypotheses as above (additive zero-mean, circular, white Gaus-
sian noise on the measurements), this time we will exploit the relationship linking the
object to the measurements using the coupled equations (13.5)-(13.6).

Bayes’ rule allows us to express the joint posterior distribution of & and ¢ in the
form:

p(z, ¢ly) =p(y |z, ¢)p(e|x)p(z)/p(y). (13.8)

In this relation, we are only interested in the three terms of the numerator. The de-
nominator term p(y) is independent of ¢ and & and does not come into the calculation
of the MAP estimate. Let us examine these three terms one by one:

— as the model used for the measurement errors and equation (13.6), the first term
can be written:
1

p(y| @, ) ox exp {E ly - GMX¢|2} ;
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— the second term corresponds to the probability density of ¢ for known x. ¢
being the total field at the object, it is uniquely determined by the second of the coupled
equations (13.5) when « is known. This leads us to consider a probability measure
(and not a probability density) of the type:

(¢ — Py — GoXo), (13.9)

where 9§ is Dirac’s delta function;
— the last term corresponds to the prior model for the object.

To be able to develop equation (13.8) using probability densities, we are going to
use a neat calculation trick. Consider an error e that perturbs the coupling equation
(13.5). If we consider these perturbations to be zero-mean, circular, white and Gaus-
sian with a variance 03 and independent of object &, we can show that the probability
density of ¢, knowing @, can be written in the form:

1
012 xexp { ~ Ly 16— 6, — GoXoll* |
)
The joint « and ¢ posterior density can be expressed in the form:

p(x, ¢ |y) o< exp{—J""(z, P)},

with:
MAPJ 1 2 1 2 (I)(iL')
S, @) = = |y — GuXQ|" + = ¢ — ¢y — GoX|” + ——. (13.10)
oM 75 T

The estimate in the MAP sense of the pair (x, ¢) maximizes p(x, ¢ | y), or, in other
words, minimizes criterion J"*”. We recall that the criterion thus obtained is based
on hypotheses — perturbations of the coupling equation (13.5) — that have no physical
or statistical justification. They are simply ad hoc hypotheses that allow the J“*”
criterion to be established. It can be seen that, if these perturbations are applied at
the level of data y, the hypotheses are equivalent to considering errors of the form
em + GuX (I— GOX)_1 eo in which ey and eg are random, independent, zero-
mean, Gaussian variables, the errors considered on the data depending on object x.
To break free of these hypotheses, we have to make variance 03 of perturbations eo
tend towards zero. The Gaussian distribution p(¢ | ) thus tends towards the Dirac
distribution (13.9) in the sense of generalized functions. In this case, the weighting
coefficient 1/ cr% of the second term of the J"* criterion tends towards infinity, which
is the same as saying that the estimate in the MAP sense of the pair (x, ¢p) minimizes
the criterion:

P (3, ) = |y — GuX|® + AB(), (13.11)

(with A = o /T) under the bilinear constraints:

¢ — Py — GoX¢p =0. (13.12)
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In general, from a probabilistic point of view, the solution in x of the estimate
in (x,¢) in the joint MAP sense has no reason to correspond to the estimate of x in
the MAP sense. It is obvious that we arrive at the same solution here because the
deterministic relation linking ¢ and x, and the J"* criterion is none other than the
JMAP criterion in which we have set ¢ = (I — GoX)~1¢,, the relationship we took
into account as a constraint linking x and ¢.

13.4.3. Properties of the criteria

We have defined a regularized solution to the problem of diffraction tomography,
bringing us to the minimization of a criterion with or without constraints. It is clear
that, before trying to implement optimization techniques, it is important to study the
properties of these criteria.

As we saw in Chapter 3, in the case of a linear problem in « with a Gaussian
model of additive noise, the data fidelity term is quadratic in  and thus convex; any
non-convexity comes from the prior model of the unknowns. In our case, the non-
convexity of the criteria presented and of the constraint comes from the nonlinearity
of the model of the direct problem (recall that we chose a prior model giving a convex
function ). We are thus not completely sure that these criteria are unimodal, which
does not necessarily mean that they have local minima3. Apart from the situations
where we can make use of a linear approximation of the direct problem, two types of
situation can be envisaged: the first, relatively favorable, for which, although they are
not convex, the criteria do not have local minima; the second, more difficult, for which
local minima are present. The latter appear in particular when the contrast function
takes high values and the number of data values is small (possibly even lower than the
number of unknowns). Depending on the type of situation, we can see already that it
is not possible to envisage implementing the same optimization techniques.

13.5. Solving the inverse problem

Since the late 1980s, many methods have been put forward for solving this nonlin-
ear inverse problem. They are generally presented in a functional framework and it is
not always very easy to compare them from a theoretical point of view. The Bayesian
algebraic framework adopted in this chapter, i.e., the minimization of the criteria de-
fined in section 13.4, allows us to take a unified view of most of the approaches used.
The aim here is not to go into the details of the various inversion methods employed
but, above all, to present their strengths and weaknesses, and points of comparison
in terms of optimization and regularization. Three classes of methods can be distin-
guished, which we will study below.

3. Recall that convexity is only a sufficient condition for unimodality.
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13.5.1. Successive linearizations

The first methods employed to solve this inverse problem used successive affine
approximations of the model of the direct problem and thus successively solved linear
inverse problems. Let us consider a two-step iterative process:

1) affine approximation of the model of the direct problem around a current value
for the object ¢,,: A(x) = A, + by;

2) calculation of x,, 1 solution of the linear inverse problem corresponding to this
approximation.

Note that this type of approach can be envisaged for solving any nonlinear inverse
problem, even if no convergence property can be established in general.

These methods have generally been proposed on the basis of approximations of
wave propagation equations and thus of the direct model in integral form. To com-
pare them, it is necessary to study the affine approximation and the regularization
performed.

13.5.1.1. Approximations

From a theoretical point of view, the most consistent of the affine approximations
of a function A in the neighborhood of a point x,, is given by its first order Taylor
expansion? around x,,:

A(x) = A(z,) + Vo d(z,)(x — xn) + O (. — 20)?) .

In the algebraic framework, the calculation of A,, 2 VzA(x,) can be done sim-
ply. If ¢, = (I — GoX,,) !¢, represents the field at the object corresponding
to contrast x,, and ¥,, is the corresponding diagonal matrix, A,, can be written:
A, =Gy (I+X,(I-GoX,) 'Go) ¥,..

Nevertheless, such an approximation has not always been used. The Born iterative
method [WAN 89] (BIM), which aims to solve each of the coupled equations (13.3)-
(13.4) successively for one of the variables (contrast or field at the object), considers
an approximation via a matrix of form A, = GyW¥,, corresponding to a rougher
linearization of the model (note that, in this case, b,, = 0 since A(x,) = A, x,).

The above type of approximation is, however, taken into account in the distorted
Born iterative method (DBIM) [CHE 90] and the Newton-Kantorovitch method

4. Note, however, that such an expansion cannot be defined so simply for functions of complex
variables, with complex values. In fact, the gradient operator is not defined for such functions.
Nevertheless, this relation can be applied and calculated from an equivalent real notation (sep-
arating the real and imaginary parts) of the direct model equations.
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(NKM) [JOA 91], which have proved to be the same although they were put forward
using distinct approaches.

Note that the computing cost for approximation matrices is more or less equivalent
to that of solving the direct problem.

13.5.1.2. Regularization

The regularization performed by the BIM method is of the Tikhonov-type,i.e., via
quadratic penalization on . This method can thus be directly interpreted in terms of
minimizing J"**.

The NKM and DBIM methods introduce a penalization that is still quadratic but
on  — x,, and not directly on .

13.5.1.3. Interpretation

In the framework proposed in section 13.4, a successive linearization scheme can
be envisaged for minimizing the J“*" criterion [CAR 97a]:

1) calculation of matrix A,, and vector b,, corresponding to the affine approxima-
tion of the direct problem around a current value for object x,,;

2) minimization of the criterion J,, = ||y — A, + b,||> + A®(z).

At each iteration of this algorithm, criterion J“*" is approximated by a convex cri-
terion .J,, having the same value at x,, and the same slope at this point. Of course,
there is no theoretical guarantee of convergence for this algorithm and it may diverge.
Similarly, any convergence that may exist and the stationary point reached depend on
how the algorithm is initialized. However, when the algorithm does converge towards
a stationary point ., this point is a stationary point of the J“*" criterion (i.e., its
gradient is zero).

Note that the algorithm corresgonding to BIM also consists of approximating the
JY4 criterion (for ®(x) = ||x||”) by a series of convex criteria having the same
value at x,, but not having the same slope at x,,. Thus, even when this algorithm
converges, the solution does not necessarily correspond to a stationary point of J""
The regularization performed on  —x,, for DBIM and NKM does not allow them to be
interpreted in this framework but it has been observed [CHE 90] that DBIM diverges
more easily than BIM, apparently because of this regularization and, for NKM, a
scheme to adapt the regularization parameters had to be introduced in [JOA 91] to
avoid this drawback.

To conclude on these methods, it is worth noting that all the regularization methods
for linear inverse problems can be used to solve nonlinear problems by successive
linearizations (in particular the well known truncated singular value decomposition
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(TSVD) as proposed in [ERI 96]). However, such methods only try to stabilize each
linear inverse problem. In contrast, the successive linearization scheme to minimize
the criterion defined in section 13.4 allows the nonlinear problem to be regularized by
introducing prior information on the object under study.

13.5.2. Joint minimization

A second approach used for solving this nonlinear problem aims at the simultane-
ous calculation of  and ¢ that satisfy the coupled equations (13.3)-(13.4). For this, a
joint criterion on « and ¢ is defined, having the form:

K(z,¢) = au |ly — GuXo|” + ao ¢ — ¢y — GoXo| + \&(z, ). (13.13)

Note that, here, we are in an algebraic framework whereas the methods based on such
a criterion have usually been introduced in a functional framework. Such criteria ap-
peared for the diffraction tomography problem in [KLE 92], in parallel with [SAB 93],
and have been widely used since then.

Certain differences have become apparent between the proposed methods, which
we will look at more closely now:

— various values have been proposed for parameters ay and oo present in the crite-
rion (e.g. in [KLE 92] and [SAB 93]), without the values being justified theoretically;

— differences also appear in the regularization term sometimes introduced into the
criterion. At the beginning, no regularization was taken into consideration [KLE 92,
SAB 93]. Then a joint penalization on x and ¢ was proposed (e.g. in [BAR 94]).
Finally, a regularization on @ only was considered, with an energy ® corresponding
to Gibbs-Markov models (e.g. in [CAO 95] and [BER 95]);

— finally, various optimization techniques have been used in order to calculate this
solution: gradient-type local optimization (e.g. in [KLE 92, SAB 93, BAR 94]); or
global stochastic optimization based on simulated annealing [CAO 95] (for a non-
convex function ).

The link between criteria K (13.13) and J"*" (13.10), presented in section 13.4.2
as an artifice of calculation, is obvious (the only difference coming from the presence
of ¢ in function ®). Furthermore, this is the approach used in [CAO 95], considering
the errors on each of the coupled equations, without justification of these hypotheses.
If regularization only concerns z, criterion (13.13) corresponds to the J"4* criterion
penalized by the error of the norm on constraint (13.12). The result of such mini-
mization is not guaranteed to verify constraint (13.12) and the solution thus does not
correspond to that defined by the joint approach in section 13.4.2. To this end, an
algorithm for optimization under constraints, based on the augmented Lagrangian has
been proposed [CAR 96]. Note that, as the convexity conditions of the criterion and
of the constraint are not fulfilled, such an algorithm has no guarantee of convergence.
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Finally, we observe that the calculation of the criterion, and thus its minimization,
do not require the direct problem to be solved. The criterion computing cost is thus
reasonable compared with the solution of the direct problem. The price to be paid
to be able to have this reduced computing cost is the multiplication of the number
of unknowns since & and ¢ are sought simultaneously (recall that, in a multi-source
case, ¢ is the field in the object domain for each source, and the number of unknowns
is thus multiplied by the number of sources plus one).

13.5.3. Minimizing MAP criterion

A third approach to the problem is to directly minimize the least squares criterion
ly — A(z)||” regularized (i.e., the J™* criterion defined in section 13.4.1) or not.
Note that, for such an approach, it is not necessary to define operator A explicitly; it is
sufficient to have an algorithm that allows the direct problem to be solved. However,
knowledge of the direct problem model and the highlighting of some of its particular
structures can enable specific optimization algorithms to be implemented.

The importance of regularization has been amply stated in this book. Neverthe-
less, it should be pointed out that many works define the solution as minimizing the
non-regularized criterion. For example, in [GAR 91], a simulated annealing global
optimization algorithm is used. As the simulations are performed without noise on
the measurements (some call this the inverse crime), this algorithm has given good
results, even without regularization. In [HAR 95], a conjugate gradient algorithm is
proposed in a functional framework and reconstructions from noisy measurements are
presented. Regularization is not explicitly introduced in the criterion but the algorithm
is stopped before the solution ceases to be satisfactory.

As we saw in section 13.4.3, the nonlinearity of the direct model makes the J"**
criterion non-convex and local minima may be present. Thus, prudence is necessary
before implementing an algorithm to minimize this criterion.

In the most favorable situations, for which the least squares criterion is unimodal
— the same is true for the J"*" criterion when function @ is itself convex — the meth-
ods of minimization by successive linearizations of section 13.5.1 and by optimization
under constraints of section 13.5.2 generally enable the solution to be calculated. In
addition, such methods have a considerably lower computation cost than the conven-
tional gradient optimization techniques, which require the direct problem to be solved
for each evaluation of the J"** criterion. Thus, it does not seem useful to try to min-
imize the J™** criterion directly in these situations, except if a prior model with a
non-convex function ® is taken into account [LOB 97].

In more difficult situations for which the criterion has local minima, the use of
global optimization techniques to minimize the JY** criterion have to be envisaged.
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Indeed, local optimization techniques — in particular those presented in sections 13.5.1
and 13.5.2 when they converge — may get stuck in a local minimum. This problem
is raised in [GAR 91], where the amount of available data is small and the interest of
a global optimization technique, simulated annealing, is pointed out. In [CAR 95] a
deterministic global optimization algorithm, based on gradual non-convexity (GNC),
is proposed and, in [CAR 97b], an algorithm for coordinate-wise global optimization
(Iterative Coordinate Descent ICD) is put forward. Both these algorithms take advan-
tage of particular structures of direct model A(x) to try to carry out the optimization
globally. Nevertheless, theoretical convergence towards the global minimum is not
guaranteed.

As an illustration, we show the results of simulations in a difficult configuration
(see [CAR 96] for more details on these simulations). We have at our disposal mea-
surements taken at 8 sensors for waves emitted from 8 distinct positions. The measure-
ments contain noise (signal-to-noise ratio 20 dB) and the object has been discretized
with a grid of 11 x 11 pixels (121 unknowns for 64 data points). The maximum con-
trast is 5.5. In Figure 13.3, we have represented the permittivity of the original object,

(c) minimization by GNC (d) minimization by ICD

Figure 13.3. Example of reconstruction by minimization of J™ in a difficult configuration
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its reconstruction by minimization of the J"*" criterion by conjugate gradient and by
GNC for a potential function | - |**%, then by ICD for a potential function | - |. On this
example, we can clearly see the presence of a local minimum in which the conjugate
gradient algorithm gets stuck. Note that a Tikhonov regularization (Gaussian model:
®(x) = |lz/|*) would give a far less satisfactory solution than the Markov models
considered here.

13.6. Conclusion

This study of a specific nonlinear inverse problem emphasizes some important
points for solving other nonlinear problems. In the Bayesian framework, a regularized
solution to the problem can be defined as an estimate in the maximum a posteriori
sense, by explicitly introducing prior information on the object to be reconstructed.
Such a solution can be defined as soon as the direct model presents an explicit rela-
tionship between the unknowns and the data. If Gaussian perturbations on these data
are considered, the solution is a regularized version of the least squares solution. How-
ever, it can be interesting to take advantage of formulations of the direct model other
than this explicit relationship when defining the solution. These different formulations
lead us to solve a non-convex optimization problem, with or without constraints.

As for linear inverse problems, the prior information is introduced in the form
of probabilistic models or, equivalently, as a penalization term on the least squares
criterion. A large number of image models have been used for linear inverse problems
in the past 15 years or so and have proved to be much more efficient than energy
penalization as used by Tikhonov.

Calculation of the solution requires optimization algorithms to be implemented,
which themselves require the direct problem to be solved, in its explicit form or in
another form. Discretizing this model in a simple form that can be calculated at low
cost is an important step in solving the problem.

It has been possible to study most of the existing solving methods in this frame-
work, in terms of optimization techniques. Various techniques need to be used accord-
ing to the difficulty of the problem. For this problem, strong contrasts in the object
and a small amount of data entail the presence of local minima in the criterion. In
favorable situations, successive linearization of the direct model can be used for lo-
cal optimization of the criterion. Similarly, the specific form of the model — coupled
equations in our case — can be used to calculate the solution by performing a local
optimization under constraints. Nevertheless, in situations where local minima are
present, global optimization techniques, with much higher computing costs, have to
be used. Obviously, the latter can take advantage of the structure of the discretized
direct model.
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Chapter 14

Imaging from Low-intensity Data

14.1. Introduction

Estimation of digital imagery giving rise to photon-limited data forms an impor-
tant subset of inverse problems. Its applications are numerous in medical diagnostic
imaging, astronomy and industrial inspection. Due to the nature of the data collec-
tion process, this class of inverse problems presents a number of challenges specific to
low signal-to-noise ratios (SNRs) and Poisson likelihood functions. These problems
are discussed in this chapter within a Bayesian estimation framework, which enables
numerous modeling and optimization options and leads to improved image estimates.

At the most fundamental physical level, many measurement devices register the
superposition of discrete physical events. Emissions from light-emitting diodes, cur-
rents from charge-coupled devices (CCDs), or even measurement of simple electrical
currents have discrete phenomena as their basis. The data available as input to most in-
verse problems represents the superposition of a sufficient number of events to regard
each datum, after appropriate normalization, as continuously distributed. In some
cases as well, underlying Poisson characteristics of a measurement process may be
of low enough variance to make secondary system noise effects the dominant noise
mechanism. Many image recovery tasks, for example, deal with sufficient quantities
of light at each detector that corruption due to shot noise and other disturbances can be
quite well approximated as contributing to the variance of Gaussian random variables.
This typically holds as well for problems with limited numbers of measurements, as in
Chapter 12, where each attenuation measurement may involve enough X-ray photons
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Figure 14.1. Reconstructions from clinical scans on General Electric’s Advance positron
emission tomographic diagnostic imaging system (data courtesy
of General Electric Imaging Systems, Inc.)

that the standard Gaussian asymptotic approximation for the distribution of maximum
likelihood (ML) attenuation estimates [BIC 77] is sufficiently accurate.

A growing number of estimation settings feature photon-limited measurements, in
which the Poisson nature of the distribution is of importance, as we will see below.
This situation may arise when newly developed, highly sensitive instruments are avail-
able to measure very weak signals, as in image recovery from faint signals emitted far
from the earth and received by optical telescopes [SNY 90]. Scintigraphic images,
highly useful for medical diagnostics or industrial inspection, are formed from very
low intensity planar measurements [IIN 67, NGU 99]. Emission tomographic imag-
ing relies on measurements often consisting of a handful of photons due to patient
safety requirements, for both emission rate estimates and attenuation maps derived
from low-intensity transmission scans [OLL 97]. All these applications require esti-
mation techniques tailored to the nature of the data in order to produce usable imagery.
Figure 14.1 shows the level of image quality achievable with current clinical positron
emission tomography (PET) scanners. The quality of these images is significantly
lower than is possible with X-ray CT scans, but the images are also of different clini-
cal significance: X-ray offers excellent detail in anatomical diagnostics, whereas PET
provides physiological information.

In any of the above settings, it may be worthwhile or even necessary to depart
from standard quadratic measures of estimate affinity to data and consequent linear
techniques for estimation. Poisson-distributed data has variance equal to its mean,
which makes measurement noise properties dependent on the unknown signal. The
signal is typically physically constrained to be non-negative, a constraint which can
aid estimates but complicate the optimization necessary for calculation of estimators.
However, application of models true to the quantum nature of data can yield improve-
ment in both the quality of recovered signals and the inference of system parameters.
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In subsequent sections we will explore key elements of commonly occurring weak-
signal cases in modern inverse problems. The unknown parameters to be estimated, be
they elements of the object of an inverse problem or “hyperparameters” underlying the
models, are assumed continuously distributed. After considering important statistical
modeling issues, we examine various algorithms designed to efficiently calculate the
desired estimates.

14.2. Statistical properties of common low-intensity image data

A number of probability distributions may be of interest for low intensity mea-
surements. Those most unique to this framework involve data which takes the form of
counting discrete events and is typically modeled as Poisson-distributed. The follow-
ing discussion, however, could be applied with small modifications to others, such as
binomial.

14.2.1. Likelihood functions and limiting behavior

We shall use the vector X to represent the unknown object of the inverse problem
at hand, and Y as the random observations. Scalar entries in any of the vectors will
be subscripted, as for example X; for a single image pixel and Y; for one measure-
ment datum. Should X not be viewed as random, of course, no distribution will be
necessary for it. As in many other problems, the data in weak signal cases are often
most accurately modeled as the superposition of the signal and multiple noise sources.
Given appropriate independence characteristics, this superposition is frequently mod-
eled as Gaussian through application of the Central Limit Theorem. The primary dis-
tinguishing feature here of data in Y is that the information-bearing component of Y’
will be restricted to the non-negative integer values due to small numbers of discrete
events in the signal. We will assume Y to be the sum of perhaps several independent
phenomena, with one component purely discretely valued and the other continuous,
or

Y =N+ B,

where each element in B will be Gaussian for our discussion, with known mean ~;
and variance cr? independent of X. Each N; will consist of two Poisson components:
one has a mean p; which is dependent on X and another has a mean 3; which is
independent of X. The distribution of IV;, conditioned on X, has the form

Pr(N; = ns| X = @) = —oxp {~(u(@) + B)} (u(@) + ) (141)

and the likelihood function Pr(Y = y| X = x) will be formed by the convolution of
the Gaussian probability density of B; with equation (14.1). The mean of Y} is

py; (z) = pi(x) + Bi + vi-
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Most problems in the conventional Bayesian framework use a linear description of the
relationship between « and g, which we will express as

u(z) = Az, (14.2)

with matrix A as a discrete description of, for example, the blurring by camera motion
or system optics of image pixel values, or the line integrals in emission tomographic
measurements. A may also be adjusted to include calibrated detector efficiencies
and internal attenuation of measured photons. Transmission tomographic problems
have a slightly more complicated function as g, but it is typically modeled with =
entering the distribution in form Ax. This makes the characteristics of the two basic
linear tomography systems sufficiently similar for us to discuss primarily the simpler
emission case and point to the transmission case only where it is of particular interest.

Emission tomographic data is often corrected before image reconstruction for the
effects of attenuation by the patient [MEI 93, OGA 91], scatter [OLL 93, PAN 97]
and accidental coincidence accidental coincidences [POL 91]. Such corrections are
critical in advance of using deterministic methods such as filtered backprojection. In
contrast, statistical methods enable inclusion of models for these degradations in the
observation model. Attenuation reduces the probability of detection of each emitted
photon; this translates mathematically into a multiplicative factor for each element in
A, similarly to a loss in detector efficiency. Rather than subtracting accidental coin-
cidences and scatter from raw data, we may model them as contributing to random
vector IN with expected values in 3. In the following, we assume that these effects
are included in A and 8. A more precise approach would model scatter by a smooth-
ing among the columns of A, but the spatial extent of these interactions make this
computationally costly.

14.2.2. Purely Poisson measurements

The degree of importance of the Poisson nature of IN in formulating and solving
the low-intensity estimation problem depends on the relative variances of the compo-
nents and on the absolute intensity of the signal component expressed in p; (). Let us
first consider the simplest case of the Poisson problem, where o2, v;, 3; < pi(x) and
the distribution of Y; is approximately that of V;. In this case the measure for Y; con-
ditioned on { X = «} is a probability mass function Pr(Y; = y; | X = ), illustrated
for a scalar case of both variables in Figure 14.2. Poisson-distributed data possesses
a fundamentally important second characteristic in having a single parameter for both
their means and variances. Assuming X controls the rate of photon or particle emis-
sion, Pr(Y; = y;| X = «) will be independent of any other parameters. This may
be an advantage in modeling simplicity, but introduces a signal-dependent noise vari-
ance which has to some extent impeded the application of least-squares estimation
techniques to such problems. The Central Limit Theorem can be used to argue that



Imaging from Low-intensity Data 361

as the expected rate of events rises, the distribution of a Poisson variable normalized
by the square root of its mean converges to a Gaussian. However, though the discrete
form of the distribution may be of decreasing importance for large numbers of events,
the dependence of both mean and variance on X remains. As mean and variance are
equal, the SNR increases linearly with variance, opposite the Gaussian.

For estimation or reconstruction of an estimate 5(\ from such data, we are interested
in the characteristics of the likelihood functions in terms of the variable representing
underlying intensity, reflectivity, or whatever parameter in X determines the rate of
counts at detectors. Therefore, the estimation problem differs from those whose prin-
ciple corruption is not at the photon counting level only in the shape of the likelihood
function as indexed by the continuously-varying intensity parameter. The distribu-
tion of variates Y; approaches a Gaussian for large means, but the Poisson differs
significantly for single-digit means. In Figure 14.2 we plot Poisson densities and the
corresponding log-likelihood functions with the observed variables taking their mean
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Figure 14.2. Above: probability mass function of Poisson-distributed variable with parameter
wi; below, log-likelihood function of the Poisson parameter for observation Y; = y;
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values. In other words, in the upper plots we fix u; and consider the distribution of Y;
while on the right we fix the outcome Y; = y; and plot the likelihood in p; ().

Just as asymptotic approximations are often made to describe the distribution of
Y., the likelihood function in X may profitably be approximated by simpler functions.
As a sort of counterpart to the notion of the similarity of the distribution of high-mean
Poisson counts to Gaussian (see Figure 14.2), the log-likelihood in y;(x) is locally
well-approximated by an appropriate polynomial. This may be used for both design
of simplified estimators and analysis of their behavior, as discussed below.

14.2.3. Inclusion of background counting noise

Adding a j; to the discussion above is relatively simple, as it adds only a shift in
wi(x) relative to the plots of Figure 14.2. Such an additive component of the Poisson
mean is in practice often due to background noise, such as accidental coincidences in
PET, or scattered photons with little or no dependence on local characteristics of X.
In emission tomography, provided equation (14.2) is valid, 3; may be treated as though
it were a member of an augmented « if its estimation is desired. From equation (14.1),
it is simple to show that the log-likelihood is also a concave function of the unknown
parameters.

In transmission tomography, the addition of the background counts may destroy
the concavity of the log-likelihood. This is an important consideration in optimization,
as concave functions do not have multiple local minima. Here, the Poisson parameter
is, for integral density [;(x) and input dosage d;, d; exp(—l;(x)) + ;. For 8; = 0,
the log-likelihood is strictly convex, but as demonstrated in the plots of Figure 14.3, it
loses this property in the presence of relatively weak background counts. The gravity
of the non-convexity in optimization may vary with initial conditions and consistency
among separate measurements. Should the background count rate approach the ob-
served count y;, as in the dashed line, low curvature of the log-likelihood at its max-
imum indicates potentially high variance in any estimator and serious consequences
of the non-convexity phenomenon in estimator performance despite its lesser severity.
With 3; > v;, the concavity is recovered; however, this case is of minimal practical
importance.

14.2.4. Compound noise models with Poisson information

While the purely Poisson model is considered reasonable for the output of solid-
state detectors in most nuclear medicine imaging systems, data from arrays of CCDs in
common optical sensors are corrupted by additional noise inherent in reading out the
charge at each pixel. This read-out noise is characterized as Gaussian, independent
of the underlying image data  [SNY 93]. These Gaussian parameters (v;, 0;) are
generally available via calibration measurements.
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Log-likelihood

4 6
Attenuation parameter

Figure 14.3. Log-likelihoods for integral attenuation parameter (1;) in transmission
tomography with background Poisson noise observed at count y. Total Poisson parameter =
di exp(—1l;) + Bi; di = 1,000 for all plots. (—) y; = 100, 8; = 0;

() y: = 100, B; = 10; () y; = 100, B; = 50

The resulting compound Poisson-Gaussian model for Y; has a density resulting
from the convolution of the two, or

plyi| X =) =

(s — 1 — ~;)2
> 1P (@) A1) () + )"~ exp {%} - (143)

The Gaussian component will normally be assumed to have variance significantly
greater than one, yielding a density and log-likelihood as illustrated in Figure 14.4.
Such compound noise will have distributions depending on the components’ param-
eters, but as is clear from the plots, a Gaussian approximation is quite close in the
vicinity of the maximum.

14.3. Quantum-limited measurements in inverse problems
14.3.1. Maximum likelihood properties

The ML estimate of scalar means from the single quantum-limited observations
above is easily seen as [i; = y;. However, u;(x) for each measurement is typically
parameterized by a non-trivial function of vector «, and Y is of high dimension,
which classifies the estimation as a nontrivial inverse problem. The dependence is
often modeled as linear, with the means p(x) satisying (14.2). A may represent such
factors as local blurring due to limited instrument resolution, integrals along typical
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Figure 14.4. Compound noise model p(y | X = x) with observations equal to the sum of
independent Poissons and Gaussians. (a) (—) Probability density for u;(x) = 20,
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Sunction of i (x) withy; = 20, 3; = v; = 0, 0; = 5; (---) Poisson log-likelihood as a function
of wi(x) with mean of p;(x) + 25 and y; = 45; (---) Gaussian log-likelihood as function of
wi(x) with mean of pi(x), variance p; (x) + 25, and y; = 20

paths of photons in tomography or any expected fractions of detections of photons
from various points of origin. Quantum-limited estimation problems are therefore
more complicated than the simple scalar plots of Figures 14.2-14.4 might indicate.
Fortunately for the problems’ tractability, the individual data can usually be accurately
modeled as independent conditioned on X, making the total log-likelihood the sum
of those of scalar measurements. A standard formulation of an emission tomographic
data distribution, for example, is

M
1 v
Pr(Y =y|X =x) = H ?exp {—(al,z+B;)} (al,z + 3;)"
i=1 7"
with a;.x the product of the ith row of A with x.

The ML estimator
X' = argmmaxlogPr(Y =y|X =)
may be roughly approximated by solution of the equation
EY| X =x)~y

or, in the linear case
Az +B8+v>y.
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Thus, the low-intensity inverse problems share the principle features of more conven-
tional ones. A good number of Poisson data problems can, in fact, be solved accurately
with the actual log-likelihood replaced by

logPr(Y = y| X =) = —=(y — v ()" Dly — py () + const,, (14.4)

with D diagonal and a simple function of the data [BOU 96]. Such weighted least-
squares formulations are more widely understood than the exact ML and may provide
acceptable estimates in many applications [TSU 91, KOU 96]. Higher degree polyno-
mials may extend the applicability of such approximations [FES 95].

As explained in section 14.2.2, a principal difference in the low-intensity case is
that lower SNR mean lower curvature in the log-likelihood functions above. This re-
sults in greater inconsistencies in measurements due to noise, and values of ,ul(jf\ ML)
which are distant from the maxima of the scalar log-likelihoods. Thus, while the poly-
nomial approximations to these functions may be quite effective in high-count data,
estimator accuracy may demand the precise likelihood functions in low SNR [THI 00].
Our discussions thus center on solving the problems posed by exact discrete-data like-
lihoods.

Performance bounds such as Cramer-Rao may be used to analyze ML perfor-
mance, similarly to canonical inverse problems in estimation.These measures depend
on the characteristics of the expectation of the log-likelihood Hessian, with the ap-
proximate form AT DA for common Poisson problems [BOU 96]. The diagonal ma-
trix D weights according to values in y, with values inversely proportional to data for
wp(x) = Ax. While this suggests poorer performance for higher counts, we recall that
for the Poisson in general, rising data variance is accompanied by increasing means
and increasing SNR and estimator performance improves in higher counts.

The character of the Hessian varies among applications, but the primary feature of
interest in inverse problems is that eigenvalues corresponding to high frequency infor-
mation are small, indicating its suppression in the forward problem. This translates
into very high variances in these components of X The ML estimator typically
has unacceptably poor performance in low intensity data [SNY 85]. A popular rem-
edy to this problem is iterative approximation of the ML solution, commencing with a
smooth image and stopping iterations of algorithms such as expectation-maximization
(EM) long before convergence [LLA 89]. Alternatively, the ML problem is attacked
by block-iterative techniques such as ordered subsets EM (OS-EM) [HUD 94]. OS-
EM achieves rapid initial convergence toward the ML estimate but requires modifica-
tion to guarantee complete convergence.
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14.3.2. Bayesian estimation

The inadequacy of least-squares and ML methods in low-intensity measurements
is well known and has given rise to alternative formulations in a variety of low-
intensity application areas. Bayesian methods, in particular, have found frequent ap-
plication and success in these problems. Among often-cited early developments in
Bayesian image analysis were applications to emission tomography [GEM 85,
SNY 85, LEV 87]. Our particular set of reconstruction problems differs little in fun-
damentals from many others in this volume. The maximum a posteriori probability
(MAP) estimator has the usual form

X argmax (logPr(Y =y | X =) + logp(x)) . (14.5)
x

The attributes of the MAP estimate depends on the balance between the two terms in
equation (14.5). For a fixed a priori density p(x), low SNR results in relatively light
weighting of the log-likelihood term in (14.5). This makes Bayesian MAP estimation
in this problem potentially sensitive to the choice of the a priori model expressed in
density p(x). The log a priori may, in fact, dominate the cost function if its parameters
are not heuristically adjusted to data levels.

Any of the image models discussed in previous chapters may in principle be ap-
plied to our problem. The most commonly found are variations of Markov random
fields (MRFs), which provide relative simplicity in calculation and hyperparameter
estimation. The examples in this chapter all include the generalized Gaussian MRF
(GGMREF) [BOU 93], whose potential function has the form

Uz)= Y M

q
{i,j}eC qe

For ¢ > 1, the GGMRF is among the convex models in &, which maintain continuity
of MAP solutions as functions of data, and relative simplicity of optimization. A host
of other models are available with a similar performance given appropriate selection
of hyperparameters (see Chapter 7). As is true of many others, the GGMREF includes
the Gaussian MRF as a limiting case of ¢ = 2. Much has been written concerning the
advantages of edge-preserving prior models such as the GGMRF in Bayesian image
reconstruction [BLA 87, GEM 84, GRE 90]. The Gaussian MRF applies heavy penal-
ties to large differences among neighboring pixels, thereby discouraging the sharp dis-
continuities typical of many real images. Those models with a potential increasing less
rapidly, such as GGMRF with ¢ ~ 1 or the logcosh model near its edge-preserving
limit, allow these discontinuities to form naturally in estimates and can greatly im-
prove reconstructions, particularly for piece-wise homogeneous objects. Non-convex
priors produce even more dramatic edge rendering [BLA 87, CHA 97], often at the
cost of desirable convergence properties. In more general, low SNR inverse problems
the formation of sharp, low-contrast edges may not be a universal benefit. Contour-
ing and unnatural texture may be visually disturbing to human interpreters of image
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content, an important consideration in most medical imaging applications. The two
estimates in Figure 14.5 demonstrate strong qualitative difference in limited-count
data. The Gaussian MRF has two strong advantages: it helps form a simpler, more
rapidly converging iterative estimate, and the solution’s degradation in falling SNR
is graceful and of a nature understood by experienced observers. We expect that the
Gaussian will remain a popular option in low-intensity data.

In all the applications discussed here, unknown image X may be assumed non-
negative due to physical considerations. Should high quality measurements be avail-
able, such as in conventional X-ray computed tomography, a Bayesian image esti-
mate may be little affected by enforcement of a non-negativity constraint. Higher-
variance estimates resulting from low-intensity data violate this constraint much more

(a) filtered backprojection (linear) reconstruction (b) Gaussian prior model for p(x)

(c) edge-preserving version of GGMRF (¢ = 1.1)

Figure 14.5. MAP reconstructions from single photon emission computed tomography
(SPECT) heart perfusion data. Both (b) and (c) use ML values of scale parameter o. (Data
courtesy of T.-S. Pan, M. King and University of Massachusetts)
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frequently at their unconstrained optimum and are thus often appreciably improved
by limiting estimates to non-negative values. In the SPECT heart imaging example of
Figure 14.6, we see the constraint has a marked effect on the quality of reconstruction,
particularly in less densely sampled portions of the image. This data is uncorrected
for attenuation and scatter and may be improved by accurate inclusion of these effects
in the model.

Characteristics related to the low-count Poisson data model in imaging have given
rise to special models for X as well. For example, the known positivity of X also
serves as motivation for the I-divergence prior model, which has been shown to be
useful for low-intensity data [O’S 94]. The additivity of Poisson variates also facili-
tates multiscale representation of emission densities and specialized prior models for
relations among nodes [TIM 99]. Paucity of data as well as low intensity has also led
to more global, geometric approaches to reconstruction [CUN 98].

14.4. Implementation and calculation of Bayesian estimates

Any of the inverse problem formulations in the previous sections poses questions
of implementation. Some aspects are very problem-dependent, such as attenuation
and scatter correction in emission tomographic imaging. These issues arise nearly
independently of the overall rates of emission and are thus not particularly a low-
intensity imaging issue. For present purposes, we assume appropriate calibrations and
corrections have been made such that the data used as input to the Bayesian inverse
match the compound model of (14.3). The principal remaining question of implemen-
tation is thus the computational aspects of determining the Bayesian image estimate.
Our discussion centers on the MAP reconstruction, which involves relatively direct
optimization. More computationally demanding estimators such as the a posteriori
mean [TIE 94] are applied relatively infrequently. Only rarely do such inverse prob-
lems allow the tractable direct calculation of X\ , and iterative optimization is the norm.

14.4.1. Implementation for pure Poisson model

It is physically realistic and potentially beneficial to constrain X to be non-
negative. This property appears to have been a major influence in the ascendance
of EM type algorithms [KAU 87, SHE 82] as the most common option for optimiz-
ing over the Poisson log-likelihood. Though EM iterations for this problem are often
viewed as a type of gradient descent, they yield a multiplicative correction at each
iteration which guarantees preservation of positivity under a strictly positive initial
condition. The kth update at pixel x; has the form

k+1 =k uyl
Z T B (14.6)
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The EM algorithm is quite general and powerful for ML estimation, though the update
step is not always so simple. The emission reconstruction update of (14.6) is as easy as
a gradient step, but no practical version exists for the transmission case. Unmodified

(a) reconstruction under non-negativity constraint

(b) reconstruction without positivity constraint

Figure 14.6. MAP reconstruction with Gaussian prior model, with or without positivity
constraint. In the latter case, maximally negative values have
greater magnitude than positive maxima



370 Bayesian Approach to Inverse Problems

EM is generally rather slow to converge, and has widely been replaced by OS-EM,
which cycles among subsets of Y, updating pixels according to equation (14.6) for
each subset. This optimization technique has also been proposed under the name
“block iterative” [BYR 96]. This sacrifices the guaranteed convergence of EM, but
since convergence to the ML image is seldom desired, heuristic termination times have
proved useful. Generalizations of EM (and OS-EM) to handle the Bayesian estimate
have been developed as well [DEP 95, HEB 89], but convergence limitations remain.

Viewing the Bayesian problem as in section 14.2, a broader view of optimization
choices seems appropriate. Though we remain with the exact log-likelihood com-
ponent in our problem, its proximity to a quadratic makes conjugate gradient (CG)
methods [BEC 60] natural options. CG avoids oscillatory behavior often observed
in such ill-conditioned problems. Preconditioned conjugate gradient (PCG) may fur-
ther accelerate convergence by defining a form of conjugacy closer to optimal for
the system at hand [LUE 73]. A difficulty for CG methods lies in the application
of non-negativity constraints on X, , for which several alternatives have been pro-
posed [BIE 91, MUM 94]. These constraints necessarily alter the directions of up-
dates at the expense of some convergence speed. Particularly in cases where large
numbers of pixels encounter the constraint, CG falters somewhat. Figure 14.7 shows
PCG in comparison to De Pierro’s adaptation of EM [DEP 95] and Lange’s Convex
method [LAN 90], which is a similar algorithm for transmission tomography. The
irregular path for PCG is due to the solution’s encountering the constraint.

Such optimization problems may also be solved via updates of single pixels or
small subsets of the image, just as subsets of projection data or even single measure-
ments (as in the algebraic reconstruction technique (ART) [HER 80]) are used for
OS-EM. The advantage in this “column-action” approach is that guaranteed conver-
gence can be maintained, and the reconstruction can easily be made independent of
the starting condition with convex models. Two such methods are included in Fig-
ure 14.7: space-alternating expectation-maximization (SAGE), which develops pixel
updates from an EM formulation [FES 93] and iterative coordinate descent (ICD),
which optimizes the log-likelihood directly via local quadratic approximations in one
dimension [BOU 96]. As updates are made in one dimension, enforcement of positiv-
ity is trivial for these techniques.

14.4.2. Bayesian implementation for a compound data model

Should the Gaussian component of equation (14.3) have large variance, we must
deal with a more complex likelihood function under lower SNR, and without simple,
explicit update expressions. A multiplicative, iterative algorithm for this case, sim-
ilar to EM, has been presented [SNY 93], in which each update requires evaluation
of a summation similar to (14.3). As in the preceding section, in which we consid-
ered the approximation of a Poisson log-likelihood with a low-order polynomial, we
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Figure 14.7. Convergence of various optimization methods for MAP reconstruction with a
Gaussian prior image model

may make an approximation of the Poisson-Gaussian in order to simplify calculation,
with little effect on the quality of the estimate. Alternatively, we may apply com-
mon iterative approaches after replacing each piece of data y; with the approximation
y; + 0; — v [SNY 93]. Using this transformation, the data variance becomes equal to
the mean, which invites approximation by a Poisson distribution. Figure 14.4b shows
that, within the range of parameters illustrated, this Poisson approximation yields a
similar log-likelihood function to a conditional Gaussian whose mean and variance
both depend on p; (). The Poisson, though, appears to offer a simpler implementa-
tion than the Gaussian.
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14.5. Conclusion

This chapter is dedicated to the reconstruction of images from limited intensity
data, whose discrete nature is inherent in the counting of individual photons. Though
we may view the inverse problem quite similarly to the standard Gaussian data case,
dealing with the Poisson likelihood directly is necessary to gain the full advantages of
Bayesian methods when event counts become few. We have provided a brief overview
of unique features of these problems and effective approaches for the formulation and
solution of their Bayesian estimators. The most appropriate formulation will depend
on the specifics of the problem at hand. An understanding of the physical systems
generating the observed phenomena must guide the choice of models for the most
robust, accurate reconstructions.
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